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B uacrosuleM H2AAHMH MO CPaBHEHHMIO C [PEKHIMM VCHJEHH pa3pe-
JNBl, CBA3aHHBlE C COBPCMCHHBIMM NPOGJCMAaMH TCOPHM OGBIKHOBEHHBIX AHG-
¢depeHIHANbHBIX ypaBHEHHH.

KHHra siBASIeTCS CAMHBIM DYKOBOACTBOM 10 M3VUEHHIO BONPOCOB TEOPHH
OGBbIKHOBEHHbIX AHd(DEepeHLHAIbHbBIX YPABHCHHH U METOLOB HHTErPHPOBAHHSA.
B kaxnoH riaBe MPHUBOAUTCH COACPACAHHE COOTBETCTBYIOL(EA HACTH Kypca
Y JIHTepaTypa, Q[AKTCA pa3BepHYThle METOAHMYECKHe YKa3aHHsa (BKJIOYa-
OLHe KOHCIICKTABHOC H3JOXKeHHe TeOPHMH), 3ajauu AJIS CaMOCTOSATENbHOro
peliennsi.
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OT ABTOPA

Drta KHWra sBjsieTcs YueOHO-METOAWYECKHM MocobueM mo. 06-
mmeMy Kypcy Iud@epeHUHasbHBIX ypaBHEHHH A/l CTYNEHTOB YHH-
sepcuteToB. OHa MoOXKeT OBITb TakXXe HCIOJNB30BaHa B IeJaroru-
YMeCKHX HHCTHTYTaX, B BBICIIHX TeXHHUECKHX YueOHbIX 3aBeleHHsX
W JINIIAMH, CaAMOCTOSITEJbHO H3yYalOLUMH TeopHI0 NHbdepeHnHanb-
HBIX ypaBHeHHH.

OcHoBHast 1enb JaHHOMO NOCOOHS — OopraHu3auus yuyeGHOro
npoluecca CTyAeHTa-3aouHHKa. KHHra n0J2KHa KOMNEHCHPOBATb €My
OTCYTCTBHe JeKIHA M mnpakThueckux 3aHsAtud. [IpopabGoraB Bech
MaTepHaJj, COAepKaUHiics B MeTOIHUYECKHX YKa3aHHSIX, C IpHUBJe-
uyenHeM yyeOHHKA M pelllMB BCe yKa3aHHbIe 3ajlauH, CTYJAeHT-3a0YHHK
npuoGperer TpeOyeMmble 3HAHHMSI MO TEOPDHH M HABLIKH B PelIEHHH
NpUMepOB W 3ajay, B pe3ysabTaTe OH MNOJATOTOBHTCS K H3YUEHHIO
NPYTHX IHCLMIJIHH, B KOTOPBIX HMCNOJB3YIOTCS AH(depeHnnaNbHbIE
ypaBHeHHs, MOJYUYMT NpPEACTaBJcHHEe 00 OCHOBHHIX 3ajaiax obuiei
TcopHH AH(pdepeHtMalbHbBIX YpaBHEHHH.

Knura cocroutr u3 BocbMu rvaB. Haubosee BaKHBIMH H3 HHX
ABJISIIOTCA TJlaBa NsATas, COAeprKallasg TeOpeMbl CYleCTBOBAaHH#A, H
rJaBbl [ectass H ceAbMasi, NMOCBSIICHHBIE JMHEHHBIM YPaBHEHHSM
M CHCTeMaM JIMHEHHbIX ypaBHeHHH. Bo Bcex rsaBax paercs cogpep-
)KaHHe COOTBETCTBYIOLIEH YAaCTH Kypca M JINTepaTypa, HMEITCs pas-
BCPHYTBIE METONHYECKHE YyKa3aHHs (BK/OYalollHe KOHCHEKTHBHOE
H3/I0XKEeHHe TeOpPHH C YKa3aHHAMH HaHboJiee BaXKHBIX BOMNPOCOB H
110sICHeHUAMH HauboJsiee TPYAHBIX MeCT, NPHMEpb!, HJIIOCTPUPYIO-
UIHe TEOpHIO, HEKOTOphble [OMOJIHHTeJbHble BONPOCHI M CCHUIKH Ha
JIUTEPATYPY) W 3ajauH /sl CAMOCTOSITENIbHOIO pelleHHs.

Bce onpenensiemble nonsaTHA U GOPMYJAHPOBKH TEOpeM BbIAEJIEHbI
KypcuBoM. Jlais JIOTHYECKOrO yAapeHHsI HCNOJNb3yeTcs paspsaika.

Kuura cocrtabjieHa Ha OCHOBAaHHH ONbiTa NpPenojaBaHHs Kypca
nugdepeHuHanbHblX ypaBHEHUH Ha 33a0YHOM OTAeJNCHHH MaTeMa-

1*



4 Or astopa

THKO-MeXaHHueckoro ¢aky/brera JIGHHHIPaJACKOTO roCyAapCTBEHHO-
ro yHHBepCHTeTa.

IMpy cocraBaennn nocobus HCMO/b30BaHa Cjeaylolias Jurepa-
Typa:

Marseen H. M. Meroabl HHTerpHpoBaHHsI OGBIKHOBEHHBIX
puddepenanbHbiX ypaBHeHui. M., 1967,

MartBeen H. M. C6opHHK 3aau ¥ ynpa)KHeHHH MO OGLIKHO-
BeHHbIM AH(depeHnanbHbIM ypaBHeHusiM. Muuck, 1967.

I[Terposckuit M. I. Jlekuuu no teopust 06BIKHOBEHHBIX OU-
teperunanbublx ypaBHeHud. M., 1964.

MMoutparuu JI. C. O6bikHoBeHHble nuddepeHnaIbHble
ypaBHenusa. M., 1961.

Cmupuos B. M. Kypc Bbicuueit matematuku, T. 2. M., 1965.

Crenmanos B. B. Kypc nnbdepenunanbubix ypaBHeHHH.
M., 1958.

Puaunnos A &, dabcroabu JI. 3. [Nudpdepenunann-
Hble ypaBHeHHs. (Meroguueckue ykasanus.) M., 1960.

dabcroabu JI. 3. [Hudcdepennuanbusle ypaBHeHusi. M.,
1957.

Ilpu cceliKax Ha 3TH KHHMIH YKasblBaeTCsl TOJBKO (aMH/Ius
aBTOpa, npuueM ccoliiku Ha kuurn H. M. MarBeeBa penaiorcs co-
oTBeTCTBeHHO Tak: MarBeeB. Meroabl HHTerpHposanusi; Matsees.
COopHHK 3a7au.

CTyleHThI-3a04HHKH H3Yy4aloT Kypc AHdGepeHLHaNbHbIX ypaBHe-
HHIl B TeyeHHe IBYX CeMeCTpPOB, mpopabaTbiBas B MEPBOM M3 HHUX
rnaebl [—V, BO BTOpOM — ocTanbHble. KaXXablil ceMecTp OHU JOJIK-
HBl NpPeACTaBHTb MO [Be KOHTPOJbHble paboThl (IOcjie H3yuyeHHs
MaTepHaJa, CoepxKallerocsi COCTBeTcTBeHHo B raasax [—II, 11—V,
VI, VII—VIII). ITpumepHble TeMbl KOHTPOJBHBIX paGoT cofeprkarcs
B KOHIle 3TOH KHHUTH. 3aTeM claeTcs 3ayeT, COCTOSILIMEA U3 aynaH-
TOPHOU KOHTpPO/bHOH paboTeli M cobecemoBaHusi. [1s MOATOTOBKH
K 3ayeTy peKOMEHAYeTCsl HCIOJb30BaTh «Bompocel M 3amaum Aas
TIOBTOpeHHUs», moMelieHHble B kHure: H. M. MareeB. «C6opHUK
3afia4y U yNpa)KHeHHH Mo OOLIKHOBEHHbIM AH(@epeHLHaNbHbIM ypaB-
HeHusimM». [locse 3TOro MpPOBOLHTCH KOJJOKBHYM 110 OCHOBHLIM BO-
npocaM TEOPHH, H CTYHAEHTbl CRAlOT 3K3aMeH MO BCeMy KypCy.

B kauecTBe OCHOBHOTO PYKOBOACTBA MO TeOpUH HOHpdeperiu-
aJbHbIX ypaBHeHUH pekomeHayercsi HJau KHura -H. M. MarseeBa
«MeTtoapl HMHTErpHpOBaHHS OOBIKHOBeHHBIX AHDdepeHIHaNbHbIX
ypaBHeHuit», uan kaura B. B. Cremanosa «Kypc nuddepenunann-
HbIX ypaBHeHHi», ®iau kHHra JI. . duabcronbua «duddepenuualib-
Hble ypaBHeHHsl». 3ajauu cocTtaBjenbl no xaure H. M. MarBeeBa
«COOpHHK 3ajay W ynpaxcHeHHH no OOGbIKHOBEHHLIM' AH((epeHLH-
a/lbHbIM YypaBHEHHSAMY.
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B kauecTBe NOMONHUTENBHON JIUTEPATYPH! CJAefyeT M0Jb30BaThCs
yuebHukoM U. I'. TlerpoBckoro «JleKuuu mo teopHH OGBIKHOBEHHBIX
nuddepenunanbubnix ypasHeduit» u JI. C. Tlontpsaruna «OObiKHO-
BeHHble Au(¢epeHUHaNbHble yDaBHEHWs», a TakKXKe KHHIOH
A. . dununnosa «CO6opHHK 3amay nmo AuddepeHHaNbHBIM YpaB-
neunam» (M., 1961) (oco6GeHHo BaxHbl 3agauyd, OTMeyeHHble 3Be3-
nouxo#t), xuuroi K. K. IlonomapeBa «CocraBjeHHe H pelleHHe
AH(¢epeHnHalbHbIX YpPaBHEHHH HHIXKeHepHO-TeXHHUYeCKHX 3ajau»
(M., 1962), A. U. Kucenea, M. JI. Kpacuora, I'. M. Makapenko
«C60pHUK 3ajnau no OObIKHOBeHHbIM AMddepeHnHaNbHBIM YpaBHe-
nusm» (M., 1965) u kuuroit 3. Kamke «CnpaBouHHK MO OOLIKHO-
BeHHBIM ANddepeHuHanbHbIM ypaBHeHHaM» (M., 1965).

[annas pabora opraHHueckH CBsi3aHa C JABYMs HaUIHMH [ApY-
THMH KHHraMy: «MeTonpl HHTEerpHpoBaHUsi OOBIKHOBEHHBIX AU be-
peHLMaJbHBIX ypaBHeHUI» U «COOpPHHK 3afay M yNpaKHeHHi Mo
OOGBIKHOBEHHBIM AU depeHiHaJbHbIM ypaBHEHHAMY.

Aprop Gyzmer BecbMa NMpH3HAaTeseH BCEM JIHIaM, KOTOpble HaNAYyT
BO3MOXHBIM COOOIIHTb B ajpec HM3[aTeJbCTBAa CBOM 3aMeuyaHHs H
MoKeJaHHs.






BBEJEHHE

1. Mousitne o anddepenunaasHom ypasHenun. Judpepenyu-
QNbHbIM YpasHeruem Ha3blBaeTCsl paBEHCTBO, COAepiKalllee He3aBH-
cHMble MepeMeHHble, HCKOMYIO (YHKUMIO U ee npousBoaHble. [lpu
3TOM He3aBHCHMBLIE IepeMeHHble BCerja INpeanoJsaraiotcs B e i e-
CTBEHHB MH, apaccMaTpHBaeMble GYHKUHH (eC/lH He OFOBOPEHO
OPOTHBHOE) —BeM eCTBeHYbBIMH H ONXHO3HAYHBIMHL
Ilopsinok crapiied NPOHW3BOAHOM, BXOAsAUIEH B COCTaB ypaBHEHHS,
HasblBaeTcsi nopadkom ypaBHeHHs. Eciu He3aBucuMas nmepeMeHHast
TOJIBKO OJIHAa, TO YpaBHeHHe Ha3blBaeTcsi 0ObIKHOGEHHbiM. B mpo-
THBHOM CJydae OHO Ha3blBaeTCH YPABHEHUeM C 4ACTHbIMU npous-
goOHb6imu. B Teopun nndodepeHuMaNbHBIY ypaBHEHHH H3ydaloTcs
TaKke CHCTeMbl aHbdepeHIHaNbHBIX ypaBHEHHI.

Huddepenunanbuble ypaBHEeHHSI HMEIOT MHOFOYMC/CHHBIE H ca-
Mble pa3HoOOpa3Hble NMPHAOXKEHHS! B APYTHX pasfenax Bbiclleli ma-
TeMaTHKH (Hanmpumep, B MaTeMaTHYeCcKOH (H3HKe, BapHAUHOHHOM
HCUHCIEHHH M JHddepeHuHasbHOR reoMeTpHH), B MeXaHHKe, (H-
3MKe, ACTPOHOMHH H JPYIHX eCTeCTBeHHbIX Haykax. CoBpeMeHHOe
pa3BHTHe TEXHHKH TaKKe HEeMBbICIHMO 0e3 HCHO/Mb30BaHHA Audde-
peHUHaNbHBIX yPaBHEHHH.

Ipumepsl.

1. YpaBHeHHe BHAA

F(X, vy, Yy’ o Y™) =0 (l)

ecTb OOBIKHOBeHHOe NH((epeHUHnaNbHOe ypaBHeHHe A-TO MopsAAKa.
3mecb Yy — HCKOMasi (yHKUHS OT HE3aBHCHMOH MNepeMeHnoil x;
Y, y"”, ..., y™ — npousBoaHsie OT y.no X, a F —3anannas ¢yuk-
UM OT CBOMX apryMmeHToB. Ecan F. ecTb MOJIHHOM OTHOCHTE/bIO

t Juddepedunannlible ypaBleniss ¢ KOMMNJIEKCi bl MU 3HAYCHHSIMH He-
3aBHCHMBIX TEPEMEHHbLIX 1t HX (PVHKUHII H3Y4aloTci B dHAJHTHUYECKOR
Teopun AuddepenurasnLunblXx ypaBHEHHH.
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Yy, y”, ..., Y™, TOo HauBbICIIasg CTeMeHb CcTapuied MPOU3BOAHOH
Ha3bIBAETCsl CTENEeHbIO ypaBHEHHS.

B Teopuu oOblKHOBeHHbIX NH(depeHIHaIbHbIX ypaBHEHHH pac-
CMaTpHBAIOT IVIaBHBIM 00pa3oM ypaBHEHHMsl, pa3pellleHHble OTHOCH-
TeJbHO CTapliell NPOU3BOLHOMN:

ym=f(x, y, ¢y, ..., ymI). (2)

Ecnu npu stom ¢yHKuus f 3aBUCHT OT 4, ¢/, ..., Y™ D nuHe#-
HO, TO ypaBHeHHe (2) MOXKHO HepemnucaTb B BHJIE

Y+ py () Y04 pa () ym D4 . 4P (X) Y+
+pn(x)y=f(x)- 3)

Takoe ypaBHeHHe Ha3bIBaeTCs AuHelHbim. JIMHeliHble ypaBHEHHs
o6s1afaloT pPSAOM 3aMmeyaTesbHbIX CBOHCTB, 6Jarogaps KOTOpPHIM
TeOpUsl JIMHEHHBIX YypaBHeHHH sBJfeTcd Haubosee PasBUTHIM
(1 BMecTe C TeM OCHOBHBIM) pa3leJoOM TEOPHH OOGBLIKHOBEHHBIX
nu¢pdepeHIHaNbHBIX YpaBHEHHH.

2. COBOKYNMHOCTb ypaBHEHHH

Fi(%, 1y - Y s - 4 =0,
e (4)
Fn(x, Yy, - Yn, y1 PICICIETS yn) =0’

roe Y1, ..., Yn — HCKOMBIE q)yHKLlHPI OT X, Ha3blBaeTCsi CucCTemou

00bIkHOBeHHbLX Oupeperyuarvroblx ypasHeruid. ChucreMa ypasHe-
HUI, pa3pelleHHass OTHOCHTEJbHO MPOU3BOAHBIX OT HCKOMBIX (YHK-
HH,
y'1=fi(X, Y, .. yn),
TR (5)
yn=f‘n(x7 yiy c e ey yn)
Ha3bIBAETCSI HOPMANbHOU ctcTemol AHDDepeHIMaNbHbIX YpaBHEHUE.
HopmanbHas cucTema BHAA

Y, =pu(X)yrt . .. P (X) Yn+f1(x), 1
Do e e e (6)
yn=Pnt(x)!/1+ oo HPrn (X) Yntfn (%)

HasbiBaeTcsl Auneidnod. Teopus JIMHEHHBIX CHCTEM COCTaBJseT BaikK-
HEHIIYI0 YacTb TEOPHH CHCTeM OObIKHOBEHHbIX AH((epeHUHa bHbIX

ypaBHeHHH.
3. ¥YpaBHeHHe BHla

ou du )
(D(xi, ce Xn, U, Ta T Oxn =0, )]
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ou ou
rae 4 — uckomasi PyHKUHS OT Xy, ..., Xn; =, ..., 5—— — YacCTHbIe
0x4 0xy,
NpOU3BOJAHbLIE OT U MO X1, ... Xn, a @O — 3agaHHas QyHKUHS OT

CBOHX apryMeHTOB, fIBjIsieTC ypaBHEHHeM C YaCTHbLIMH IPOH3BOJ-
HBIMH [1€pBOTO NOPSAKA.
4. YpaBHeHHe BHUAA
0%u , Ou

o =% (8)

rae u — HCKOMas  QyHKUMS OT X M BpeMeHH [, SBJSeTCs ypaBHe-
HHEeM C YacTHBIMH IIPOHM3BOJAHBIMH BTOpPOro nopsiika. Takue ypas-
HeHHs1 M3yyaloTCs B Kypce MaTeMaTHYeCKOH (hH3HKH.

2. Nonatue o pewenun guddepenunaibioro ypasHenus. OcHoB-
Hasi 3ajaya MHTerpupoBaHHs JuddepeHUHAIBHOrO YpaBHEHHS.
Pewenuem nuddepeHnyanbHoro ypabBHeHHsI (OOBIKHOBEHHOIO HJIH
C YacTHBIMH IPOH3BOAHBLIMHM) HasbiBaeTCs (PYHKUHS, HUMeollas He-
npepbiBHbIE IPOU3BOAHBIE 10 MOPSIAKA, PaBHOTO NMOPSIAKY ypaBHEHHd,
u obpalaiollasi 3To ypaBHeHHe B TOXAecTBO. Peweruem cucreMbl
nuddepeHuranpHblx ypaBHeHuH (4) HasbiBaercds COBOKYII-
HOCTb n GYHKUUH Y1, Ys, ..., Yn, HMEIOLIHX HeNpPepLIBHbBIEC IIPOU3-
BOAHble ! U oOpalllaloliiX Bce YpaBHEHHs] 3TOH CHCTeMbl B TOXJe-
crBa. KpuBas, coorBercTBylollasi pelleHHIO  OGBIKHOBEHHOTO
AudpepeHIHaNbHOTO ypaBHEeHUs (MM CHCTeMbl OObIKHOBEHHBIX AHG-
(epeHUHANBbHBIX ypaBHEHHH), HA3bIBAETCH UHTE2PAAbHOU Kpusol
3TOTO ypaBHeHHsl (MJIH CHCTEMbl ypaBHeHHil). Pemenuio z2=z(x, y)
IuddepeHLHaNbHOTO YpaBHEHHSI C YaCTHBIMH IIPOH3BOAHBIMH

0z 62)
(;D(x, Y 2 5o o) = 9)

COOTBETCTBYeT HEKOTOpasi NOBEPXHOCTb B MHpocTpaHcTBe (X, Y, 2).
STa NOBEPXHOCTb HAa3blBACTCH UHTEZPAAbLHOU NOBEPXHOCTHIO ypaB-
HeHHs (9). CoryiacHO clIeJaHHOMY INPEe[NOJO0XKEHHIO OTHOCHTEJbHO
HenpepbiBHOH IH((depeHIHpyeMOCTH pelLieHH#, Bce paccMaTpHBae-
Mble HHTerpajbHble KpHUBbIE H HHTerpajbHble IIOBEPXHOCTH CYHTa-
IOTCA TJaJKHMH.

IMpouecc Haxoxaenns pemeHnd auddepeHIHaIbHOTO yYpaBHEHUS
Ha3bIBAETCSl UHTE2pUpOsaruem 3TOTO ypaBHeHus. B Teopun nude-
PEHIHaAbHbIX yPABHEHHH H3y4yalrOTCs MeTOAbl HHTErPHPOBAHHS M-
depenunanbubix ypaBHenni. OCHOBHAaf 3aKaya HHTET p H-
poBaHHUAd AHPPepeHUHAJbHOTO ypaBHEeHHSA CoO-
CTOHT B HaXOXMAEeHHH BCeXx pemeHHH 3TOTO
YypaBHEHHS M HM3YUEHHH HUX CBOHCTB.

! Takue OQYHKNHU Ha3LIBAIOTCA Henpepol8Ho Ouddepenyupyemoimu.
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NMpumepnl.
1. ¥YpaBHeHue
y =2 (10)
HMeeT CeMeHCTBO pelueHHH
y=x24C, (11)

rie C — npousgossHas NOCTOAHHAA, KOTOpAasi B [AHHOM cayudae
MOXeT NPHHHMAaTh BCEBO3MOXHble YHCJOBble 3HaueHus. Hanpuwmep,
pelleHHAMH GyAyT

y=x2(C=0); y=x»*+1(C=1); y=x2—1(C=—1) u 1. a. (12)

B ce pewenuss ypaBHenus (10) comepxkarcs B ¢opmyne (11).
HiHterpanbHpiMH KpHBBIMH ypaBHeHHs (10) sBasiorcss napa6oJibl
y (puc. 1). B stom npumMepe Bce pelie-
HUSl [pPeACTaBJsIIOT COOOH 3Je M e H-
TapHbl e (QYHKUHH.
2. Bce penienus ypaBHEHHs

&7 y= 0% (13)

X

cojepxkarca B ¢opmyne

y=f " aerc. ()

3nech pelleHHs He SBJAIOTCA 3Je-

MeHTapHbIMH (yHkuuaMH. Ho oun

Puc I BbIpaXKaloTcs uepe3 HeoNpelesieHHBIH

HHTerpas OT ¢YHKUHH, BXOAsulel B

NaHHoe ypaBHeHHe. B momo6HBIX cayuasix TOBOPAT, UTO YypasHeHue
npountezpuposaro 8 xksadparypaxi.

ByneM roBOpHTb, UTO YpaBHeHUE UHTE2PUPYEMO 8 KOHEUHOM
sude, ecli OHO HHTErPUPYEMO B 3JeMEHTApHBIX (QYHKUHAX WIH B
KBaapartypax.

3. ¥YpaBHeHue

Y =x2+y (15)
He HHTerpupyercs B KOHeuHoM Buie (cM. ra. I, m. 19, npumep 1).
4. Bce peuieHns ypaBHeHHs
ym™m=0 (16)
coaepxiarca B opmyae
Yy=Cxn14Cox"24 ... +Cp_1x+C,, (17)

1 Keadparypoii Ha3blBaeTci oOnepauHs B3fATHA HeONpeJeJEeHHOrO HHTerpasna.
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rae Cy, ..., C, — npoU3BOJbHBIE NOCTOSSHHBIE. 3aMeTHUM, UTO YHCJIO
NPOH3BOJIbHBIX MOCTOSIHHBIX, BXOASILIUX B ceMeiicTBO pemeHu#t (17),
paBHO nopsnky ypaBHeHus (16).

5. [lo maHHOMy cemeHcTBY GYHKIHI (KDHBBIX), 3aBHCSLEMY
OT 7 TIPOU3BOJIbHBIX NMOCTOSIHHBIX, MOXKHO NPH H3BECTHHIX YCJOBHAX
cocTaBuTh AH(depeHIHaNbHOE ypaBHeHHe, AJs KOTOPOro nocjenHue
6ynyT pelleHHSAMH (MHTerpajsbHBIMH KpPHBbIMH). Jlasl 3TOro Hy>XHO
npoauddepeHIHPOBaTh YpaBHEHHe ceMelCTBa n pas3 M0 X H HCKJIO-
YHTb H3 HEro ¥ MOJIyUeHHBIX 7 ypaBHEHHH NPOH3BOJIbHBIE TOCTOSIH-
Hole. [lonyueHHoe ypaBHeHue Ha3sblBaercs Ouggepenyuaroroim
ypasrernuem OanHozo cemeticTéa. OHO Bbipaxaer co0oi. obuiee
CBOWCTBO (PYHKUMH (KpPHBBIX) ceMeHCTBa.

6. YpaBHeHHe C YAaCTHBIMH MPOH3BOAHBIMH

0z 0z
Yoz % 3 =0 (18)
HMeeT pelleHHe
z2=x24y2. - (19)

JeficTBHTENbHO, 3aMeHSIsl B 9TOM yPaBHEHHH 2 Ha X242, nouay-
yaeM TOXKAECTBO Y+ 2x—x - 2y=0. Pemenuem ypaBuenus (18) 6yzer

TaKxke
z=F(x2+y?), (20)
rpe F(u) (u=x2+4y?) —npoH3BOJbHAas HenpephBHO AHbGe-
peHiuupyemas ¢ yHKUHS oT u (mouemy?). MoxHO nokasarth, 4TO
BCe pelieHus ypaBHeHus (18) coxepxkarca B ¢opmyae (20).
Hanpumep, pewenue (19) nmoayuaercsa mpu F(u)=u. WUnTerpans-
HbIMH NOBEpPXHOCTSIMH ypaBHeHHst (18), cooTBeTcTByOILIMMH pelle-
HuAM (20), ABASIOTCS NOBEPXHOCTH BpalleHHsl ¢ ocblo BpauleHuss 0z
(mouemy?).
3. 3anaya Kown. B Teopunm pauddepeHnHaNbHbBIX ypaBHEHUH
H JJsl ee NPHJIOXKEHHH HCKIIOUUTEJbHO OOJIbILIOEe 3HAueHHe HMeeT
3ajaya, B KOTOPOH HLIeTCA pelieHHe
y=y (%) (21)
nuddepenunanbioro ypabHeHuss (1), yZoBaerBopsiolee AOMOMHH-
TEJbHBIM YCJOBHSIM, COCTOSILIMM B TOM, 4TO pemenHe (21) moJxHO
NpHHHMAaTb BMeCTeé CO CBOMMH HPOH3BOAHBIMH KO0 (n—1)-ro mo-
PslKa 3aJlaHHble YHC/IOBble 3HAYEHHS Yo, Yy, ..., Y~ mpu 3anaH-

HOM YHCJIOBOM 3HAUeHHH Xo He3aBHCHMOH INepeMEHHOH X:

y="yo, Y=Yy, ..., Y* =y mpu x=xo. (22)
Takasa 3apaua HasbiBaeTcs 3adaued Kowwu wnn Hauwarenod 3adavei,
ycaoBHst (22) — HauaAbHbIMU YCAOBUAMU, A UYHCHAA Xo, Yo, Yypr -
Y — HauanoHoimu dannbimu pemenns (21).
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B cnyyae n=1 umeeM 0 HO HauanbHOC YCJOBHE:

Yy=Yo MPH X=2xo UIH Y (Xo) = Yo. (23)
FeomeTpHuyeCKH pedb HAET O HAXOXKAEHHH MHTETPaJbHON
KpuBoi (21), npoxoaseii yepe3 3amaHHyl0 TOYKy Mo(Xo, Yo)
(puc. 2). _ :

3anava Kowmn pacnpocrpaHsiercsi Ha CHCTeMY OGBIKHOBEHHBIX
AuQpepeHnaJbHbIX ypaBHeHHH H Ha YypaBHEHHS C YaCTHBIMH

MPOH3BOAHBIMH.
5 Hna cucremsl (4) samaua Komwu
y=y COCTOHT B HaXOXJEHHH pelleHHs
y1=u1(x), Ya=y2(%), ..,
Zo “ Yn=yn(x), (24)
y" IJI1 KOTOPOro
o =y, ya=yQ, ..., Yn=yo
0 z IpH X=X, (25)
THE Xo, y<f), ¥, ..., Y9 — sapanube
yucaa. [eomeTpuueckH peub HAeT O
HaxOXJeHHH HHTerpajbHOH KPHBOH
Puc. 2 (24), npoxoasuel uepe3 3aZaHHYIO
TOUKY (%o, 49, yO, ..., yO).
B sagnaue Kouu /s ypaBHenus (9) wuiercs pelieHue
2=2(x, 4), (26)
YAOBJETBOPSIOLLee HAauaJbHOMY YCJIOBHIO:
z=@(y) npu x=xo, (27)

roe Yo — 3aflaHHOe uHucao, a @(y) — 3ajaHHas HeNpepbiBHO AHG-
tdepeHuvpyemas ¢yHknuss. [eoMeTpHUYecKH 3AeCh HILETCH
HHTerpajibHasl TNOBepXHOCTb (26), npoxonsiuias uepe3 3alaHHYIO
KpuByl0 2=@(Y), X=2Xo, JIeXKalllyl0 B MJIOCKOCTH X==Xo.

B Teopuu nuddepeHUHANbHBIX YpaBHEHHH YCTaHaBJIHBAIOTCSA
JOCTATOUHbIE YCJIOBHS CYILECTBOBaHHSI M €NHHCTBEHHOCTH peIleHHs
3amaun Kowy, u3yyaroTcsi cBoficTBa pelleHHi 3amaud Komu u yka-
3bIBalOTCH CNoco6bl (PAaKTHUECKOTO pelieHHsi ee, B TOM YHCJe CIIOo-
co6bl NIpHOGJIHIKEHHOrO pelleHHs.

Kak camu puddepenuuanbHele ypaBHeHHs, Tak H 3agava Komwu
JONYCKAaIOT COOTBETCTBYIOIHE MeXaHHYECKHe HCTOJKOBaHHA, 00y-
CJIOB/JMBAIOLIYE MHOTOYHCJEHHblE NMPUJIOXKEeHHs nubdepeHLHaNbHbIX
ypaBHEHHH K pelleHHI0 3aJay MeXaHHKH.

IIpumepsl.

1. Hafitu pewenue ypasHenns (10), ymosicTBopsiollee HAuab-
HOMY YCJIOBHIO:

y=2 npu x=1, (28)
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T. €.. HaUTH HHTerpaJjbHyl0 KPUBYIO ypaBHenus (10), mpoxoasiiuyio
yepe3 Touky Mo (1, 2) (puc. 3).

3amenss B ¢opmyae (l1), comepxauieii BcCe pelueHus ypas-
nenus (10), nepeMeHHBle X H Y WX HayaJbHbBIMH 3HaUYeHHsAMH 1 u 2,
naxoaum: 2=1+4C, orkyna C=1. Iloacrasass HaligeHHOe 3Haue-
nue C B dopmyay (11), noayuaem ’

y=x2+1. (29)

dta napa6osna (puc. 4) U ecTb HCKOMOe pelneHne. OHO eguH-
CTBEHHO.

y Y
y:Iz+1
M,
2 ’ 2 Mo
x
of 71 ol 1 z
Puc 3. Puc 4.

2. Hafitu pewenne ypaBHenHs (18), ymoBieTBopsiollee Hayajb-
HOMY YCJOBHIO:

z=y? npu x=0, (30)

WJIM, YTO TO Ke, HaHTH HHTerpaJibHyIo OBEPXHOCTb ypaBHeHus (18),
npoxoAsimylo uepes napabony z=y? x=0, jexaiyio B NJIOCKOCTH
x=0 (puc. 5).

HckombiM pemienneM 6yner ¢ynkuusi (19). 'eomerpuuecku emy
cooTBeTCcTByeT napabosoun BpauleHus (puc. 6) ¢ ocbio Bpaule-
nus Oz.

4. TousaTue o kpaesoil 3agave. Hapsany c 3apaueit Kown 60Jb-
11oe 3HaueHHe HMeeT 3ajauya, rfe IONOJHHTEe/bHble YCJIOBHS, KOTO-
pbIM [JOJ/KHO YAOBJIETBOPATb HCKOMOe peiieHHe ypaBHeHus (1)
npu n>=2, 3afal0Tcs He B OHON TOUYKE, KaK B caydyae 3amaun Koui,
a Ha KOHIlaX HEKOTOPOro HMHTEPBajia M HILETCs pelleHHe, onpe-
IeJeHHOe BHY TP H 3TOrCc MHTepBaja. Takas 3ajaua Ha3blBaeTcd
Kpaesotl WIH epanuyHol 3agayen.
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ﬂ.ﬂﬂ' "YypaBHEHHSI BTOPOro mopsakKa

F(x, y, v, y')=0 31)
B MpoCTefillieM clyyae KpaeBble YCIOBHSI HMEIOT BHA
" y=yo NpU X=Xo; Y=Yi NPH X=X1. (32)
z
2
2=y
2=zl
- y /
0 — < g
z
T
Puc. 5. Puc. 6.

FeoMeTpHuyeCKH 30dech peyb HAET O HAXOMKIEHHH HHTEr-
pajbHOH KPHBOH

y=y(x), (33)
COEMHAWILEH [ Be 3afaHHble TOYKH Mo(xo, yo) U My(Xy, y1).
Mpumep. Pewenuem ypaBneuus
y"+y=0, (34)
YIOB/IETBOPAIOILUM KPaeBbIM YCJIOBHAM

y=1 npu x=0; y=0 npu x= %, (35)
6yaer (puc. 7)

y=cosx(0<x< %) (36)

5. PacnpeneneHne OCHOBHOro mMarepuaJja no raasam. B unacros-
el KHHTe MaTepuaJ PacloNoXeH C/aeAylolHM obGpasoM. [iaBsl
[—IV coaepxaT OCHOBHble MOHATHA K ONpPENeJEHHS H 3JeMeHTap-
Hble METO[bl HHTErPHPOBaHHSA, OTHOCALIHECS K OOBIKHOBEHHBIM AH(-
(depeHUHA/bHBIM YPABHEHHSIM M CHCTeMaM OOLIKHOBEHHBIX HH((e-
peHUHaNbHBIX ypaBHeHHH oOwero Buaa. [IpopaGoTka sTux ruas
TMOATOTAB/IHBAET CTY[EHTA K YCBOEHHMIO IViaBbl V, KOTOpasi COAEpKHT
0Ka3aTe/JbCTBO OCHOBHBIX TE€OpeM CYILIECTBOBAHHA H H3JI0XKEHHe
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Oo6GIIHX CBOHCTB pellleHHH MO CBOACTBAM (YHKUMH, BXOASIUHX B CO-
CTaB ypaBHeHHH He3aBHCHMO OT HX HMHTETPHPYeMOCTH B- KOHEHHOM
Bufie. B mocaenylomux VI—VII rnaBax paccmarpuBaiorcs obuias
TEOPHUSI U METOJbl MHTErPHPORAHHS JIMHEHHBIX yPaBHEHHH K BBHICIIETO
nopsilka M CHCTeM JHHeHHbIX ypaBHeHHH. [IpH 3TOM cylecTBeHHO
HCIOJIb3YIOTCS OOLHEe TeopeMbl CYIIeCTBOBAHHS H €IHHCTBEHHOCTH.
Fnasa VIII comep:xuT Bompockl, oTHOCS-
mHecss K ypaBHEHHsIM C YacCTHLIMH IIpO- y
M3BOAHBIMH NEpBOT0 NOpsifKa M HeMNo-
CPeACTBEHHO TMPHMbIKAIOIHE K TEOPHH
cucTeM OOBIKHOBEHHBIX AliddepeHnuanb-
HbIX ypaBHEHHH. 1S
B pesysnbrarte u3yuenusi kypca Aub-

(epeHIHaNbHBIX  YPAaBHEHHH  CTyAEHT 5 > Py
JOJIKeH: r
1) ycBouTb OCHOBHble MOHSATHSI H
onpeneJieHNs;
2) oryeTsiuBO 3HaTb (OPMYJIHPOBKH
U J0Ka3aTejbCTBAa OCHOBHBIX TeOpeM Cy- Puc. 7.

IIeCTBOBAHUSl W €JHHCTBEHHOCTH, YMeETb
NPHMEHATb HX K KOHKPeTHbIM AH(ddepeHIHaJbHbIM YpPaBHEHHAM;

3) oBjanzerh oOLiel TeopHel JIMHEHHBIX ypaBHeHnﬁ 1 JIHHEHHBIX
CHCTEM H MeTOJaMH HaXOX/[EHHS HX pellleHHH; -

4) ycBOMTb 3JIeMeHTapHble METOHbl HHTETPHPOBAHHUS H npnoﬁpe-
CTH HaBbIKH KaK B pelleHHH NpHMepoB (B KOTOpbIX TpeGyercss Haii-
TH BCe pellleHHsl [JaHHOTO YypaBHeHHs, pelinTb 3amauy Koun
HJIH KpaeByl0 3aflayy H H3y4YHTb CBOHCTBAa HaleHHbIX pelleHHH),
TaK M B PelIEHHH 3aJay Ha cocTaBjieHHe TH(depeHLHANbHBIX ypaB-
HEeHHH;

5) yMeTb HHTerpupoBaTb NpOCTefilliHe ypaBHEHHS C YaCTHBIMH
NPOH3BOAHBIMH NeEpPBOTO NMOpsSAKa H pewath 3agauy Kouiu;

6) umeTb mpencTaBieHHe 06 OCHOBHBIX 3ajayaX H BaXKHEANIHMX
npobjemax oOuiedi TeopHH OOBIKHOBEHHBIX JAHp¢epeHUHaNbHBIX
ypaBHEHHH.



Inasa I

OBbIKHOBEHHBIE [NOOEPEHINAJBHBIE YPABHEHHUA
INEPBOTO MOPAIKA, PASPEIIEHHBIE OTHOCHTEJIBHO
IIPOM3BO/THOM.

YPABHEHU, MHTETPAPYEMBIE B KBAJIPATYPAX

COXEPHKAHHNE
§ 1. OCHOBHBIE IIOHATHA M OIIPEJEJIEHHA

1. Pa3nvunbie Gopmbl 3amucH ypaBHEHHMS M 3aJaHHUsl €ro pelie-
HHI. 2. ['eoMeTpHUYeCcKOe HCTOJKOBAHHE YPaBHEHUSI M €ro pelleHHH.
3. MexaHunyeckoe HCTOJIKOBaHHEe ypaBHeHHsI U ero peuieHuil. 4. 3a-
paua Koumu. 5. [locraTtouHoe yc/liOBHe CyIEeCTBOBaHHS peLIeHHs
3agaun Komn. 6. [locraToyHble YC/IOBHSI CYLIECTBOBAHHSI M €[HH-
CTBEHHOCTH pemleHus 3agauyu Kowmu. 7. OG6iuiee peuieHue, o6liee
peuienne B ¢opme Komu, obuiuii uHTerpas, oblllee pelieHHe B Ma-
pamerpuyeckoii ¢opme, 8. HacrHoe pemenue. 9. Ocoboe peineine.
10. Ilonsitne 06 uHTerpade.

§ 2. YPABHEHNA, MHTETPAPYEMbBIE B KBAJIPATYPAX

11. ¥YpaBHeHnne, He comep:xalllee uckomoli (yHkuuu. 2. Ypas-
HeHHe, He COJepiKallee He3aBUCHMON mnepeMeHHOil. 13. YpaBHeHHe
C pasfensiiollMMHCs TepeMeHHbIMH. 14. OmHOpoxHOe ypaBHEHHe.
15. O606uieHHOe OXHOPOAHOEe ypaBHeHue. 16. JIuHeillHoe ypaBHeHHe,
17. YpaBHenne bBepuysnnu. 18. YpaBuenue [ap6y. 19. YpaBHenue
Pukkatn. 20. YpaBHenue B noaubix auddepenunanax. 21. Uurerpu-
PYIOLUUH MHOMXHTEJb.

§ 3. 3AJAUN

JUTEPATYPA

OcHoBHas

MarTrBeeB. Meroab uHTerpupoBanus. Bsegenue, ra. I, nn. 1—43, 46—65.
Crenaunos, r1 I, § 1 (no Broporo a6saua crp. 14), § 2, 3 (mo crp. 32),
§ 4 (uckaouas npumevanus 1 u 2), § 6; ra. II, § 1, cTp. 57—58, 68 (n. 5),
§ 3; ra. III, § 4, crp. 120—123.
Snllicr(I)IJ})b u. Bsegenne, ran. I, § 1—5, § 6, crp. 28—29, 35—38 (Teopemn
H .
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JlonoaaATEAbHAR

Crenanos, . I, § 3 (n. 3), § 4 (npum. 1), § 6 (HauMHas c npumeyaHus);
ra. 11, § 4 (nocaemuuin a6aaw Ha ctp. 123 u crp. 124).

[ferpoBckui, ra I—IL

Flourpsarux . I, § 1—2.

METOANYECKUE YKA3AHHA!
§ 1. OCHOBHBIE IIOHATHA # OIPEIEJIEHUA

1. OGbiKHOBeHHOE AH(GepeHHaNbHOe YypaBHEHHe NepBOro Mo-
pANKA, pa3pelieHHOe OTHOCHTEJbHO MPOH3BOMHOMN, BCErAa MOXKHO
3anUcaTh B BHIE

dy .
Tx =f(x, v), (1)

rae f(x, y) — 3agaHHas GYHKLHUA CBOHX apTyMEHTOB, KOTOPYIO MbI
npeanoJjiaraeM OJHO3HAaYHOH M HeNpEepbBIBHOH B paccMaTpH-
BaeMoH obsacTH. DTy (QOpMy 3alMUCH ypaBHeHHs1 OyneM Ha3bIBaThb
HOPMANbHOU.

[Mpocrefiiuum u3 ypaBHeHHH B HOpPMaJbHOH (opMme U BMecTe
¢ TeM NpocTedminM AH(pdepeHIHa bHBIM ypaBHeHHeM [E€pPBOro IMo-
pAdKa fBJseTCA

dy
2 1) (2)

Pewenuem ypaBhenusi (1) B uHTepBane (@, b)2 HasbiBaeTcs
¢yHkuuss y=y(x), onpefejeHHass U HemnpepblBHO AHGdepeHuupye-
Mass B 3TOM HHTepBaje W obpamiaipoumas ypasHeune (l) B Tox-
0ecTBO

y(x)=Fx, y(x)](a<x<b). (3)
Ecau cyuiecTByeT Takoe 4HCJAO C, 4TO
f(x, c)=0 (a<<x<b),
TO ypaBHeHue (1), oueBHAHO, HMeeT pellleHHE
y=c(a<<x<<h).

Hapsany c ypaBHeHnem (1) Bcerma ciemyer paccMaTpuBaTh Tak
11a3bIBAEMOE flepesepHyToe YpasHerue

dx 1 (1)
_—= e,
dy  [(x, y)
! HoMepa mnyHKTOB B MeTOLMYECKHX YKa3aHHAX COBNAfalOT C HOMEepaMu
HYHKTOB co,uepmauml.

2 AHajorH4HO ompejensieTcs pelileHHe B uHTepBaiax [a, bl, [a, b), (a, b],
a Takxke B MHTepBaJjlaX, 6eCKOHEUHBbIX B OLHY WM 06e CTOPOHDI.
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HCTIONIb3Ys] ero B OKPECTHOCTH TeX TOYEeK MJIOCKOCTH (X, Y), B KOTO-
puix ¢yHkuua f(x, y) obpawmaercss B 6eckoHeyHOCTb. COBOKYNHOCTD
3THX TOYEeK Mbl OyleM NPHCOEAHHSITb K 00JIaCTH ONpefelieHHsi ypaB-
Henusa (1), a pemenus x=x(y) ypaBHeHus (l’) — K pelIeHHAM
ypaBHenHs (1).

Ecan f(x, y) He o6pamaercs B paccmaTpuBaeMoii o6GJacti
B GeCKOHeYHOCTb, TO ypaBHeHns (1) u (1) paBHOCHJABHBI B 3TOIf
06J1acTH, T. €. UMEIOT B Hefl OHH H Te XKe PelleHHs.

YpaBHeHue

dy—f(x, y)dx=0 (4)

paBHOCHJBbHO ypaBhenusiMm (1) n (1l').
YpaBHeHHe Gojee obuiero BHAA

M(x, y)dx+N (x, y)dy=0 (5)
PaBHOCHJIBHO ypaBHEHHAM
ay __Mxy) dx__ N(xy) (6)

B Toukax (xo, Yo), rae M(xo, yo) =N (%o, Yo) =0, HH OZHO H3 mOC-
Je[HHX YypaBHeHHHl He 3a4aHO: WX INpaBbie 4acTH 06pallaloTCs

0
B HeolpeJeseHHOCTh BHAA o Byxem cuutaTh, 4TO H ypaBHeHHe (D)

He 3afiaHo B 3THX Touykax. OTHocutesnbno ¢pyuxkuuét M u N Gyaem
NpeAnoJiaraTh, YTO OHH HENpPepbiBHB B paccMaTpHBaeMOH 00jaacTh.
YpaBHeHue

dx dy
X(x,y)  Y(xy)

Ha3biBaeTCH YPABHEHUEM 8 CUMMETpUuecKol gopme.

M3 ykasaHHbIX OpM 3amHCH ypaBHEHHs NepBOro MOpsiika, pas-
PEIIEHHOr0 OTHOCHTE/IbHO NPOW3BOAHOH, BaXXHEHUIMMH SIBJSIOTCA
dopmbl (1) u (5). 3amerum, uro B ypaBHeHHH (1) HCKomoO#l (yHK-
uueil cuuraercs y, B ypaBHenun (1’) x, a B ypaBHenus (4),
(5) u (7) mepemeHHble X H Y BXOAAT PaBHONMPAaBHO.

Pemas Bonpoc 00 HHTErpHPYEMOCTH QAaHHOI'O YPaBHEHHSI B KO-
HEYHOM BHJe, HYKHO HCMOJb30BaTh pa3/jHuHble (OPMBI 3amHCH
ypaBHEHHs, paccmaTpHBas B KauyecTBe HCKOMOH (YHKIHMHM Kak y,
TaK H X.

Pemenne pucddepenunanpHoro ypasHenusi (1) Moxer GbITh 3a-
J1aHO He TOJBbKO $IBHO: y=Yy(X), HO U B HesiBHOM Buae (T. e
B BHJe, He pa3pelleHHOM OTHOCHTENbHO Y):

@ (x, y)=0. (8)

(7
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HHorna pelieHHe MNOJyyalT TakXke B NMapaMeTPHUYECKOH
bopwme:

x=x(t), y=y(t) (a<<t<B). (9)
Mpumep 1. Oyuxuus
y=J 1-x2 (—1<x<1) (10)
ABJSETCS pelleHHeM ypaBHedls
x
y=-- (11)
Y
D70 ke pelleHHEe MOXKHO 3a4aThb B HESIBHOM BHIe
x24+y:=1 "(y>0) (12)
H B MnapameTpHuecKkoi ¢opwme
x=cost, y=sint (0<t<m). (13)
Tipumep 2. HuterpanbHblMH KPHUBBIMH yDaBHEHHS
dy y
dx T x (9

ABASIOTCA MOJYNpPSIMbIC, BbIXOAALLHE H3 HayaJa KOOPAMHAT
y=kx (x#+0); x=0 (y+0). (15)

2. [uddepennnanbHoe ypaBHeHHe (1) BMecTe ¢ mepeBepHYTHIM
ypaBHeHHem (1”) 3amaer Ha mJaocKocTH (¥, y) Tak Ha3biBaeMoe
noae HanpasaieHud, eciu 4epe3 KaxAyl Touky (X, y) (puc. 8),
B KOTOPO# 3agaHo ypaBHeHue (1), mpoBecTu OTpe3oK, 06pasyouiui
c ocio Ox yroa a, rae tg a=f(x, y), U ecnin cuurath, YTO B TOY-
Kax, rae f(x, y) obpaulaerca B GeCKOHEYHOCTb, HalpaBJeHHe MO/
napamienabio ocu Oy. Hurterpanbuas kpusas y=y(x) [x=x(y)]
oGsafaeT TeM CBOHCTBOM, 4TO B KaxJoOil ee Touke (puc. 9) Ha-
npasjieHHe KacaTeJbHOH COBNafgaeT C HanpaB/leHHEM MOJig B 3TOH
TOUKeE,

Ecnu npasas yactb ypasHenus (1) oGpawaercs B Touke (Xo, Yo)

B HEONpeNeNeHHOCTb BHAA —6', TO 6YILEM FOBODHTb, YTO B 3TOH TOYKe

noJie He ompejpeseHO. DTO He HCKIIOUAeT CYLIECTBOBAHHS
HHTErpaJbHbIX KpUBBIX Y=y (x) [x=x(y)], npumeikarouyux x Touke
(%0, Yo), T. e. 06anaOIHX CBOHCTBOM Y (X)—Yo NPH X—>Xo[x (Y)—xo
nupd Yy—Yo|. OTHOCHTENBHO CYyLIeCTBOBAHHS H HaNpaB/eHHH Kaca-
TeJbHBIX K 3THM HHTETPaJbHbIM KPHBBIM B Takofi Touke (Xo, Yo)
B obLleM CJyyae HHUErO 3apaHee CKas3aTh HeJ/b3f.

B cuny cpeiaHHOrO NpejnoJiOXXKeHHs OTHOCHTEJNbHO HeNpephiB-
noctu f(x, y) mone HampasJeHHil, onpeaensieMoe ypaBHeHueMm (1),
TOXE HeNpepbiBHO, T. €. B JOCTaTOYHO O/IH3KHX TOYKAaX Hamnpa.iie-
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HHSl NOJIsI OTJIMYAIOTCA CKOJb yrogHo mago. Tak kak f(x, y) omHo-
3HauHa, TO HHTerpaJibHble KpHBble He MOTYT IepeceKaTbCs, HO Ka-
caHHe HX He HckJoYeHO, M3g0MOB HHTerpasibHble KpHUBble HMETh
He MOTyT.

JIuHHSA, B TOYKax KOTOpPOH HampaBJjieHHe MOoJisi OJHO H TO XKe,
HasbiBaeTcsi u30KAuxod puddepeHunansbHoro ypasHeHus. 3okiu-
HaMH SIBJSAIOTCS JHHHH, ONpeflesiieMble ypaBHEHHSMH

1

f(x, y)y=k (k=const); ———— =0. (16)
f(x, y)
y Y
S
/5
> /d.
/X /
A
x / /
7 z
Puc. 8. Puc. 9.
KacaresbHble K HHTerpajbHbIM KDHBBIM B TOYKAX H3OKJHH
f=0, f=o00, f=1 n f=—1 06pasyloT ¢ NOJOXKHTEJbHLIM HaNpPaB-
non 14
JgetnneM och Ox cooTBeTCTBeHHO yribl 0, 9 1 H— R Hsokauna

MOXeT ObITb OJHOBPEMEHHO W HHTErPajJbHON KPHBOIL.

Mpumep 3. Msoknunamu ypaBHeHHH

1
yl=x2+y2; y'=2x; y/= _ y’=..__ y’= _y.; y/=_y_

1
; 17
Vl___;z 2y x? x (17)

COOTBETCTBEHHO OYAYT
x2+4y?=k (k>0, npu k=0 u30KJIMHA BbIpOXKAaeTcs B TOuKy x=0, y=0); ]
x=a; x=a (a|<1l); y=b;, y=kx* (x+0), x=0 (y+0); (18)
y=kx (x+#0), x=0 (y+0). l
Jlunus, Kaxjash TOYKa KOTOPOH fBJsIeTC TOYKOH 3KCTpeMyMma
WM TOYKO#H Tepern6a NpoxoAsllell yepes Hee HHTerpajbHOH KpH-

BOil, Ha3bIBAeTCSl COOTBETCTBEHHO AUHUEl IKCTPEMYMO8 UIH AuHUEL
ToueK nepezuba.
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’

NMpumep 4. Ins ypaBHeHHs y'=2x JHHHell 3KCTPEMYMOB, a MMEHHO JiHHefl
MHHHMYMOB Oyner x=0 (oce Oy) (cm. puc. 1) (¥’ oGpawaercs B Hyab npu
x=0 u MeHfieT 3HaK ¢ MHHyca Ha muwoc). Bce uHTerpajbHble KpHBblEe BOTHYTHI
BBepx (y”>0), Tak uTO JMHHI TOoyeK mnepernba Her.

Mpumep 5. YpaBuenwue y'=3x> He HMeeT JHHHH 3KCTPEeMyMOB, 160 Bce
pellleHHst BO3pacTaloT MNpH BceX X(y' He MeHseT 3HaKa). JIMHHel Touek mnepe-
ru6a Gymer x=0 (puc. 10) (y” obpawaeTcss B HyJb Npu ¥x=0 u MeHsieT 3HaK).

IToctpoHB mocTaToyHO <«rycroe»
ceMeHCTBO H3OKJHH [IaHHOro audde-
PEHIHaNbHOrO YpaBHEHHsl, MOXKHO IO-
JYYHTb HEKOTOpOe IpeACTaBjeHHEe O
ceMeHCTBe HHTErpajbHbIX  KPHBBIX.
D10 npencrasieHHe Oygmer GoJee
TIOJIHBIM, €CJIH ONpefleJuTh 06JacTH / )
BO3pacTaHusi U yObIBaHHSI HHTErpaJb- z
HBIX KpDHBBIX, H3YYHTb HampaBJieHHe [ 0/
BOTHYTOCTH H IOCTPOHTb JIMHHH 3KC-
TpeMyMOB M JHHHH TOYeK mNeperubal.

3. Ilyctb Touka M nBHKeTcsl 1O
ocu Ox, mpHYeM CKOPOCTb JBHXKEHHS
eCTh H3BecTHas (YHKIHS OT BpeMeHH
{ U monoxeHHss TOUKH M, KoTopoe Puc. 10.
onpepessieTcsi OJHOH KOOPAMHATOH X.

OG6osnauyuB 31y ¢yHKuMiO uepe3 f(f, Xx), mpuxoaum K AauddepeH-
11a/lbHOMY YpaBHEHHIO

y

dx
Ef=f(t’ x). (19)

Bcesikoe pelneHue x=x(¢) BbIpakaeT co00# BIOJHE ONpepeseH-
Hbll 3aKOH JIBHXKeHHs1 ToukH M. Mpr Oydem HasbiBaTh pellleHHe
x=x(t) Osuscenuem, onpenensieMblm ypaBHeHuem (19).

B cayuae, kKorga CyulecTsyeT Takoe YHMCJIO Xo, YTO

f(¢, x0)=0
npH BCeX paccMaTpUBaeMblX 3HAueHHAX BPEMEHH f, TO ypaBHe-
e (19) umeer peleHHe
X = Xo.
JIBH>KeHHe, COOTBETCTBYIOLlee 3TOMY peUIeHHIO, HasbiBaeTcs
COCTOAHUEM NOKOA.
EcaM CKOPOCTb [BHMKEHHSI 3aBHCHT TOJbKO OT { HJIH TOJbKO

OT X, TO ToJsiyyaloTcst Gosee mpocThie AH(depeHlHa bHbie ypaBHe-
HUS JABHKeHHS TOUKH M:

! dapcroabu, crp. 11, npumep 4.
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Z iy Z =i, (20)

4. 3ajaua HaxoxAeHus peuwenns y=y(x) yparHenus (1),
yIAOBJIETBOPSIOLIEr0 HAayaJbHOMY YCJIOBHIO

y=yo npH X=X, (21)

rae Xo M Yo — 3ajaHHBle yucCaa, HasbiBaercs: 3adaueid Koww wan
HauaabHol 3adaued. '

3amaua Kown HMeeT NmpoOCTOe reoMeTpHYeCKOe H MeXaHHUECKoe
HcToKOoBaHHe, ['eoMeTpUuecKH, Kak yXKe TOBOPHJIOCh BO BBEIEHHH,
peub HAET O HaXOXJEHHH HHTerpa/bHOH KPHBOH, NpoxoAsiiedl ue-
pe3 3agaHHyl TOYky Mo(Xo, Yo). UTOOBI AaThb MeXaHHYECKOE HCTOJ-
koBanune 3agaud Koin, ob6pathuMcs K ypaBHeHuio (19). 3mech
3amaya Koluu COCTOMT B HaXxOXIeHHH ABHKeHHs x=x({), onpexe-
JIIEMOTO 3THM YpaBHeHHeM H Y/IOBJETBODPSIOLIET0 HaYyaJbHOMY
YCJIOBHIO

X=xo 1npHu t=t,, (22)
T. . HUIETCS TakKoe JABHXKeHHe, B KOTOPOM TOYKa 3aHHUMaeT 3aJaH-
HOe INOJIOXKEHHE Xo B 3aflaHHBIi MOMEHT BpeMeHHU fo.

Bynem roBopHTb, uTO pellleHHe 3afayH Kommu ¢ HayaJbHBIMH
IaHHBIMH Xo, Yo €OUHCTBEHHO, €CJIH CYILeCTBYeT TaKasi OKPeCTHOCTb
TOYKH Xg, YTO: 1) B 3TOfi OKPECTHOCTH OINpefiesieHO pellieHHe C Ha-
YaJbHBIMH JAaHHBIMH X, Yo; 2) He CYLIECTBYeT NPYroro pelueHus
C HayaJbHBIMH JAHHBIMH Xo, Yo, ONpENENEHHOIO B TOH »Ke OKpecT-
HOCTH. .

3amaun HaxXOXKAEHWsS pelleHHs C HayaJbHBIMH NaHHBIMH Xo, Yo,
NpH KOTOPBHIX ypaBHEHHe He 3aJaHO B TOUKe (Xo, Yo), HO 3amaHO
B OKPECTHOCTH e€e, HJIH e HayajbHble JaHHBIe He SIBJSIOTCS KO-
HeYHbLIMH 4Hc/iIaMH, GyleM HasblBaTb OCOObIMU CAYHaAMU 3adayu
Kowu. 3pecy numerca pewenne y=y(x)[x=x(y)], obnanamouiee
CBOMCTBOM

Y(*)=>yo mpn x—>%o [x(4)—>%o mpH Yy—>4o]. (21)

Bo Bcex caysasx 3amaun KolH OCHOBHBIMHM BONPOCaMH SIBJS-
IOTCSl BONPOCHI O CYyLIECTBOBAaHHH, €JHHCTBEHHOCTH H CBOMCTBax
peutenusi. OTBeT Ha 3TH BONPOCH! HMeeT NPHHIHUIHAIbHOE 3HaueHHe
HE3aBHCHMO OT BO3MOXKHOCTH (DaKTHYECKOrO HAXOXIEHUS pelleHHs
B TOM HJH HHOM BHIe.

[lpexne ueM pemaTh KOHKpPeTHyl0 3amauy Komu, CTymdeHT
JOJIKeH YSICHHTb cebe, C KaKMM ciayyaeM 3afaud Komu oH mMeer
J1eJ10 — C OCHOBHBIM MJIM C OCOOBIM, H HCCJE0OBaTh BONPOC O Cylle-
CTBOBAHHH H €JHHCTBEHHOCTH peLIeHHs.

5. [lns cyuiecTBOBaHHA pellleHHsl 3ajayH KoiiM pocraTouHo,
yToOBl NMpaBasi 4acTb ypaBHeHHsi Oblja HelmpepbiBHA B OKPECTHOCTH
Haya/JIbHOH TOUKH, NpHYeM pellleHHe OyleT onpejeneHo (H Hempe-
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priBHO auddepeHunpyemo) B obuieM caydyae JHIb B HEKOTOpPOi
OKPeCTHOCTH HayaJbHOTO 3HaYeHHs HE3aBHCHMOH MNepeMeHHOH.
A uMeHHO HMeeT MecTO CjejylOLlasi Teopema. '

Teopema Ileano. Ecau npasas uacre ypaswenus (1)
onpedesena u HenpepvléHa 8 npamoyzosoruxke (puc. 11) R:

x—xo| <a; |y—yo| <O, (23)
Yy
Y
Ytb R
Y%
z
yo"b 0
x
0 SIS Zo < 9
I + 4
s Sy
Puc 11 Puc 12

20e a u b — 3a0anHble NOAONCUTEAbHBIE 4UCAQ, U, CACO08ATEAbHO,

02panuiena 8 Hem, T. e.

[F(x, y)|<M, (24)
20e M — nocTosnHOe nOAONKUTEAbHOE HUCAO, a (X, y)— At06as TouKa
u3 R, 1o ypasrenue (1) umeer xorsa 66 00HO pewenue

y=y(x), (25)
ydosareTeopsouee HawasbHoim ycaosuam (21), sasedomo onpede-
Aennoe (u HenpepbieHo Ougpgpepenyupyemoe) 8 uxtepsaie

b

20e h ecTo HaumeHbulee U3 4HUCEA Q U ﬁ:
h=min (a -1—7—) (27)
- "M/ /

ExuncTBeHHOCTH pelleHHsi Teopema [leaHo He rapaHTHpyer.
TNpumep 6. Ypasuenue
y=271y| (28)

HMeeT HenpepbiBHO AnddepeHunpyeMoe peuieHHe C OOBIMM 11aYalbHBIMK  JdaH-
HBIMH Xo, Yo, TAK KaK NpaBas 4acTb HenmpepbiBHa Ha Bceit miockocTH (X, y). Ho
€IHHCTBEHHOCTb pelleHHs TpPH Jo0bIX HayaJbHbIX JaHHBIX HE TapaHTHpYyeTcs.
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Tak, ecau B3ATb Xo=Yyo=0, TO HeTpynHO YyGeAHTbCS, YTO €IHHCTBEHHOCTb Ha-
pyuena, u6o uepes Hayajo -kKoopauHat (pHc. 12), oueBMZHO, NPOXOAMT pelLIEHHE
y=0 (ocb Ox) u uHTErpajabHble KpHUBBIE:

—x2, x <0, 0, x<0, —x2, x K0,
y= - { . y= (20)
x2, x>0; x2, x>0; 0, x>0.

6. OcuoBHoli TeopeMoH, obecneunBaoLleil He TOJbKO CYyLUECTBO-
BaHHe, HO M eIHHCTBEHHOCTb pelleHus 3axaun Komm, saBasgercs
teopema Ilukapa. Jagum ymnpoluieHHyil0o ¢OpPMYyJHPOBKY 3TOH Teo-
peMbl, yIOGHYIO A/t IPHMEHEHHs H JOCTAaTOYHYIO JJs liesell HacTos-
HieH r1aBbl.

Teopema Iluxapa. Ecau npasas uacte ypasuenus (1)
onpedesena 8 obractu R u ydosisergopser 8 Heill 08Ym YCAOBUAM:

1) f(x, y) HenpepoigHa;

2) @ cyujecTeyer u O2panuvena:
5
dy
ede K — nocrosnnoe noaoscuresbHoe 4ucao, 10 ypasHernue (1)
umeer edurncreennoe peuiterue (25), yoosaersoparoujee HA4ALbHOMY

ycaosuro (21), sasedomo onpedesexnnoe (u Henpepwvisno Ougpge-
penyupyemoe) 8 unrepsase (26).

| <« (30)

MNMpumep 7. TlycTh naHo ypaBHeHHe

d
71 =Ag(x)yr + A1 (X) Y+ ... FAn_1(X)y+An (%), (31)

rae n — uejoe IMOJIOXKHTEJbHOe YHCIO.

31ech npasast yacThb €CTb NMOJNHHOM OTHOCHTeNbHO y. IlpeamnoJioxum, uTo
ero kosduunentst Ax(X¥) Henpepn BHL B uHTepBane (a, b). Torma mpu
J060M Yo M TPU BCSKOM Xo M3 HHTepBasna (@, b) cyllecTByeT elHHCTBeHHOe pe-
wenne y=y(x), yAoBJAeTBOpsiollee HayaibHbHIM YycjoBHaM (21). drto caemyer
H3 TOro, YTO MOXHO MOCTPOHTb NPSMOYTOJNbHHK BHAa (23) c LEHTPOM B TOUKe
(%0, Yo), B KOoTOpOM GYyAyT BhIMOJiHeHbl 0o6a yciaosus Teopembl Ilukapa.

Ecnu ko3¢ ¢uuuerTs! Ap(X) HenpepbiBHBI NIPH BCEX X, TO Xo TOXe MOMHO
3afiaBaTh COBEpLIEHHO INIPOH3BOJIbHO. B 4YacCTHOCTH, 3TO HMME€eT MecTo, eCjli 3TH
K03 duunentsl Ap(X) cyTh MONHMHOMBL. 3aMeTHM, OLHAKO, YTO Jaxe B 3TOM
clyyae pelieHHe y=y(X) onpenesneHo, B oflleM ciydae He IPH BCeX X, a JHIUb
B HEKOTOPOM OKPECTHOCTH HayalbHOrO 3HaueHHs He3aBHCHMOH nepemeHHo#. Tak,
A5l ypaBHeHusi Yy’ =y? pellleHHeM, YNOBJETBOPSIOIHM HAYajJbHOMY YCJOBHIO

1

y=1 npu x=0, aBasercd Y= . DTO pellieHHe ONpe/eleHO He IPH BCeX X,

. 1—x
a TOJMLKO B HHTepBale (—oo, 1).
Mpumep 8. Ouenuts, noabaysicb Teopemofi Ilukapa, obaacTe CylleCTBOBaHHS

pellieHHs ypaBHeHus
y=x*+y*(| x| <2, |y[<2), (32)
YIOBNETBOPAIONIEr0 HAYAJLHOMY YCHOBHIO:
y=0 mpu x=0. (33)
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Vickomoe pelueHHe cyllecrByeT M eIHHCTBeHHO, uGO mpaBas 4YacTb ypaBHe-
nusi (32) ecTb MOJHHOM OTHOCHTebHO x u y. Haitnem h. Hmeem: |

X0=0, Yo=0; a=2, b=2; M=8; h=min (2. _?_) = —l—
8 4

CymechOBaHue pewienusa obecneyeHo Teopemoﬁ HuKapa JAHIIb B HHTEpBaJe
jx] < e

WHorna pemenne 3agaun Kowmn nnas ypaBHenus y'=f(x, y)
yaaercs yragartb. Toraa, eciu HayajabHble JaHHbIE Xo, Yo HeocoOble,
T. €. B OKDECTHOCTH HayaJbHOH TOUKH BbINOJIHEHb YCJIOBHS TEOPEMbI
CYyLIeCTBOBAHHSI H €NHHCTBEHHOCTH, YraflaHHOe pelleHHe U Oymer
€UHCTBEHHBIM HCKOMBIM pelleHHeM. B 3To#l cBfi3u Bcerma caenpyer
[IPOBEpPUTDb, HE SBJISAETCS JIH YXKe Yy=Uo PelleHHeM YypaBHEHHH.

INMpumep 9. Haiitn uHTerpajbHyl0 KPHBYIO ypaBHEHHS
y’ =sin (xy), (34) .

[POXOJSILYI0 Yyepe3 Hayaslo KOOPIHHAT.
OueBuaHo, uyTo y=0 (ocb Ox) sABAAeTCA HCKOMOH HMHTErpajbHO# KPUBOM.
B cuay eZMHCTBEHHOCTH APYrMX pelIeHHH HerT.
3aMeTHM, YTO B KOHeYHOM BHAe YypaBHeHHe (34) He uHTerpupyertcs.
Mpumep 10. Haiitu peienve ypaBHeHHs
4 2 r~
V=-— (35)

C HauaJibHBIMH JaHHBIMH Xo=0, yo=1.
HckoMbiM peutennem 6yzeT x=0 (ocb Oy). Ilpyrux peweHuii HeT (mouemy?).
Mpumep 11. VYcraHoBHTH 06.1aCTh CYILECTBOBAHMS M eNUHCTBEHHOCTH IJIS
ypaBHeHHUs

y=2Vy. (36)

0 1
31ech npaBasi 4acTb OMnpejeseHa M HempepbiBHa mpH Yy >0; — = —— cy-
Y

Vy
mecrsyeT u HenpepeiBHa mpu y>0. CaenosaTesnbHO, 06/MACTHIO CYIIECTBOBAHHS
H eJIHHCTBEHHOCTH pelIeHHd 3ajavuu KOUXH SAIBJISIETCA BEPXHAA IOJYIUIOCKOCTb
(y>0).

7. OGblyHO B pe3yJjbTaTe HHTETPUPOBaHHs AU depeHuHaTbHOrO.
ypaBHEHHs NMEePBOro NopsajiKa MOJy4aloT He OJHO pelleHHe, a ceMel-
CTBO pelleHHH (ceMeHCTBO HHTerpasJbHbIX KPHMBLIX), 3aBHCsllee OT
onHoli mpousBoJbHON moctosiHHON C. Ecam 3T0 ceMelicTBo 3apano.
B BHJE

y=q(x, C), @(x, y, C)=0; x=9(t, C), y=v(t, C)
(t — napawmertp), (37)
TO OHO HAa3blBAeTCsl COOTBETCTBEHHO OOwjum peuieruem, oOuUM UH-

reeparom (06ujum peweruem, 3a0QAHHbIM 8 HEABHOM 6ude) WIH
obuum peweruem 8 napamerpudeckol gopme.
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Ianum crporoe omnpenenenue obiiero peuieHHss ypaBHeHHs (1).
[Tycts D ecTb HekoTOpast 06/ acTbh Ha MJIOCKOCTH (X, y), uepes
KaKAYI0O TOYKY KOTOPOH NPOXOJAHT OJHA, H TOJbKO OLHA, HHTErpaJb-
Has KpuBas ypaBHeHus (1)!. (Hanpumep, moxkeMm npexnosiararts,
YTO B OKPECTHOCTH KaXXAOH TOUKH 006siacTH D BBHIMOJIHEHBI YCJAOBHS
Teopembl Ilukapa.)

Onpenenenne? QPyHkuus

y=o(x, C), (38)
omnpejesNeHHasi B HEKOTOPOH 06sacTH H3MeHeHHs nepeMeHHBIX X H C
¥ HempepbiBHO AH¢GdepeHlLHpyeMasi OTHOCHTENBHO X, Ha3blBaeTcs
obwum peweruem ypaBHeHHs (1) B obaactu D, ecau oHa ygmoBJe-
TBOpsieT ABYM YCJOBHSIM:
1) paBeHctBo (38) paspemumo B o6gacti D OTHOCHTENBHO
NpOH3BOJbHON mocTosiHHoH C:

C=v(x, y); (39)

2) ¢yukuus (38) sBasercs peweHHeMm ypaBHeHHs (1) mpu Bcex

3HAYEeHUsAX NPOM3BOJbHONH mnocrosiHHOH C, mocTaBiasieMblx ¢GopMy-
aoit (39), korma Touka (X, y) npoGeraer ob6aactb D.

Mpnmep 12. ITpoBeputb, uTo GYHKIUHUSA
y=(x+C)% (x>-0) (40)
aBaseTca oMM pelleHHeM ypaBHenua (36),

y=2Vy

B BepxHeil moaymaockoct (¥>0).
Ilpexze Bcero HYXHO YGeNHMTbCH, YTO BEPXHIOK MOJYIJIOCKOCTb MOMKHO
6patb B KauecrBe obnacth D. DTo yxe nokasaHo B mpumepe 5, m. 6.
Iposepum Temepb BhIMOJiHeHHe ycnoBuit 1 u 2. Pasencrso (40) paspewnmo
B BepxHeil IOJYIJIOCKOCTH OTHOCHTeNbHO C:

C=7Yy-~ (41)

TaKk yTo ycioBue | BhINMOJHEHO. YCJOBHe 2 TOXe BINOJNHEHO, GO ¢ynkuus (40)
aBaserTcs peluenueM ypasnenus (36) npu mobom C:

2(x+C) =2 Y (x+C0)% (x+C>0). (42)

O6wemy peutento  (40) reoMeTpHueckH COOTBETCTBYeT CeMeHCTBO moay-
napaSoJ, u3oOpaennoe Ha puc. 13.

1 Tak 4yro obnactb D ecTb MHOXECTBO HaYaJbHBIX AaHHB X, NpHYEM
TaKoe, yTO pemeHue 3anaun Koww c 3THMH HayajbHBIMH [aHHBIMH CYLIECTBYyeT
n eauHcrsenHo. He cneayer cmemuBaTh o6macTb D ¢ HMHTepBaJdOM
CYIECTBOBAHHA pellleHHss KOHKpeTHO#H 3anaun Kowd ¢ HauaabHBIMH 1aH-
ublMil 13 obaactu D. ,

z TIpuBoaumoe ompejenenne obuiero pemenus npunamiexut H. Il Epyrany
(cv. MatBeeB. Meroasl uHTerpuposanus, crp. 28). CyumecTBylOT u Apyrie
onpefeienus obulero pewenus (cM., Hanpumep, [leTpesBckuii, ctp. 13).
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3Han obuwee pemenve B o6saactd D, Jierko NONYyYHTb M3 HEro
pemrenHe 3amaud Komu ¢ n06bIMH HayasJbHBIMH JAHHBIMH Xo, Yo
n3 obmacti D. [eiictBuTenpHo, noacraBass B Gopmyay (38)
BMECTO X H ¥ YHC]A Xo H Yo, MOJYUUM

Yo=0¢(xo, C). (43)
OTO paBeHCTBO pas3pellHMo OTHocuTenbHo C:

. C=1 (%0, Yo) = Co. (44)
IMonpcraBasis vafinenHoe 3HaueHne C B opMysy obuiero peurenus,
NONYyYHM

y=9(x, Co). (45)
Ota GyHKUMS H eCTb HCKoMoe pemlense !, JIpyTHX pelleHHi HeT.
Y
Y
Zn
Yo
0 z 01 To~ Vg, *
Puc. 13 Puc. i4.

Mpumep 13. Haiitu pewenne ypasuenus (36)
y=2Yy,
YAOBJIETBOpSiIOllee HayaJbHOMY YCJIOBHIO
Yy=yo>0 npu x=x,, (46):

noJb3ysicb Gopmysnoit obutero pemenus (40).
Crnenys ykasaHHOMY Bbille cnocofy, MMeeM:

Yo=(%+C)% C=7Yyo—x0=Co; y=(x+Co)? (x>—Cy). (47).
HckombiM pewenveM Gymer noaynapaGosa (puc. 14)
y=(x+ Y do—%0) (x>%— V). (48)

OG6uiee pelneHHe BHAA
y=(P(x: Xo, yo)’ (49)

rae xo (UKCHPOBAHO, a Yo (3HaueHHe HCKOMOH QYHKLHH Y MpPH
X==Xo) MrpaeT pOJib NPOH3BOJILHOH NOCTOSHHOMH, Ha3blBaeTCs OOUUM

pewenuen 8 gopme Kowu.

1 M60 ona sBasiercss peiseHHeM ypaBHenus (1) u @(xo, Co) =yo.
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Tak, B npumepe 2 ¢yskuus (48) Oymer ofwum peweHuem ypasieHus (36)
B BepxHeil noaynnockoctd B ¢opMe Koun, ecin GHKCHPOBATb Xo M CYHTATh Yo
NPOU3BOJIbHEIM (NIPH Xo==0 IIPOM3BOJIbHAs NOCTOSIHHasi Yo €CTb OTPE30K, OTCe-
KaeMblil MHTerpa/jbHOil KpHBOM Ha ocu Oy).

Ecnu npaBas yacte ypaBHeHusi (1) ynoBmerBopsier o6oHM YCJIO-
BuAM TeopeMbl Ilukapa B mpsimoyroJbHHKe R ¢ LEHTPOM B HayaJb-
HOH TOuke (Xo, Yo), TO MOXKHO yKa3aThb TaKOH NpPSAMOYTOJbHHK C
LUEHTPOM B TOH XKe TouKe, Jexalluii BHYTpH R, B KoTopoM OyneT
cyllecTBoBaThb oOliee pemieHne ypaBheHHs (1) B ¢dopme Koun
(cM. Huxe, 1. V, § 3).

3nanue obuero peuleHnsi B ¢opme Kowu pact Bo3MOXKHOCTb
nonyyaTtbh peilenne J060i KoHKpeTHo#H 3agmayn Komu mnpocroi
3aMeHOH Yo 3aZlaHHBIM HayaJjbHbIM 3HAYeHHSM HCKOMOTO pelleHHs
NpH ¥==Xp; U H3yyaTb 3aBHCUMOCTb peuieHus 3amaun Komu or Ha-
YaJbHOTO 3HAUYeHHS HCKOMOH (QYHKIHH.

8. Peutenne y=y(X) Ha3bIBaeTCs HACTHbIM, €CAH B KaxXIOH
€ro TOYKe COXPaHsieTcsl eJHHCTBEHHOCTb pelleHHs 3agaud Kouuu.
Pewenne, comepxaliiieecss B gopmyse obumero peuenus (38), T. e.
nosyuyaolleecsi H3 Hee NPH KOHKPeTHOM (IONYCTHMOM) 4YHCJIOBOM
3HAYEeHHH TIPOH3BOJIbHOH INOCTOSIHHON (BKJIOYasi —=o00), sABJAAETCH
yacTHB M peulenHeM. Pemenne 3agaun Komwu, nosyueHHoe H3
obuiero pelieHuss MO MeTOAY M. 7, BCerAa sBJseTCs YacTHBIM pe-
LIeHHEM.

9. Pemenne, B KaXJ0H TOYKe KOTOPOTO HapyliaeTcs €IHHCTBCH-
HOCTb pelleHHsi 3ajayd Koy, HasbiBaeTcs 0co6bim.

Ecan npasas yactb ypaBHeHus (1) ynosaeTBopsieT BO BceH
obJjacTH 3agaHusi ycaoBHsM TeopeMmbl I[IMkapa, To 3To ypaBHeHHe,
OYEBHHO, He MMeeT OCOOBIX pelleHHH.

B yacTHOCTH, ypaBHeHHe C IOJHHOMHAJbHOH MNpaBoil 4acTbio
3aBelOMO He HMeeT OCOOBIX pelleHHH. YpaBHeHHe, NpaBas 4yacTb
KOTOPOT'O €CTb OTHOIIEHHe MOJHHOMOB, H ypaBHeHue M(x, y)dx+
+N(x, y)dy=0, tae M u N — noAMHOMBl OTHOCHTENBHO X W Y,
TaK)XKe He HMelOT O0COObIX pelleHHH.

Ecau B ypasueuuu (1) ¢yHkums f(x, y) HempepwiBHA MO X U Y
H H1MeeT YaCTHYI0 NPOH3BOAHYI0 No y (OrpaHHYeHHYI0 HJIH HET),
TO OCOGBIMH pelleHUSIMH MOTYT ObITb TOJIBKO Te KpHBble y==¢(X),

0
BO BCeX TOUKaX KOTOPBIX 0—5 obpauraercss B 6eCKOHEUHOCTD:
0
o — oo, (50)
0y | y=ox)

Bynem Ha3blBaTb Takue KpHBblE N0003pUTEAbHbIMU HA 0cO6oe pe-
wienue ! MO aHaJMTHYECKOMY BHAY NpaBOH YacCTH ypaBHEHHS.

t BooGlue, kpusoli; nodospureabroii Ha ocoboe pewenue, Mbi GyfeM Hasbl-
BaTb BCSKYIO KDHBYIO, KOTOPas, MO TeM HJHM HHBIM COOGpDa)KeHHSM, MOMKET OKa-
3aTbCA OCOGBIM peLieHHeM, HO He 06A3aTe/bHO SIBJSETCA TAKOBBIM.
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Ecnn kpuBas y=q(x) OGyner peileHHeM HaHHOTO XHbGepeHIH-
aJbHOTO ypaBHEHHMsS H B KaxXAOH TOYKe 3TOTO pellieHHs HapyluaeTcs
eIMHCTBEHHOCTDb pellleHHs 3agaud Kowmn (T. e. yepes KaxAylo TOYKY
(X0, Yo) 3TOro pelieHHs] NMPOXOLHT He ONHA HHTerpaJbHas KpHBas),
TO oHa OyaeT Oco6biM pelleHHeM.

KpuBble, nomo3purespHble Ha 0co60e pelleHHe, MOXCHO TaKxkKe
HCKaTb [0 aHaJUTHYeCKOMY BHUAY CeMeHCTBa MHTErpaJjbHbIX KPHBBLIX,
3aBHCSIIIET0 OT OJHOH NpPOHM3BOJBHON moctosiHHOH C.

Ilpennonoxum, uto ypaBHeHue (1) momyckaeT oxHomapaMeTpH-
YeCKOe CeMeHCTBO HHTerpa/bHbIX KPHBBIX

O (x, y, C)=0, (51)

rie C — mapaMerp. [lpeanosoKum, uYTO 3TO CEMEHCTBO KPHBBIX
HMeeT o2ubarouyyro, T. e. TAKyl0 KPUBYIO, KOTOpasi B KaxIO0H CBOeM
TOYKe Kacaercsi XoTs Obl OfHOH KpHBOH cemerictBa (5l) u HHM Ha
KaKOM yuyacTKe He COBIIajflaeT C OAHOH M3 KPHBBIX ceMeiicTBa (51)%
OueBuaHO, YTO Ocubarowas cemelictsa unrTeeparbruix kpusolx (51)
ypasnerus (1) asaserca pewenuem 3TO20 YPABHEHUA U NPUTOM
oco6oim (nouemy?).

B nuddepeHunanpHoii reomeTpuM IOKa3bplBaeTCs, 4TO NPH H3-
PCCTHBIX MPEANOJIOXKEHHSAX KaK OTHOCHTENbHO CeMeHCTBAa KPHBHIX,
TaK H OTHOCHTeJNbHO orubamulell mocaegHeli MoxeT OBITb TOJBKO
OUCKPDUMUHAHTHAA Kpusasa, T. €. KpHUBas, onpeleinseMasi ypaBHe-
HHeM CeMeHCTBAa, U ypaBHeHHeM, NMOJy4YeHHLIM AudPepeHIHpOBaHUEM
ero no napamerpy. [HCKpUMHHAHTHAs KpHBasi ceMeHCTBa HHTer-
PaJNIbHBIX KDHBBIX OlIpe/lesisieTCs H3 CHCTEeMBI

Op

,.y=q>(x, C)) 0= 5‘6 (52)

HH

oo
' aC
Haiigs AMCKPDHMHMHAHTHYIO KDHBYIO, HYXKHO NPOBEpPHTb, OyaeT Jiu
oHa (uau ee yactb) orubaloulefi NAHHOTO cemelcTBa (MJIH 4YacTH
ero).

OTMeTHM, HakKoOHel, 4TO OCOObIM pelIeHHeM MOTYT OKas3aTbCs
pelLieHHs, TepsieMble B pe3yJabTaTe NpeoOpa3oBaHHil HaHHOrO NHG-
(hepeHUHANBbHOIO YpaBHEHHS, KOTOpble BBINOJHSAIOTCS B Mpolecce
ero HHTerpupoBaHusi. Hanpumep, npu nenenun obeux uacred ypas-
HEeHUsl Ha HEKOTOPYIO (DYHKUHIO @ (X, y) MBI MOXKEM NOTepsiTh pelle-
Hysl, oOpamamuye 31y QyHKUHIO B HYJb.

®(x, y, C) =0 0. (53)

! Cm.: MMerposckui, crp. 109—113; T. M. duxrtenroasu. Kype
an@gepenuHalbHoro ¥ HHTErpajbHoro Hcyucaenus. M. 1947, crp. 620—628.
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Pemass 3agauy Komw, Heab3s orpaHHuHBaTbC HaXOXAEHHEM
YacTHOro pelleHHsl (KOTOpoe OOGBIYHO MCJAy4YalOT H3 ceMeHcTBa pe-
LIeHHH, 3aBHCSLLETO OT NPOU3BOJIbHOH nocrosiHHO# C), u6o Moxer
0Ka3aThbCsl, YTO ypaBHeHHe HMeeT ocoboc pelleHHe, TOXe YHOBJe-
TBOpsIOllee MOCTaBJeHHOMY Haya/JbHOMY YycjaoBHIO. B mocnennem
cnyyae pemienveM 3agaud Komu Oymer Taxkxe Jjo6as «raaikaa»
KOMOHHAlHA OTPe3KOB YacTHOrO H 0CO0Oro pelleHHH, MOJyyYeHHas
nyTeM CKJ€HBaHHS HMX B Haya/JbHOH TouKe. (QueBHAHO, YTO Takoe
pellleHHe He SBJSETCS HH YacCTHBIM, HH OCOOBLIM.

Y ¥

Puc 1I5. Puc. 1I6.

l(lggi)mep 14. Haliru xpuBYylO, MOLO3PHTENbHYIO Ha 0COG0e pellleHHe ypaBHe-
HUA :

dy —
Friakd B

H MCC/Ief0BaTb, GyNeT Jin OHa OCOGBIM pelleHHeM.
PemnM 3Ty 3agady KaxAbiM H3 TpeX YKa3aHHBIX BHILIE CHOCOGOB.

1. Hajinem xpuByio, monosputesbHylo Ha 0coboe pelleHHe MO BuAy NpaBoii
yacTH ypaBHeHusi. Mmeem:

p) 1
oa_ L =co. (54)
% V9 ! y—mom

Slcio, uTo B KauecTBe KpUBOH Yy=@(X) MOXKHO B3ATb ToAbKO y=0 (och Ox).
Ona sBnseTcs peuleHueM ypaBHeHus (36). B Kaxzo#l Touke 3TOro peuwesnus Ha-
pywaercsi €AWHCTBEHHOCTb pewlenus 3ajaun Kown. B camom pgeile, BosbMem
s1006y10 TOUKY (%o, 0) Ha pewenun y=0. IlogcraBumM KOOpAHHATBI 3TOHl TOUKH
B obuee pewenne (40). Iloayunm 0= (xo+C)2, otkyna C=—x,. [loacraBasas
ato 3Hadenne C B obmee pemuenite (40), NOJyYyHM UaCTHOe pellenue y= (X—Xo)?
(x>xo), KOTOpOe npumblkaer kK Touke (Xo, 0) (puc. 15). Takum obpasom, uepes
TOuKy (%o, 0) npoxoauT He oaHa HHTerpaibHas KpuBas. ChaeloBaTenbHo, y=0
ecTb ocoboe perente ypasHeHus (36).

3ameTHd, Y4TO Yepe3 TOUKY (Xo, 0) NPOXOAMT TaKkKe OeCuMCleHHOE MHOXKe-
CTBO HMHTerpanbHbIX KpHBbIX BHAa (puc. 16): :
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0 nas a<x< X,
y={ (x—x0)2 pas x,<x<b, (55)
(—oo<a<x, %<b<+o0),
NpeACTaBJAIHX Cc060il KOMOGHHALHH OTPE3KOB OCOGOr0 M YacTHOro peuieHuit.!
2. Hafipem oru6aloiyio cemMeficTBa HHTErPajbHbIX KPHBBIX

y=(x+C)2 (x>—C). (56)

y=(x+0C)? 0=2(x+C), (57)

TaKk 4YTO AMCKpHMHHaHTHO# kpuBofi Gymer y=0. M3 puc. 13 scHo, uro y=0
ectb orHGawomas cemeiictea (56). Cnemosatenpno, y=0 ecTb ocoGoe pelueHHe
vpaBHeHHs (36).

3. YpaBHenne (36) Mo:xHO HHTerpHpoBaTb Tak. PasjennMm obe yactu Ha

Hmeem

2V y u ymuoxum na dx. Tloayyum:

d _
= _dx@yy=07). (58)

27y

B ckob6kax Mbl yKaspiBaeM /s NaMATH To (KOHeuYHOe) ypaBHeHHe, KOTOpoe
HY2KHO PacCMOTPeTb MocJe HHTerpHpoBaHHs ypaBHeHHs (58), n6o gesnenne ypas-

vennsa (36) Ha 2]/? MOX<eT NPHBECTH K MOoTepe pelleHHil.
Wnterpupya ypasuenne (58), no.ayuaem:

Y y=x+C>0, (59)
oTKyna
y=(x+C)?% (x> -C). (60)
H3 ypaBHenus 2]/__1;=0 naxoguM y=~0. ®yHkuua y=0 sBaseTca pelleHveM
ypasHenus (36). Dto pelwenne, Kak NMoKa3aHo BbilLe, ocoGoe.

10. Hureepasron nuddepenunanbHoro ypabHeHus (1) Hasbi-
raercsl HenpepbiBHO nuddepenuupyemass byuxuus P(x, y),?
10JHLIH AupdepeHHan KOTOpOH

o 0
d¢=0_‘)':dx+ —(%:dy (61)

obpailtaeTcs B TOXAECTBEHHBIH HyJab 8 cuay ypasrenusa (1), 1. e.
npu 3aMeHe dy ero 3HaueHHEM U3 3TOr0 YpaBHEHUs:

o oy

A |l y= —dx+ —f(x, y)dx=0. 62

Vo= 73, +ayf(,y) (62)

Hurerpan ¢ (x, y) obnagaer TeM CBOHCTBOM, YTO OH OGpaliaeT-

€l B TOXK/JECTBEHHYIO NMOCTOAHHYIO BJOJb BCSKOTQ HAaCTHOIO pelie-
nust y=e@(x, Co) ypapnenus (1):

P [X, (P(x7 Co)] = Co. (63)

' B paapleiieM B OTBET4X l1a 3ajaul, B KOTOPbIX Tpebyercs npounrerpupo-

BaTb AanHoe AHdepeHuHanbHOe ypaBHeHMe WJH pewnThL 3afauy Kouwn, nomo6-

lible KOMOHHaUMKH He yKasbiBaloTcsi. CocTaBlleHHe WX NPeNOCTaB/feTCs YHTaTeslo.
2 P(x, y)+const.
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TMpumep 15. dynxuns

$=Yy—x(y>0) (64)
AIBJIIETCHA HHTErpajoM ypaEHeHua (36). HeiicTBuTesbHO,
1 _
dy l(as)= ——2Y ydx—dx=0. - (65)
2Vy

§ 2. YPABHEHUsA, UHTETPUPYEMBIE B KBAJPATYPAX

11. ¥Ypasnenue, ne codepscaujee uckomoi Gyuxkyuu
dy
— =7 (x 1
= =i(x) )
B NPeJIo/0KeHHH, UYTO ero npaBasi YaCTb HelpepbiBHA B HHTepBaJe

(a, b), unrterpupyerca B KBaaparypax. Ero ofmuM pemeHneMm
B 00J1aCTH

a<x<b, |y|<+oo (2)
6yner
y= [f(x)dx+C (3)
unu (B ¢popme Kourn)
y=J F(x)dx-+oo (4)

xo0
rae Yo — NMPOU3BOJbHAS NOCTOSHHAA [Yo=Yy(%0)], a<<xo<<b.
s peuwenns 3agaud KomM ¢ HayaJbHBIMH [aHHBIMK Xo, 4o

(| yo|<<+o0) mocraTouHo nosoxKHTb B dopmyse (4) yo="yo.

Hsokinnamu ypasHenus (1) OyayT mpsimble x=xo(a<<xo<<b).
Bce uHTerpasbHble Kpubble (3) mepeceKarmT KakKAyl H30KJIHHY MOX
OIHHM H TeM JKe YTJOM H NOJYYaloTcsl H3 OHLHOH HHTErpaJibHOMN
KPUBOH 3TOrO ceMeHCTBa CABHTOM napaJejbHo ocH Oy.

Ecau f(x) HenpepbiBHa BO BCeX TOYKax HHTepBasa (a, b), Kpome
ofHON Toukd x==E, U obpamaercs B Touke x=E(a<<E<<b) B OGec-
KOHEYHOCTb, TO MpsiMas x==E OyAeT pelleHHeM MepeBepHyTOro
ypaBHeHHs

dx 1
dy = T ®)

DTO pellleHHe MOXET OKa3aTbCsl 0C 0 6 bl M.
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NMpumep 1. Ypasuenue

== ®)

nMeer obuiee peleHHe

y=—291-x+C (7

(B o6aacth —oo<x<l, |y| <+oo). Ilparas uactb ypaeHenus (6) ob6pamaercs
B GeckoHeyHocTb npu x=1. Tlpamas x=1 sBjseTcs pelleHHeM NepeBepHYTOro
ypaBHEHHS

Q

*_ 1
dy_y

®

(6"
1o pelenne ocoboe (noueMy?).
MNpumep 2. 1ns ypaBHeHHS
1
y=-— (8)
o6wuM pemeHueM (B Kaxpmon u3 obaacreii —oo<x<0, |y! <+o0; 0<x<+00,
ly| <+oo0) Gymer
1
y=—+C. 9)
X
Pewenne x=0 uactHoe (mouemy?).

12. YpaBHeHHe
dy
7. =), (10)

He cofepikalllee He3aBHCHMOH NMepeMeHHOH X, B cayuae, koraa f(y)
onpeneseHa W HenpepbiBHa B MHTepBane (¢, d) 1 He ofpaiiaercs
(B 3TOM HHTepBajie) B HyJb, PABHOCHJIbHO ypaBHEHHIO

e _ 1
dy — f(y)’

He cogepxXaleMy HCKOMOH QPYHKUHH X, TaK YTO BCce
HHTerpasbHbie KpuBble ypaBHeHus (10) comepxkarca B dopmyse

_ [ 4
x_ff(y) +C. (11)

Arto ectb obuwmi uHterpaa ypasHenHs (10). Ero moxHo nepe-
nucath B ¢opme Komnu

(10)

_ [ 9
= f iy T (12)
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rae Yo — puKcHpoBaHHOe uHCI0 (c<<yo<<ld), a Xxo Hrpaer poJb
MNPOU3BOJIbHOH NOCTOSIHHOM.

Usoxkaunamu ypasHenus (10) aBasiiorcsi npsimbie y=yo(c<<
<yo<d‘}‘ Bce uHTerpaJspHble KpHBLie ceMmefictBa (11) nogayuatorcs
U3 ONHOH HMHTerpajibHOH KPHBOH 3TOro ceMeHCTBa CHBHIOM Napal-
JienbHo ocH Ox.

Ecau f(y) obpaiiaercs B Hyab npu y=>b, npuueM c<<b<ld,
TO ¢QyHKuHs y==b, oueBniHo, Oyner peuieHuem ypasHenus (10).
3DTo pelueHHe MOXKET 0Ka3aTbCst O C O 0 bl M.

Npumep 3. TlpounTerpupoBaTh ypaBHEHHE
ﬂ = ]/_yt-l (13)
dx
M BbIAEAHTb HHTErpajbHyl0o KPHBYIO, Npoxoasiuyio uepes touky M(0, 1). Hens
o6e yacTH ypaBHeHMs Ha ]/ﬁ M YMHOXas Ha dX, uMeeM:
dy _
———— =dx (Y y*—1=02), (14)

Y7

J=
———=x+C. (15)
Yo

[MosoxuB B uuTerpase cresa y=cht, monyunm t=x+C. Cnegosarensio,

OTKYyAa

y=ch(x+C) (x>-0C) (16)
6yner ofuwuM pelleHneM ypasHenus (13) B obnact
| x| <400, 1<y<+oo. (17)
AnanoruuHo, monaras y=—ch?, HafigeMm, 4TO
=—ch(x+C) (x<-C) (18)

ecTh obuiee peiuenne B 006.aCTH
[x]< 400, —oo<y<—1 (19)

W3 ypasuenna Jy*—1=0 umeem y==1. Ortu npamMble —ocobnie pe-
LIelnHs.

O6paTumcsi Temepb K IocTaBjeHHOH 3ajzauye Kowu. 3ameruM, 4TO TOUKA
M(0, 1) nexut Ha ocoboM pewennn y=1. Haiinem, moabsyscb dopmysoit (16),
yacTHOe peuleHue, npumbikaiomee k touke M. Tlomaras B (16) x=0, y=I,
vonyuyum l=ch C, otkyna C=0, Tak 4TO MCKOMbIM YacTHbIM pelleHHeM OyneT
y=ch x(x>0). HUrak, yepes Touky M(0, 1) NpPOXOAAT ABe HHTErpajbHbie KpH-
Boe: Yy=chx(x>0) u y=1. (Cpenaiite pucyHOK.)

Tipumep 4. [as ypaBHEHH:

ﬂ =y2—-1 (20)
dx
obwum uHTErpajgom Oyjaet
-1
—n |2 =x+C. @1
2 y+1
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N3 ypaBHenns y2—1=0 nHaxoguM y==1. OTH npsiMble —4acCTHBHi e pelle-
HHf. 34ecb HHKaKas INpPOBEPKA COXPaHeHHS €IHHCTBEHHOCTH He HYXHa, H60
ypaBHeuane (20) 3aBefoMo He HMeeT OCOGbIX pellleHHil (mouemy?).

13. ¥YpasHenue ¢ pasdesennbimu nepemeHHbviMu
X (x)dx+Y (y)dy=0, (22)
B kotopoM X (x) u Y(y) cyTh GyHKIMH, 3aBHCALLHE COOTBETCTBEHHO

TOJBKO OT X H TOJIbKO OT Y H HenmpepbiBHbIEe NIPDH pacCMaTpHBAaeMbIX
3HaY€HHAX X H Y, HHTErpHPYeTCsA HENOCPEeACTBCHHO: pPaBEHCTBO

[ X(x)dx+ [ ¥ (y)dy=C (23)
HJTH
Jxear+ [ v ay=c (24)

ABJsercss oOLHM HHTerpajoM ypaBHeHus (22).
Ecnn X (xo) ¥ Y(yo) He paBHBI HYJI0O OAHOBPEMEHHO, TO pelie-
HHe 3ajaud Kol ¢ HayaJbHBIMH JIaHHBIMH Xo, Yo AaeTcsi HOPMYJIOH

Jxewavt [v@a=o (25)

KOTOpasi TMPH CHeJNaHHOM TMNPEANOJOXKEeHHH OTHOCHTenblio X u Y
onpenensieT eIHHCTBEeHHOe peliesue ypaBHeHUs (22) B BHIe
y=y(x) nmm x=x(Yy) C HayaJbHBIMH JaHHBIMH Xo, Yo (mOUEMY?).

Mpumep 5. PaccmoTpuM ypaBleHHe

1
e~ dx+ —y—dy=0 (y>0). (26)
Ono umeer o6uinii HHTErpan
x Yy 1
/e—“ dx+ | —dy=C (27)
0 1 Y
HIH
<
[ edx+Iny=C. (28)
0
PelienneM ¢ HayaabHbIM YCJIOBHEM
y=1 npu x=0 (29)
6yzer

[ e dx+1n y=0. (30)
0
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YpaBuenune Buaa
m (x)n(y)dx+my(x)ns(y)dy=0, (31)

B KOTOPOM KO3 GHIUHEHTH! NpH dx U dy SABASIOTCS NPOH3BeNEeHHAMH
(QYHKIHH, 3aBHCALIHX TONBKO OT OXHOH M3 NepeMeHHbIX X H Y, Ha-
3bIBAETCH YPABHEHUEM C pPAa30eArOUUMUCS NepeMeHHbIMU.

ITpeanonoxum, utro ¢yukunu m(x), n(y), mi(x) u n(y) He-
OpepbiBHbl NPH paccMaTpHBaeMblXx 3HaueHUsx x M y. Toraa, ymHo-
Kas obGe yactu ypaBHeHHs (31) Ha ¢QyHKuUHIO

1
my(x)n(y)’

noasyyaeM ypaBHEeHHEe C pa3lAeJeHHbBIMH NepeMeH-
H bl M H:

w= (32)

m(x) m@) _ _
i (%) dx+ n(0) dy=0 [my(x) =0, n(y)=0?]. (33)
Tlostomy o6umuM HHTerpanom ypasHeHHs (31) Oymer
m(x) n(y)
[2C as [ 220 (34)
MK
1(y) .
J e f dy=C [my(x) %0, n(o) #0]. (35)

Xo

Ecin ypaBHeHHus m‘(x)=0, n(y) =0 wuMelOT BelleCTBEHHbIE
pewenus x=a, y=>=b, 1o dynkuuun x=a(y=*b), y=>b(x+*a),
O6yayun Bcerga pelleHHssMH ypaBHenus (31),! Moryr okasarbcs
O0COGB MH pelieHHAMH.

Peutense 3agauu Kown ¢ HayaJpHBIMH [JaHHBIMH Xo, Yo, HE
JexalMMH Ha o0co60M pelleHHH, H TakKHMH, 4TO my(Xo) %0,
n(Yo) =0 n m2(xo) +n2 (Yo) #0, naercs popmy.oii

m(x) jm(y)
0. 36
R (30)
Npumep 6. TpounrterpupoBaTh ypaBHEHHe

2% 'y_ydx+ (1-x2)dy=0 (37)

"1 Toukn BHAA X=a, y=>b HCKJIOYAKTCA W3 PElICHHH, TAK KaK B ITHX TodKax
ypaBHeHue (31) He 3amaHo (mose He OMpeJeNeHO).
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M BHIAEIWTb MHTErpajblible KpHBblE, MPOXOAALIHe Yepe3 3ajnaHHble Toukun M;(0, 1),
My(1, 1), Ms(0, 0), M.(1, 0), BbIfICHHB TpeABapHTEJbHO BONMPOC O CYyLIECTBOBA-
HHH H €MHCTBEHHOCTH.

Pazgensis nepemeHHble B ypaBHeHuu (37), HMeeM:

2x dy P
~dx+ —— =0 (1—x2=0, Jy=0?). (38)

1 —x2 Yy

Hurerpupys, nonyuaem obuiuit HHTErpas

—In|1—x2| +2yy=C. (39)

W3 ypaBHenns 1—x2=0 Haxogum x==*1. Dynkuun x=1(y+0) =
X¥=—1(y+0) sABAsIOTCA YaCTHHIMH pelleHHAMH (moueMy?). YpaBueHHe

Y ¥=0 naer y=0. Pewenne y=0(x+* 1) oco6oe (mouemy?).

OGpaTHMcs K pelleHHIO NOCTaBJeHHbIx 3amad Komw.

Yepes Touky M;(0, 1) mpoXoAMT OAHA, H TOJBKO OJHA, HHTErpajbHas KpH-
Bas (nouemy?). Ee ypaBHeHHe MOXHO HafiTH OGBLIYHBIM MyTeM H3 OOLIEr0o HHTe-
rpana (39). IMonaras B Hem x=0, y=1, Haxogum C=2, TaK 4YTO ‘MCKOMHIM
peiwenvem Oyner

—In|1-x| +2yy=2 (40)
DTo Ké pellleHHe MOXKHO NOJYYHTb cpa3y, mojab3ysch ¢opmysaoit (36).
Hmeem
x y
2x dy
f dx+ | ——=0. (41)

1 —x2
0 1 VY

BuinosiHsisi BBIYHCIEHHA, NpuieM K peuendio (40).

Yepes Touky Mz(l, 1) ToxKe NMPOXOAHMT TOJIBKO OJHAa HHTerpaabHas KpHBas
{nouemy?), a umeHHo x=1 (y>0).

Touka M;(0, 0) nexur Ha oco6om peuwenud y=0, Tak 4TO B Heit Hapy-
11aeTCA eJMHCTBEHHOCTb pemweHusi 3amaun Komn. Kpome ocoboro pemwenus y=0,
yepe3 Hee NPOXOAHT HHTerpajbHas KpuBas !

—In|1—x2| +29y=0%* (42)

#:l% Touke M,(1, 0) mosne He onpexneseHo. K Hefi mpuMBIKalOT peweHHs x=1
w l'lzy;mep 7. YpasHenue 2
x(y2—1)dx+y(x2--1)dy=0 (43)
viMeeT OOWMA HHTErpas _
(x2—1) (y2—1)=C. (44)
Oco6bix pelleHHit 3aBeJOMO HeT (mouemy?).

14. YpaBHenue
M(x, y)dx+N(x, y)dy=0, (45)
1 ”, Kak Bceraa, GecuHc/ieHHOe MHOXEeCTBO HHTEerpajibHbIX KpPHBbIX, COCTaB-

JIEHHBIX M3 OTPe3KOB OCOGOro ¥ YacTHOro peuieHu# (cM. cHOcKy Ha ctp. 31).
Crenauos, ra I, § 2, npumep 6.
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B KOTOpoM M H N CcyThb OXHOpOAHbie (HOJIOXKHTEJNbHO OAHOPOAHBIE)
(YHKIHH OLHOTO H TOrO e M3MepeHHs ! (KoTopbie Mbl GyneM mpen-
noJjiaratb HenpepbiBHBIMH), Ha3bIBAeTCS OOHOPOOHbIM (NOAONHCUTEAb-
HO OOHOPOOHbIM).

OnHoponHOe ypaBHEHHe BCerja MOXHO TPHBECTH K BHAY

)

rge npaBasli 4acTb eCTb OJHOPOAHAs (GYHKUHMSA OT X H Y HYJIEeBOTo
usmepenusi. Ilpn stom, Kak Bcerga, Hapsay ¢ ypaBHeHueM (46)
cleLyeT paccMaTpHBaTh IepeBEPHYTOe ypaBHEHHe,

[Mpeanonoxum, yto GyHKuHUs @(2) omnpeneneHa M HelpepblBHA
B HEKOTopoM HHTepBaJe (a, b). Toraa npaBas yacTe ypaBHeHHs (46)

onpefejeHa B 061actH a<< —%— <<b. B Hauaje KOOpAHHAT OXHOPOA-

HOoe ypaBHeHHe (M [OJie HanpaBJIeHHH, onpefie/iieMOe HM) He 3aaHo.
H3zoknunamu sABAAIOTCS noaynpsiMble y=kx(x50), aexamue
B o6siacTH 3aJaHus ypaBHeHHs (a<<k<<b).

OnHopoaHoe (M MOJIOXKHTENBHO ONHOPOLHOE) YypaBHeHHe (45)
BCerjla HHTerpHpyercs B KBajapaTypax, 0o, cunTas X He3aBHCHMOH

TepeMeHHON M BBOAS BMECTO Yy HOBYIO HEH3BECTHYIO (YHKUHIO Z
NpH NMOMOLUH NOJACTAHOBKH

y=2zx, (47)

€ro MOXXHO NpPHBECTH (COKpaulas NpPH 3TOM Ha X™) K yPaBHEHHIO
C pa3fengIoUMMHCS NepeMeHHbIMH

[M(1, 2)4+N(1, 2)2]dx+xN(1, 2)dz=0 (x=0?). (48)
OG6iiuM HHTerpajioM ypaBHeHus (45) Oyaer

x=Cew(%), (49)
rae
N(1,2)dz
W”=”fM@a+Nuaz (50)

Tak kak ypaBHeHHe (48) MOXKeT HMeTb OCOOble pellleHHs BHIA
z=>b, TO ONHOPOAHOE pelleHHe MOXKeT HMeTb ocoOble pelleHHs

! dynkuusa f(x, y) HasbiBaeTcs 00HOPoOHOU GYHKLHEH H3MEPeHHs m, ecau
OT YMHOXKEHHS ee apryMeHTOB Ha Ji060e 4uc/Io ¢ oHa NpHOGpeTaeT MHOXHTENb {™:

f(tx, ty)=imf(x, y).

Ecau necneaHee TOXMECTBO BbINOJHseTCS Jub npu >0, To OyHKuus f(x, y)
Ha3blBaeTCsA NOAOHUTEAbHO OOHOPOOHOU.
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Buaa y=>bx(x+0). Kpome TOro, ocoGbIMH peLIEHHSIMH MOTYT ObITh
noayocu ocu Oy: x=0(y==0).

TNpumep 8. IMpounTtenpupoBaTh ypaBHenHe

xdy+ (xV—Z———-l—y)dx=0. (51)

Ypaeuense (51) — onnopopnoe (mouemy?). Ilogaras y==zx, npuaeMm K ypas-
HEHHIO ¢ Pa3fe/AOLIHMHCA NepeMeHHbIMH:

xdz+ Y z—1dx=0. (52)
3710 ypaBleHHe HMeeT OOGL(UiI HHTerpai
2]/z—l+1n|x|=C (583)
H ocoboe peiueHuHe
z=1. (54)

. Y
Bosspamasicb K HCKOMOH GYHKLUHH Yy, T. e. mojaras 2= —, MNOJy4yaem
x

2V%-1+1n|x| —C. (55)

Ato — o6wuit uHTerpan ypaBHeHus (55). [lonaras B ¢opmyne y==zx mnepemeH-
HYI0 2, PaBHOW eJHMHHLe, HailleM peLleHus

y=x(x*0). (56)
Otu peuwenHss —oco6ble (mouemy?).

15. YpaBHenue
M(x, y)dx+N(x, y)dy=0 (57)

HasbiBaeTcsi 0606ujeHHbIM OOHOPOOHLIM, €CNH CYLIECTBYeT TaKoe
yucao k, MpU KOTOpPOM JieBasi 4acTb ypaBHeHHs (57) cTaHOBHTCH
OIHOPOJHON (YHKUMEeH OT BeJHYHH X, Yy, dx M dy B Ipeanosoxe-
HYM, YTO MOC/JAeIHHE HMEIOT COOTBETCTBEHHO NepBoe, k-e, HyJieBOe
i (k—1)-e usmepenus. Ilpu k=1 06006lIeHHOe ONHOPOAHOE YpaB-
HeHHe sBJsieTcsl OObIUHBIM ONHOPOAHBIM ypaBHEHHEM.

OG6o6uieHHOe ONLHOPOJHOE ypaBHEHHE BCerfa HHTErpuUpyercss B
KBajpaTypax, 160 OHO NpH NOMOILUH NOJCTaHOBKH

y=2axb  (k+0), (58)
rie z — HoBasi HeusBecTHas (DYHKUHs,, NPHBOAUTC K YpaBHEHHIO
¢ pasgeasiomuMucst nepeMendbiMu. ITpu A=0 o6oG6iienHoe ogHO-

pPOAHOe ypaBHEHHe YiKe sBJSAETCs ypaBHEHHeM C pa3e/fLHMUCH
nepeMeHHbIMH 1.

t MatBeeB. Meroasl HuHTerpupoBaHus, m. 29.
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PaccMoTpeHHble Bbillle THIBI ypaBHEHHH NOMYCKajH HHTErpupo-
BaHHE B KOHEYHOM BHJ€ NpH NMOMOIIH MeTOJda pPa3fAeJeHHus
nepeMeHHB X, KOTODbIH INPHMEHSJICS HeNnoCPeJCTBEHHO HJIH
nocjie TNpeACapHTeNbHBIX IpeoOpa3oBaHHi. PaccMOTpHM HOBbE
THIIBL.

16. YpaBHenHe BHAa

dy
Te +p(x)y=q(x) (59)

HasbiBaercs aunednoim. Ecin q(x) =0, to ypaBHenue (59) npu-
HHMaeT BHA

” 3 |
= +p(x)y=0 ! (60)

M Ha3blBae€TCA oduopodubm AUHEUHbLM ypasHeHuem, TaK Kak €ro

. d
JeBas yacTh OLHOPOJHA H JHHelHa OTHOCHTENbHO Y H ;j}yc
Ecau g(x)=0, To ypaBHeHHe (59) Ha3wbiBaeTcss HEOOHOPOOHbLIM AU-
HeUHbiM YypasHeruem.
[MpeanonoxxuM, 4to p(x) H ¢(x) HempepblBHBI B HHTepBaJje

(a, b)(a=—o0, b<<+o0). Torma uyepes Kaxaym TOUKY MOJI0ChI
a<x<b, |y|<+o (61)

NPOXOAUT OAHA H TOJbKO OJHA MHTerpa/jbHas KpPHBas ypaBHEHHs
(59), u60 B OKPECTHOCTH JIIOOOH TOYKH M3 3TOH NOJOCH BHIMOJHEHBI
ycioBusa Teopembl Ilukapa (n. 6, mpumep 1).

B uacTHOCTH, €JMHCTBEHHbIM peLIeHHeM OJZHOPOLHOT O
JIMHEHHOTO ypaBHEHHUs, IPOXOASAILHM Yepe3 TOUKY (Xo, 0), Jexamylo
Ha orpeske (a, b) ocu Ox, siBJsieTCH caM 3TOT OTPe3OK

y=0 (a<<x<b). (62)

D710 pelieHHe Ha3bIBaeTCs HYyasegviMm (04€BUOHbIM HIIH TPUBUANL-
Hown), OHO YHOBJETBOPSET TaK HA3blBa€MBbIM HYAe8biM HadyasbHBIM
YCJIOBHAM:

y=0 npu x=xo€ (a, b). (63)

Jpyrax peuleHHH, YHOBJIETBOPSIOUIMX HYJEeBHIM HayaJbHbIM YCJO-
BHSIM, OAHOPOJHOE JiMHelHOe ypaBHeHHe (NpH CHETaHHOM Mpearno-
JIOXKEHHH OTHOCHTEJbHO HempepbiBHOCTH p(x)) He uMeer. Otciona
C/IeflyeT, 4TO HHTerpajbHas KpHBas OJHOPOJAHOrO JIHHEHHOIo ypaB-
HeHHsl, NMPOXOAsllas uepe3 TOUKY, He Jexamylo Ha ocu Ox, He
MOXeT HH nepecekaTb ocb Ox, HH KacaTbcs ee (moueMmy?).
Bcsakoe peleHHe NHHEAHOro ypaBHEeHH:, PaclojioKeHHOe B M0JO-
ce (61), rae (a, b) —uHTepBa7l HeNpPepBHIBHOCTH KO3DDH-
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uHeHTa p(x) ¥ mpaBoil yacTH g (x), ABaAeTca Y acTH bl M. Ocobbix
pelLleHHil B yKa3aHHOH MoJloce JIMHEHHOEe ypaBHEHHe He HMeeT.

JluHeliHoe ypaBHeHHe cOXpaHsieT cBOH BHA (T. e. ocraercs
JIHHe#HbIM) TpH JI060# 3aMeHe He2aBHCUMOH MepeMeHHOH Xx=¢q(¢)
[@(¢) HenpepbiBHO mubdepeHunpyema B (fo, %), npuueM a=g(f),
b=¢(ti) u ¢ (¢)70 B (fo, t1)] u npu 060K JHHeHHOH 3aMeHe
HCKOMOH yHKUHH Y=o (x) 24P (X).

CBOMICTBO ONHOPONHOCTH COXpaHsieTCsl NpH JI0OOH 3aMeHe He-
3aBUCHMON NMepeMeHHOMH H NpH JI060# ONHOPOMHOH JIMHEHHON 3aMeHe
HCKOMOH GYHKLHH,

OpHoponHoe JHHelHOe ypaBHeHHe (60), oueBHIHO, BCerAa HHTe-
rpHpyeTCcsi B KBaZpaTypax, H00 OHO fB/ISIETCS ypaBHeHHeM C pase-
JAIOLHUMHCA NepeMeHHbIMH. MHTerpupysi ero, HaxoAHM:
- f p(x)dx

y=Ce (64)

B ce pemenus ypaBHenus (60) comepxkarcs B 310l dopmyse. OHa
npencrapiaser coboit ob6uiee pemeH e ypaBHeHus (60) B mo-
Jgoce (61).

U3 ¢dopmyant (64) cremyer, 4TO BCSiKOe pellleHHE OXHOPOLHOTO
JIHHEHHOrO ypaBHeHHs oOnpefesneHo (M HenpepelBHO AubdepeHuy-
pyemMo) Bo BceM HHTepBale (a, b) (B kKoTopoM KO3 HIHEHT
p(x) HenmpepbIBeH).

O6uiee pewenue (64) MoxHo nepenucath B ¢opme Komin

x
- f p(x)dx
Xo

y==yoe : (65)

rie Xo — (PMKCHpPOBaHHOE 4MCJIO M3 HHTepBasaa (a, b), a yo mpowus-
BO/IbHO [Yo=Yy (X0)]. Ecan yo TOXe ¢uKCHpOBaHO, TO 3Ta (PopMy.a
JaeT pelllenHe 3agaud KouiM ¢ Haya/JbHBIMH HaHHBIMH Xo, Ye.
Peulenuss oZHOpPOAHOro JHHeHHOTO ypaBHeHHsa (60) o6aanaior
ABYMSl XapaKTepPHbIMH CBOHCTBaMH:
1) ecau y1=yi1(x) ecro uactHoe pewenue, TO

y=Cuyy, (66)

2de C — at060e NnOCTOAHHOE HUCAO, TOXCE ABAAETCA PelueHuem;

2) ecau yr=yi(X) —HeHYyreB0e 4aCcTHOe pewienue, T. e.
y1(x)# 0, 10 8ce pewenus ypasnenus (60) codepixcarca e ¢popmy-
s1e (66), ede C — npoudgosbHas nocrosxHas. dT1a ¢opmyaa daer
obuee pewenue O00HOPOOHO20 AuHelHo20 ypasHenus (60)
8 noaoce (61), B uem Jierko y6eAHTbCS, HCXOAS M3 ONpeme/eHUs
obl1ero peuieH#si, Kak 3To cienadHo B n. 7 (npumep 1). IIpu atom
ucnoJsib3dyercs TOT (akT, 4To y1(X) He obpaillaercss B HyJb HH B Of-
HOU Touke u3 (a, b) (mouemy?).
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CTpykTypa o6Liero pelieHusi HEOLHOPOLHOIO JIHHEHHOTO ypas-
HeHHUsl yCTaHaBJHMBaeTcs cjaelylolled TeopeMOH.

Teopewma. Ecau ys — uwacTHoe pewenue HeodHOpOOH020 ypas-
Henus (59), a

— [ p(x)dx
o

z=C (67)

ecTo obujee peulerHue COOTBETCTBYOULE20 OOHOPOOHO20 AUHEUHO20
YypasHerusn '

Z'+p(x)z=0, (68)
TO yHKyus
- f p(x)dx

y=yi+Ce (69)

aBaneTca o6 uwum peuwenuem ypasuerus (59) 8 nosroce (61).

M3 dopmyn (64) u (69) BHAHO, yTO OOLlee pelIeHHe BCSKOrO
JIMHEHHOTO ypaBHEHHsl ABJsieTCA JHHEeHHOH (QyHKUHeHd OT mpo-
H3BOJIbHOM MOCTOSAHHOH C:

y=A(x)C+B(x). (70)

PaccmoTpuM IBa OCHOBHBIX METOLA HHTErpHPOBAHHS HEOIHO-
POIHOrO JIMHEHHOTO0 ypaBHeHHs] B KOHEUHOM BHJE: METOJ BapHalHH
I POM3BOJILHONH NocTosiHHOM (meTon JlarpaH)ka) M MeTOX HHTErpH-
pyIOlLero MHOXHTenst (MeTon DHjepa).

Meton JlarpaHXa COCTOHT B TOM, YTO pellleHHe HEOLHO-
POJHOTO JIMHEHHOTO ypaBHEHHSl HUIETCS B TOM e BHIe, YTO H 00-
liee pellleHHe COOTBETCTBYIOLIErO ONHOPOAHOrO ypaBHEeHHs, HO BMe-
CTO NMpPOH3BOJIbHOHM mocrosinHoi C GepeTcsi HeKOTOpas HENPepbIBHO
LubdepenunpyeMas QyHKUHS OT X:

- f p(x)dx

y=C(x)e (71)

IMoncrasasia (71) B (59), HaxoAMM YyCJOBHe, KOTOPOMY JHOJAKHA
ynoBsaeTBopsiTh QyHKuus C(x):

- f p(x)dx
C’(x)e =4 (x),
OTKyZia o
c)= [amwe! " Taryc, (72)

H, CJeJ0BaTeJbHO,
— [ p(x)dx p(x)dx _
y—e 4 [c+fq(x)ef dx|. (73)

310 ectb 0Gmee pemeHune ypaHenusa (59) B momoce (61),
B ueM Jerko y6eaHTbCs HemocpefCTBEHHO, HCXOAs H3 Ompeie/eHus
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o6Ller0 pelleHHs HJIH Ke 3aMeTHB, 4TO GyHKuHO (73) MOXKHO
npeacraButh B Bue (69). ®opmyna (73) comepKHUT BcCe pelle-
Hus ypaBHeHusi (59). M3 Hee BHAHO, 4TO BCsAKOe pelLIeHHE 3TOrO
ypaBHEHHs ONMpedesieHO BO BCeM HHTepBane (a, b).

Merton Dfinepa COCTOMT B NMPUBEdEHHH JIEeBOH 4acTd ypas-
Henua (59) K BUAy TOYHOH NPOU3BOAHOH OT HEKOTOPOH (DYHKUHH
OT X NyTeM YMHOX€HH 0OeHX uacTeH ypaBHEHHs Ha COOTBETCTBYIO-
Iy QYHKUHIO p=p(X). DTa QyHKUHS ONpeaesseTcs H3 YCJIOBHS

wy +up (x)y=(wy)’, (74)
OTKyAa
pp (x) =w, (75)
H, CJeJOBaTeJIbHO,
f p(x)dx
p=te . (76)

dyHkuusa (76) Ha3blBATCS UHTE2PUPYIOUWUM MHONCUTEAEM YD aB-
uenns (59). YMHoxcasi Ha Hee 06e yacTH ypaBHeHHus (59), Haxoqum

[ef P(x)dxy]'=q(x) ef p(x)dx ’ (77).

NO3TOMY
p()dx p(x)dx
ef y=f q(x)ef dx+4C. (78)

Paspemiasi OTHOCHTe/IbHO Yy, CHOBA MOJyYyuM ¢opmyay (73).
OGuiee pewenHe (73) MOXHO 3anHcaTh B ¢opme Komru:

x x
— [ p(x)dx f p(x)dx

y—e dot+ fq(x)exo dx |, (79)
Xo

rae Yo — MPOU3BOJIbBHOE, a X9 — (HKCHPOBAHHOE YHCJIO H3 HHTEp-
Bana (a, b).

®opmyaa (79) npu (HHUKCHPOBAHHOM Yo AaeT pellleHHe JHHeH-
HOro ypaBHeHHs (59) ¢ Haya/JbHBIMH JaHHBIMH Xo, Yo. VI3 dopmyn
(65) u (79) cnemyer, uTO JNHHelHOe ypaBHeHHe HMeeT JBe OCOGeH-
HOCTH B OTHoOLIeHHH 3apauu Kouu:

1). craBa 3amauy Kouu, HayanbHOe 3HauyeHHe Yo MOXKHO 3aja-
BaTb . NPOH3BOJbHO;

2) pewenue 3agaud Koud onpejesieHo NMpH B C e X 3HAUEHHUAX X
W3 HHTEpBaja HeMpepHB BHOCTH KodpdHuueHTa p(x) H mpa-
BO#l uactH g(x). .

U3 dopmya (65) u (79) BHAHO TaKiKe, YTO BCAKOe peuwieHue
3adawu Kowwu 0as aunelinHo20 YpasHeHus ABAAETCA HEnpepuleHo
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Jughgpepenyupyemoil pynxyued kaxk He3a8UCUMOU nepeMeHHOol X,
TAK U HAYAAbHbLX OQHHBLX Xo U Y.
YpaBHenue BHAa

M(x, y)dx-+N (x, y)dy=0 (80)

Bcerja NPHBOANTCA K JIMHEHHOMY C HEH3BeCTHOH GQYHKUMed y, eciH
K03 duuHeHT NMpH dy He 3aBHCHT OT Y, a KOIQQHUHEHT Npu dx
33BUCHT OT Yy THHEHNHO.

17. YpaBHeHMe BHIA

y+p(x)y=q(x)y", (81)

rae n — Jo60e BelleCTBEHHOe YHCJIO, OTJAUYHOE OT HYJS M €LUHHLbI,
Ha3biBaercsi ypasHnenuem bepunyasu. Bynem npeanosnarath, uTo
¢yHkuHn p(x) M g(x) ompemejeHbl M HelpepelBHEI B HHTepBaJe
(a, b). BuisscHuM, mosnb3ysach Teopemoil Ilukapa, Bompoc o cymie-
CTBOBaHHH M €IHHCTBEHHOCTH pelleHHs 3amayu Koiun.
ITepennmem ypaBHenHe BepHy/iM B HOpManbHOH ¢opme:

Y=—p(x)y+q(x)y"=f(x, y). (82)
Toraa.

% =—p(x)+nq(x)ym*. (83)

W3 (82) u (83) BuAaHO, UTO BhHINOJHEHHe ycCJI0BHH TeopeMbl Ilukapa
B OKPECTHOCTH HayaJbHOH TOYKH (Xo, Yo) CYIUECTBEHHO 3aBHCHT OT
BbI6Opa Yo M BeNMYMHBI NOKa3aTens n.

Ecau yo#0 ¥ dyHKuHs y™ onpepesneHa NpH y=Yyo, TO B JOCTa-
TOYHO MaJIofi OKPEeCTHOCTH TOYKH (Xo, Yo), TAE Xo — JI06OE UHCIAO
u3 uHTepBana (a, b), BeinonHsOTC 06a yca0BHA TeopeMbl [Tukapa,
H, CJIeJ0BaTe/IbHO, Yepe3 3Ty TOYKY NPOXOAHUT OAHA, H TOJbKO OAHa,
HHTerpajbHas KpHBas ypaBHeHHsa (81).

To ke camoe nMeeT MecTO, ecid Yo=0 U Mokasarenb n Gojblie
eauHuusl. B 3TOM ciyuae eauHCTBEHHBIM pelleHuneM 3agaun Komwu
6yzmer, oueBHAHO, OTpe3ok (&, b) ocn Ox: y=0 (a<x<?b).

Ecan ke yo=0, a mokasaTeqb n MeHblle eJHHHLBI, TO Ffé;
obpaliaercss B 6ECKOHEYHOCTb B TOUKe (Xo, Yo), H €IHHCTBEHHOCTb
pelleHus 3amaud Komu B 3TOH TOuKe He rapantupyerca. Otcioma
crenyer, yto y=0 (a<<x<<b) MoOXKeT OKa3aTbCsi OCOGbIM pelle-
HHEM. -
YpapHenne bBepuynnu Bcerna HHTerpupyerca B KBajapaTypax,
Hbo oHo mesneHHeM o0eHX yacTeH Ha Y™ U NOACTAHOBKOH

yi—ﬂ — z’ (84)
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TIe 2 — HOBas HeH3BecTHasi (yHKLHS, NPHBOAHTCA K J HH e -
HOMY YypaBHEHHIO

Z+(I=n)p(x)z=(1—n)q(x).
OG6wuit nutTerpan ypasHenuss BepHynnu Gymer umers BuA
yrr=A(x)C+B(x).

Hlpu jgeneHun Ha y™ Mbl MOIJIH NOTepATb pewieHue y=~0, ecau
n>0. DTo pelLieHHe SBIseTCA YaCTHH M, ecad n>1, U oco-
6 bl M, ecnid 0<<n<<l (mouemy?).

18. YpaBHeHHe BHAa

M(x, y)dx+N(x, y)dy+P(x, y) (xdy—ydx) =0, (85)
B KoTopoM M u N — ogHopoaHble (yHKUHH OJHOM H TOH XKe CTe-
neHn m, a P — ogHopoaHas ¢yHkuua crenenu [(l/s=m—1), Ha3bl-
Baercsi ypasnenuem [apby. YpaBHeHne Jlapby Bcerna HUHTerpupy-
eTcsl B KBajparypax, H60 OHO NPH MOMOIUH NOJCTaHOBKH

y=zx, (86)

TAE 2 — HOBasi HeM3BeCTHas (YHKUHUS, NPHUBOANTCS K yp aBHe-
HHIO BepHyanu c HeusBecTHOH (QyHKuUMeH X OT He3aBHCHMOH
nepeMeHHOH 2, npuueM nocaejHee OyAeT JHHEeHHBI M, €CIH
I=m—2, W ypaBHeHHEeM C pas3fleNflOWHUMHCA @e-
peMeHHB MH, ecau N=0.

19. YpaBHenne Buaa

Y =P(x)3*+Q(x)y+R(x), (87)
rie npaBas 4acTb fABJfETCA KBaJApaTHUHOH (yHKUHEH OT y, npHueM
R(x) 0, HasbiBaercs ypasnenuem Puxxaru. Bynem npepmnonarats,

uyto GyHkuun P, Q u R HenpepniBHH B HHTepBaje (a, b) (a=—oo,
b<<{+o0). Torna yepe3 KaXkAyio TOUYKY MOJIOCHI

a<x<b, |y|<+oo, (88)

TaK e KakKk W B cjJyyae JHHEHHOro ypaBHEHMs, NPOXOAUT OJHa,
U TONbKO OJHA, HHTerpajbHas KpuBas (m. 6, npumep 1). Ho B or-
JUYHe OT JIHHEHHOro .ypaBHEHHMSl pelleHHWe ypaBHeHHs PHKkaTH
B oflleM cjyyae onpefieieHO He BO BceM HHTepBaJje (a, b), a suib
B HEKOTOPOH OKPECTHOCTH HayaJibHOTO 3HAYEHHsi Xo.

Bcesikoe pellleHHe ypaBHeHHsi PHKKaTH sIBAsSieTCs 4YacTHBIM, TakK
4YTO 0COOLIX pellieHHH ypaBHeHHe PuKKaTH He HMeer.

YpaBHeHne PHukKaTH coxpaHsieT CBOM BHJ NpH JI0GOH 3aMeHe
x=e(f) He3aBUCHMOH NepeMeHHOM H NpH JMO6OH APOOGHO-IHHEHHON
3aMeHe HCKOMOH (YHKUHH

y=2LIZEBC) o pyro, a<r<b). (89)
v(x)2+6(x)
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[Tonp3ysice cOOTBETCTBYIOLIHMH JHHEHHBIMH 3aMeHaMHM HCKOMOH
({yHKUHH, ypaBHeHHe PHKKAaTH Bceraa MOXKHO NPHBECTH K KAHOHU-
4ecKomy euoy

Y'==xy+R(x), (90)
B KOTOpPOM KO3(Q(HUUHEHT INpH MNepBOH CTeNeHH Y OTCYTCTBYeT,
a ko3 duuuent npn y* pasen +1.!
YpaBHeHHe PHKKaTH B OT/IHUHe OT paHee pacCMOTPEHHbIX THIIOB
HHTErpPHpYeTCsl B KBaApaTypax JIMIIb B HMCK/IIOYHTENbHBIX CJydasx:
s Toro yto6sl ypaBHeHHe PHKKAaTH NMPOHHTErpHPOBATh B KBaJ-
patrypax, [OCTaTOYHO 3HaTh JHUIb €ro OIHO YacTHOe pelleHHe
(B BuZe 3neMeHTapHOH (pyHKUMH), HOO eC/H y; eCTb 3TO pelleHHe,
TO TOACTaHOBKOH

y=yit (91)

rie z — HoBasi HeH3BeCTHass (QYHKUHS, OHO TPHBOAMTCA K JIMHEH-
HOMY YpaBHEHHIO

Z4[2P (x)y1+Q(x)]z=—P(x).

Orclopa cieayer, yTo obliee pelieHHe ypaBHeHHs1 PuUKkaTu ecTb
npobHo-auHeliHas ¢yHkuus ot C:

Co1 (%) +¢2(x)
Cor () e () (%2)
YpaBHeHue PHKKaTH BHAA
,_ A B
y—-;gy-i'—;y-}-c (93)
! B c
Yy =Ay*+ PR AT (94)

rae A, B 1 C — nocTosiHHble YHC/a, BCerJa MHTErpUPYIOTCA B KBaj-
patypax, H6o mepBoe H3 HHX eCTb OLHOPOLHOE, 'a BTOpoe —
o6o6uieHHoe ongHoponHoe (k=-—1). HurerpupoBanue
ypaBHenus (94) npu ycsaoBuH, uto (B+1)2=4 AC, mMoxer GbiTb
NPHBEJEHO K HHTErPHPOBAHHIO JHHEHHOTO ypaBHEHH#, H6O B 3TOM
ciyuae OHO HMeeT YacCTHOe pelleliHe BHAA

Y= = (95)

rae a — HEeKOTOpoe MOCTOSIHHOe YHCJIO, ONpefelisieMoe MOACTaHOB-
koit (95) B ypaBuenue (94).

t MarseeB. Mercanl uHTerpuposaHus, m. 46.
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YpaBuenne PukkaTH BHAa

y'+Ay*=Bxm, (96)
rie A, B H m — NOCTOsIHHble YKMC/a, Ha3bIBAETCS CNEYUANbHBLM
ypasrenuem Pukxaru. Ilpp m=0 n m=—2 OHO HHTerpHpyeTCA

B 3/eMeHTapHHX (yHKuUHAX (nmouemy?). YpaBHeHHe (96) uHTerpu-
pyercs B 371eMeHTapHbIX QYHKUHUAX TaKKe NPH BCeX M1, 4Js1 KOTOPbIX

m —
om-+4-4

rae k — nenoe yuca0, 160 NMPH 3TOM YCJAOBHHM €ro MOXKHO mrpeofpa-
30BaThb K TakOMy BHAY, B KOTOPOM I[IOKa3aTejb M paBeH Hy.io0.!

Cneyuanoroe ypasnenue Pukxaru (96), 6 cay4ae kozda noka-
3areas m yoosaersopaer ycaosuto untezpupyemoctu (97), npuuem
m==0, m==—2, gceecda MOINHO nyrem cOOT8eTCT8YrOWUX npeobpa-
308aHull HE3a8uUCUMOL NepPeMenHOl U UCKOMOU GYHKyuu npusecTu
K ypasHeHuro suda

k, (97)

xy'— —;— y+ay*=bx, (98)

KOTOpPOE JIETKO MHTerpHpyercsi, H0O, MOJIOXKHUB y==2 }X, Ille 2 — HO-
Bas HeM3BeCTHasi PyHKIIMsI, TONYyYUM YpaBHEeHHE C pa3Ze/siOLHMHCS
nepeMeHHBIMH.

JeficTBHTENBHO, clleiaB B ypaBHeHHH (96)

y'+Ay*=Bxm,

rge m= 3aMeHy HCKOMOH (yHKUHH H He3aBUCHMOH mepe-

4k
1—2k°
MeHHOH No ¢opmynam

y= % xmit=1, (99)

rie 2z — HoBas MCKoMas (yHKUHST OT He3aBHCHMOH NepeMeHHOH f,
HOJyYHM ypaBHeHHe BHAA

t2'+az+pz2=vt, (100)
rae
|

a=h— - (101)

Ypasuenue (100) npuBomurTcs K ypaBHeHHIo BHAa (98) mpu mo-
MOUIM TNOCJIe0BATENbHOIO NpPHMEHENHsl yKa3blBaeMbIX HUXKe MOJ-

t CrenaHos, crp. 51—55.
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craHoBok I uam II, kKoTOphle COOTBETCTBEHHO YBEJHYHBAIOT HJIH
YMEHbLIAIOT YHCJ/IO o Ha €AHHHILY.
1. IMoacraHoBka

t I+a
2= ata’ a= Y (102)
npuBoaHT ypaBHenue (100) x Bumy
'+ (a41) u+tyuz=8pt. (103)
II. TToacraHOBKa
t o
Z—a+7, a—'——ﬁ—' (104)
npuBoaut ypasHenue (100) k Buny
tw+ (a—1)u+tyuz=pt. (105}
NMpumep 9. IIpoHHTErpHpyeM H3J0XKEHHHM CNMOCOOOM ypaBHEeHHUe
y'=y*+xt (106)
Bhinoansa NOACTAHOBKH Y= -%, X~%={, moayyum
tz’+Lz+ ——l—zz— —l—t 107
2 2" 27 (1079

Yro6nl npHBecTH 3TO YpaBHeHHe K BuAy (98), HYXHO NPHUMEHHTb OAHMH pa3
noacraHoeky II, T. e.

t
2=—1+— (108)
u
nocje yero 6yaeM HMMETb
1 1 1
tw — —u— —ut=—1. (109)
2 2 2

310 ypashenue Buma (98). Ilonaras u=v ]/_t NOJTY4HM

2yt_v'=1+v2, (110)
OTKyJa
— 14 — n
u=tg(yt+0)(—c-—2—<yt<—c+ 7). (111)
CJefoBaTe/bHO,
u= yitg(Y#+C), z2=—1+ytctg (Y+C). (112)

MosToMy o6wum pemennem ypasuenus (106) Gymer

1 1 1
y=—ctg (—+C)——. (113)
x? x x
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VpapHenne PukkatH MoxeT ObITb IPOHHTEIPHPOBAHO MYyTEM
NpeBapUTEbHOrO CBEeJleHHsI ero K OJHOPOLHOMY JIMHEHHOMY ypaB-
HEHHIO BTOPOTO MOPSiAKA M NPHMeHEHHS OGHIMX METONOB HHTErpH-
poBaHus nocienHero (cM. rai. VI, § 6).

CBoiicTBa pelleHHH ypaBHeHHs PHKkaTH TecHO CBsi3aHbl CO
CBOHCTBaMM pelleHHH COOTBETCTBYIOLLET0 OJHOPOLHOIO JIHHEHHOrO
ypaBHEeHHs] BTOPOro MOpsiKa.

HHTerpupoBanne paccMOTPeRHbIX ypaBHeHu# Bepaynnu, [Lap6y
u PukkaTH (KOria H3BeCTHO OJHO YaCTHOE pelleHHe ero) MpHBO-
OUJ0Ch K HHTErPUPOBAHMI0O JHHEeHHOTro ypaBHeHHs Te-
nepb pPacCMOTPHM HOBHIH THN YypaBHeHHH, K KOTODOMY YAAaeTcs
npuBecTH 6osblIOe YHCJIO YpPaBHEHHH, KaK HM3yYeHHBIX B MpPeAbILY-
LIHX NYHKTax, TaK H COBepLIEHHO HOBbIX.

20. Ecnu sieBasi yacTb ypasHeHHs

M(x, y)dx+N(x, y)dy=0 (114)

npeneTabasieT co6ofi nosHbIH AHpdepeHunas HeKOTOpPOH QYHKUHU
U(x, y) oT He3aBHCHMBIX NePeMEHHBIX X H Y, TO OHO Ha3blBaeTcs
ypasresuem 8 noanvlx Ougpdepenyuarax. Ero o6umuit uHTerpan
HMeeT BHJ,

U(x, y)=C. (115)

Oco6bix pelieHHi HeT.
[TpusHak ypaBHeHHsi B MOJHBIX AHpdepeHnHasax ycTaHaB/U-
BaeTcs cjelylollell TeopeMoii.
Teopema. Ecau pynkyuu M(Sc}wy) u N(x, y) HenpepbisHbL
oN

8MeCTe ¢ 4ACTHbIMU NPOU3BOOHBIMU oy u-—>5-6 HeKOTOpoL O00HO-
c8asnol obractu D, . TO0 Oas TO20 uTOGbBL Yypasnenue (188) 6owr0
ypasHexuem 8 noaHelx duggepenyuarax, Heob6xoo0umo u 0ocTarou-
HO, 4TO0bL 8bINOAHANOCH TONOECTBO

oM ___ oN

dy  Ox’

[Ipn BLIMOMHEHHH STOro YCJOBUS OGIUMH HHTerpaj ypaBHeHHSH
(114) MOXHO 3anmHcaTtb B OJHOM U3 JABYX BHJOB:

(116)

x y
[ M, gyax+ [ N, gyay=c (117)
Xo Yo

H/IH

x Yy
S M, yyax+ [vex, pay=c, (118)
Xo Yo
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rae (xo, Yo) — mobGas ¢uKcHpoBaHHasi Touka M3 obmactu D. Uucna
Xo ¥ Yo HYXKHO BBIGHpPATb TakK, YTOOB! BbIUHC/IEHHS OBLIH KaK MOXHO
npotie.

Mpumep 10. [lycts nano ypasHeHHe
(2xy—1)dx+ (3y2+x2)dy=0. (119)

OT10 ypaBHeHHe B MoJHBIX AHdepeHuuansax, 6o yciosue (116) BbImoaHEHO.
Haiigem o6Guuit uHTerpan ypasHenus (119), -moab3ysach ¢opmyaoir (117). Ilona-
rasa xo=0, Yo=0, HMeem:

X K}
[ (@xy—lydx+ [3y2dy=C
0 0
HJIH
x2y—x+y3=C. (120)

Ha npakThuke Bo MHOTHX cayyasix OGIUMil HHTerpas ypaBHEHHs
B mnosHbix AMddepeHnHasax MoxeT ObITh HalileH Npolle CJaenyio-
mum obpasom. Mckomasa ¢yukuusa U(x, y) momKHA yHOBJIETBOPATDH
IBYM COOTHOLIEHHSIM:

ou ou

a_x=M(x’ y), d_y=N(x’ y). (121)
YaoBrieTBOpsist MepPBOMY H3 HHX, HaXONXHM

UG, »)= ] M(x, v)drto), (122)

rge HHTerpaj cnpaBa Gepercs B NPEANOJOXKEHHH, 4TO y (DHKCHpO-
BaHo, T. €. BBINOJIHAETCS 4YacTHas KBaapaTtypa no x, a ¢(y) —
NPOH3BO/IbHAA (DYHKUHS OT Y, KOTOPYIO Mbl Npeanosaraem gudde-
penuupyemoii. duddepennupys obe yactu paseHctBa (122) mo y

. U
H MPHPABHHBAA MPOHIBOARYIO JIEBOH uacTh - dyukunu N (x, y),
MONYYHM J

¥ (y)=0(y), (123)
OTKyZa
o(y)= fw(y)dy- (124)
CJ‘IEI[OBaTeJ'IbHO, paBeHCTBO
I me, wyaxt [ oydy=c (125)

G6yner o6iwum uHTerpasoM ypasuenus (114).
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NMpumep 11. Hailtu oOwui uuTerpan ypaBHeHHs
25y x2 2y
(—+ - +y—1)dx+ (—-————+x+l)dy=0. (126)
y x yrox

ITonyyaem

%2 2

U= (—+—+y-1 )dx+cp(y)=7——yx— txy—x+¢(y);

x2 2y x? 2y
_.-—-_—-+x+(p W=——F——+x+1; (127)
y? y? X
() =1, oy =y
CreioBaTeNbHO,
x2 2
— — 4 xy—x+y=C (128)
Y x

ecThb obwivil HHTerpan ypasHenus (126).

Pemenne 3agauu Kown ¢ HayanbHBIMH JaHHBIMH Xo, Yo, TPH-
HaajexaluMu obaactu D, u TakUMH, 4T0 M2 (xo, Yo) +N2(xo, o) #0,
ZLaeTcss ORHOH M3 ¢opmy.:

x v
S M, gydx+ [ Nxo, )dy=0 (129)
Xo Yo
HJIH
x y
S M, gyds+ [ N yyag=o (130)
Xo Yo

(mouemy?). DTo pelleHHe €eAHHCTBEHHO.

Npumep 12, Hafitu uHTenpanblyio KpuBylo ypashenus (119), mpoxomsiuiyio
yepe3 HayaJo KOODAMHAT.
Tak kak M(0, 0)=—1+0, T0 dopmyna

[ @ry—1ydx+ [3gdy=0 (131)
0 0

un
x2y—x+y*=0 (132)
faeT HCKOMOE pelueHHe, a uMeHHo: paBeHcTBo (132) onpemenseTr x kak ¢yHk-

uHio or Y, x=x(y), oGrajaouyio colicreBoM x(0)=0 u ynoBJerBopsIOLLYID
ypaBHennio (119). dta dyHkuus umeer BHL

1— 9 1-4y*
b o (133)
2y

Jpyrux pelueHHit HeT.



52 Ta. 1. Ypasnenun, paspeuienuole OTHOCUTEAbHO NPOU3BOAHOL

Mpumep 13. Haiitu peiuenue ypaBHeHus

x(y2+1)dx+ (x*y+24°%)dy=0, (134)
yAOBJIeTBOpSIOlllee HayaJbHOMY YCJOBHIO
y—0 mpun x—0. (135)

3aecb Touka (0, 0) mpuHapjexut ob6aacth D, Ho M(0, 0)=0 u N (0, 0)=
ITosTomy Her rapanTuH, uto ¢opmyant (117) u (118) nawT HcKoMOe pelieHsue.
W3 ¢opmyan obiero HHTErpasa

x2(y*+1) +yt=C (136)

(koTopas colepxKHT B cebe Bce pelueHHst ypaBHeHus (134)) BHHOHO, YTO MOCTaB-
neHHasi 3ajaua Kowu He HMMeeT pelleHHs.

21. Bo MHOrux csayuasx, KOrjia ypaBHeHHE
M(x, y)dx+N(x, y)dy=0 (137)

He sBJsSETCA ypaBHeEHHeM B MOJHBIX nmptbepeﬂuuanax, yraercs
HaWTH Takyw GYHKUHIO p=p (X, y), uTO

w(Mdx+Ndy) =0 (138)

eCTb ypaBHeHHe B NoMHbIX Auddepennnanax. PyHKUHA P Hasbl-
BaeTcsl uHTezpupyrouyum muoxcutearem "ypasvenus (137). Ecan
ypaBHenHne (137) yxe ecTb ypaBHeHHe B MOJHbIX AH(GepeHLHaax,
TO noJsaraioTr p=1.

Huxe Oymer moka3aHO, 4TO NPH HEKOTOPHIX NPEANOJOXKEHHSAX
oTHOCHTENbHO PYHKUHA M u N MHTErpHpYIOWHI MHOXKHTENb BCEraa
cyiecrsyer. Ho on nmaneko He Bcernia Bbipa)Kaercsi B KOHEYHOM
BHJLE.

3HaHHe HHTErpUPYIOILEr0 MHOXHTEJN B BHIE 3JeMeHTapHOil
GYHKUHH [JaeT BO3MOXHOCTb NOJYYHTb OOLIMA HHTerpasj ypaBHe-
uus (137). das 3Toro AOCTaToOYHO NepeHTH OT ypaBHeHHs (137)
K ypaBHeHH10 (138) H NpHMeHHTb K MOCJeIHEMYy OJHH H3 METOAOB
n. 20.

KpuBble, B TOUKax KOTOpbIX u obpaliaercs B HyJb HJH B Gec-
KOHEYHOCTb, MOTYT OKa3aThCsl COOTBETCTBEHHO MOCTOPOHHH M H,
HAHW O0COOBIMH, pelleHHsIMH ypaBHeHHs (137).

[IpennonioxHM, 4YTO p ecTb HempepbiBHO AHpdepeHUHpyeMas
¢yHkuusa or x u y. Toraa u3 ToxOecTBa

d(uM) __ o(uN)
dy ~—  Ox
clie[lyeT, YTO W SIBJISIETCS pelleHHEeM CJIeAYIOLLero YpaBHEHHS C 4acT-
HbIMH NPOH3BOAHBIMH MEPBOro Mopsiika:
on (?p, (GM oN )

(139)

Naf_ oy

35— ox (140)
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Hafinem ycioBue, npH KOTOPOM 3TO ypaBHeHHe HMeeT peuleliHe
Buja p=p(e), rie o=0o (¥, y) — 3agaHHas QYHKUHA OT X H Y.
[MoncraBass ¢yHkuHio p=p(0) B ypaBHeHHe (140) u mpuHHMasn

d ®
BO BHHMaHHe, 4YTO S = ded% 95 = de g MONYUaEM
Y

(eI Jw\ du oM ON
Vi) (W)
( o Moylao ="\ 5y ~ o (141)
Orcoma ACHO, YTO €CH
oM . ON
g ox
y = (o), (142)
N o]0 M o]0
ox oy

T. e. JleBasi 4acTb fIBASeTCS (PyHKLHeH TOJbKO OT @, TO CyLIeCTBYET
MHTErpHPYIOMIMHA MHOXHTeqb p=p(®), KOTOPbI# HAaXOZUTCA H3
ypaBHeHHs

dp
do =V(@)p (143)
H, cJjeJgoBaTeJbHO, HMeeT BH]I

w=el " (c=1). (134)

Ycnosue (142) sBasiercs HeOOXOAHMBIM H JNOCTAaTOYHBIM JJsi TOTO,
yto6bl ypaBHeHue (137) umeno p=nplo(x, y)].

Ha npakrtHke HyXHO HONBITaTbCA NOAOGpPaTh (QYHKUHIO O=
= (X, y) Tak, 4TOOHl BLINOJHAJIOCH ycioBHe (142), 3aTem moacra-
BUTb ¢yHKIHIO P (0) B ¢opmyny (144) H, BHINONHHUB BHIUHC/IEHHE,
3aMeHuTh o Ha o.(x, y). [Ipu non6ope @ HyXKHO HayHHATH C MPO-
CTEHIINX YacCTHBIX ClyYaeB: @=xX H o=Yy. B 3THX cayuasx umeem
COOTBETCTBEHHO:

oM _ oN

Wy o=l ™)
U

oM _ oN

EZ:M %y (w=ed ™). (146)
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N3 ¢opmynbr (145) caemyeT, B 4YacCTHOCTH, YTO CpelH BCeX
ypaBHEeHHH BuJa

dy

i =f(x, y) (147)
TOJBKO JIHHElHHOe ypaBHeHHe
dy )

Tx +p(x)y=4(x) (148)

MMeeT HHTErPHPYIOIHH MHOXHTENb, 3aBHUCAUMH TOJNBKO OT X,
npuyeM

f p(x)dx
p=te (149)
{cp. ¢ m. 16).

M3 paHee pacCMOTDeHHbIX THIIOB YpaBHEHHH HHTErpHpPYIOLIHH
MHOXKHTEJIb HMEET TaK:Ke ypaBHeHHe C pa3[e/siOUIMMHUCA MepeMeH-
HBIMH H OJHOPOJHOE ypaBHEHHeE.

YpaBHeHHe C pa3feNsIOLMMHCS NepeMeHHbBIMU

m (x) n () dx+-my (x) na () dg =0, (150)
‘OUeBHIHO, HMeeT HHTeI‘pprIOLuHI':X MHOX>XHUTEJIb
1

) - max) (151)

I"l’=

OnHopoznHoe ypaBHeHHe
M(x, y)dx+N(x, y)dy=0 (152)
‘HMeeT HHTerPHPYIOLIHA MHOXHTE/b
1

Wty (159)

“:
ecad Toabko Mx+Ny=0.

B 3akji0yeHHe OTMETHM, 4TO HaHOoJiee BaXKHbBIMH H3 ypaBHEHHH
TIepBOTO TOPSIAKA, paspelleHHbIX OTHOCHTENbHO IPOH3BOAHOH H
BCEraa HHTErpHUpyeMbIX B KOHEUHOM BHJe, ABJIAIOTCA ypaBHEHHS
¢ pasgensOLIMMHUCA NepeMeHHBIMH, JHHeHHOe ypaBHeHHe H ypaBHe-
HHUe B MOJHBIX AH(pdepeHUHasax.

§ 3. 3ATAYH

M artBeesn. C6opuuk 3agay, Ne 1, 5, 9, 15, 20, 26, 28, 30, 33,
37, 39, 43—46, 51, 55, 56, 62, 64, 66, 77, 83, 87, 91, 97, 98, 100,
104, 110, 113, 116—119, 122—127, 131, 140, 148, 163—165, 168,
169, 181, 205, 212, 214, 215, 218, 220, 224, 226, 232, 234, 235, 241,
243, 244, 246, 247, 267, 271, 277, 284, 302—304, 309, 316, 318, 322,
1104, 1105, 1111, 1112, 1224—1227.



Taasa 11

YPABHEHHA IIEPBOT'O IIOPAJIKA,
HE PA3PEHIEHHBIE OTHOCHUTEJ/IBHO ITPOU3BOJHON.
YPABHEHNA, UTHTETPUPYEMBIE B KBAJIPATYPAX

COTEPKAHHNE
§ 1. OCHOBHBIE IIOHATHA B OHIPEAEJEHUA

1. YpaBHeHHe, He pa3pellieHHOe OTHOCHTe/NbHO MPOH3BOAHOI,
n ero pewenne. 2. [Tone nHanpaBaenunit. 3. 3agaya Kowmwu. 4. JJocra-
TOYHBblE YCJIOBHSI CYLECTBOBAHHSl H €IHHCTBEHHOCTH pelleHHs 3aja-
un Kown. 5. HacrHoe pemenne. 6. Oco6oe peuienue.

§ 2. YPABHEHHSA, HHTETPHPYEMBIE B KBAJPATYPAX

7. YpaBHeHue n-# creneHH. 8. YpaBHeHHs, KBaJpaTHble OTHOCH-
TeqbHO Y’. 9. YpaBHeHHe, cojepikallee Toabko y’. 10. YpaBHeHHe,
He cofiepkallee HCKOMoN ¢yHkuuH. 11. YpaBHeHHe, He comepxkallee
He3aBHCHMOI mepemeHHOH. 12. O6uiass cxemMa HHTETPHPOBAHHSA IOJ-
HOro auddepeHUHaNIbHOTO ypaBHEHHs, He pa3pellleHHOro OTHOCH-
TeJbHO NMPOHU3BOJAHOMN, B cJydyae, KOTfa H3BeCTHO NapaMeTpHyecKoe
npeacrabieHne ero. 13. YpaBHeHHe, pa3pellleHHOe OTHOCHTE/bHO
HCKOMO# (YHKIIHH HJIM He3aBHCHMOH mnepeMeHHOH. 14. YpaBHeHHue
Jlarpanxa. 15. ¥paBaenue Kaepo.

§ 3. BATAYA O TPAEKTOPMAX

16. 3amaua o TpaeKTOpHSAX Ha IJIOCKOCTH B Cilyuae JeKapTOBbIX
koopauHat. 17. Cnyyall moasipHBIX KOOPAHHAT.

§ 4. BATIAYHN
JUTEPATYPA
OcHoBHasA

MaTBeeB. Meroab unHTerpupoBanus, ra. II, nm 66—81.
Crenanos, ra III, § 13, 4, crp. 125—129, 132—135, § 5.
duabcroaby, ra I, § 8 9.
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HonosHATEAbHAA

NMerposckuiy, ra III, § 26, 27.
Crenanos, ra IIl, § 4, crp. 129—132.
Toncros I'. T1. Kypc maremaTnyeckoro anaausa, t. II. M, 1957, crp. 185—194.

METOANYECKHE YKA3AHUA
§ 1. OCHOBHLIE NOHATHA. # ONPENAEJIEHHA

1. YpaBHeHHe MepBOro MOpsiiKa, He pa3pelieHHOe OTHOCHTEJbHO
TIPOHU3BOLHOM, HMeeT CJAERYIOLIMHA OOIUHH BHI:

F(x, y, y') =0. (1)

Dynkuus y=y(X), onpeneneHHass U HenpepbiBHO HHdGepeHuHpye-

Mas B HHTepBasie (@, b), HasbiBaeTcsi peuwieHuem ypaBHenus (1),
ecay oHa obpaiaer ypaBHeHHe (1) B TOXAeCTBO

Flx, y(x), y(¥)]=0 (a<<x<b). (2)

Tak Kak HaxOX/eHHe pelleHH#i B SIBHCM BHAE NPEACTaBJsET
GosblliMe 3aTPYAHEHHsl, TO OOLIYHO OI'PAHHUMBAIOTCS HaXOXAEHHEM
peweHnii B HesiBHOM BHIe D (x, y) =0 uax B napaMeTpHYecKoOiH
bopme x=0(t), y=1(1).

-T'padux peluedns Ha3biBaeTcs uHreepasvHoi Kpusod. W3 ompe-
JAeJleHNsl pellieHHs CJaeAyeT, YTO BCe HHTerpajbHble KPHBbie ABJAIOTCA
rdaiKHMH KpPHUBBIMH.

B cnyyae, korza ypaBHeHHe (1) pa3pemiiMo B 3JieMEHTapHBIX
(DYHKUHAX OTHOCHTEJbHO Y’, TaK YTO Mbl MOJyuyaeM ONHO HJIH He-
CKOJIbKO YPaBHEHHH, Pa3pelieHHBIX OTHOCHTEJbHO Y':

y=f(x y) (k=12 ..), 3)

rae fr(%, y) —BeuleCTBEHHb € (DYHKUHH OT X H Y, HHTEIPH-
poBaHHe ypaBHeHHs *(l) CBOAMTCS K HHTeTPHPOBAHHIO YypaBHe-
Huit (3), T. e. K 3ajmave, pacCMOTpeHHOH B I, I.

Mpumep 1. PaccMOTpUM ypaBHeHHe

y*—4y=0. 4)
OT10 ypaBHeHHe pacnajaeTcs Ha ABa:
y=2yy n y=-27Yy. ©)
TlepBoe H3 HHX HUMeeT CeMeHCTBO peLIeHHil:
y=(x+C)* (x>-0), (6)
a BTOpoe:
y=(x+0)* (x<-0), )
TAaK 4TO Ka:kiasi napabosaa (puc. 17)
y=(x+0C)? (8)

AABAAETCA MHTErpajbHOH KpHBOH ypaBHenus (4).
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. Kpome Toro, pewenuem ypasuenus (4) 6ymer y=0 (cM. puc. 14).,

YpaBreHue (4) HMeeT TaKxKe GecuHC/EHHOE MHOXECTBO PEleHHH, CKJAeeHHBbIX
¥3 OTPEe3KOB YKa3aHHBIX BbllIe peIleHHH (NMpH 3TOM, COIJIACHO OINpeje/eHHIo
pelllenys, ckJeuBaeMble OTPe3KH B oOLled TOUKe [OJIKHbI HMeTb OOLIyl0 Kaca-
TeJbHyl0). Hanpumep, Takumn pewenusmu Gyayt (puc. 18, 19):

npu x< 1,

0
y"{(x—l)z np x>1

(x+1)% npu

y=[ 0 mpn —1<xK]1,

(x—1)2 npu

Lo
<

——T

Puc. 17.

2. YpaBnenue (l), Tak Xe Kak
H . ypaBHeHHe, pa3pellieHHOe OTHO-
CHTeJIbHO. TPOU3BOJHOM, 3ajlaeT Ha
IJIOCKOCTH (X, y) HEKOTOpoe no.e
Hanpaeaerud, ecau uepe3 Kax-
Aoyl Touky (X, y), B KQTOPOH 3TO
ypaBHeHHe HMeeT BellleCTBEHHBIE
pelleHHss OTHOCHTeJbHO Y’, Tpo-
BeCTH OTpe3KH, obpasylollne ¢
MOJIOXKHTEAbHBIM HanpaBJieHHEM
ocu Ox yrobl, TaHT€HCHl KOTOPBIX
paBHEl 3HauyeHHsIM Y', HalJeHHLIM
u3 ypaBHenusi (1). YUroOn HaliTH

9)
x<—1,
(10)
x>1
¥
o= 1 z
Puc 18.
y
=7 o] 1 =T
Puc. 19.

HamnpaBJeHus ToJs, onpeleiasieMble ypaBHennem (1) B Touke (xo,

Yo), HYXXHO HaHTH BCe BellleCTBEHHble PelleHHs ypaBHEHHs

F (%0, yo, y') =0.

(1)

NMpumep 2. YpaBHenue (4) onpenensieT BO BCAKOM TouKe (Xo, Yo), TAE

Yo>0, ABa HanpaBjeHHs noas:

y"=2]/_lj; H y’2=—2]/ﬂ.

(12)
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Bo Bcsikoir Touke (Xo, 0), Jexkameir Ha ocu Ox, OHO ompejessieT TOJNBKO OXHO
HanpaeJeHHe TMOJS:
.

\ ’ (13)

y

. 0) =0.
TNpumep 3. Ypasuenue
y3?+1=0 (14)
3a1aeT B KaxIoi ToukKe (Xo, Yo) TOJBKO O AHO HanNpasieHHe NOJA:
! =—1. (15)

(x0, Yo)
Ilpumep 4. YpaBHenue
y2+1=0 (16)

He omnpelessieT HH OJHOrO HamnpaBJeHHsl NOJS HH B KaKoi TouKe (Xo, Yo). Taxue
ypaBHEHHs B 3TOM Kypce He PaccMaTPHBAIOTCA.

COBOKYNHOCTb TOYeK (X, y), B KOTOpbIX ypaBHeHue (1) ompe-
IeJsieT XOTb OJHO HanpaBJieHHe I0Jisi, Ha3blBaeTcs 064acToto 3ada-
Hus ypaBHeHusi. VHTerpanbHasi KpuBasi BbliensieTcss Cpeldd Bce-
BO3MOXHBIX KPHBBIX Ha IJIOCKOCTH (X, y) TeM, 4TO B KaXIoH ee
TOYKe HampaBjieHHe KacaTesJbHOH COBMajaeT ¢ OJHMM H3 Hampas-
JIeHW# moJsis, ompelensieMbix ypaBHeHHeM (1) B 3Toi Touke.

3. 3agaya, B KOTOpPOH HIIETCS HHTerpajbHasi KpHBas ypaBHe-
uusg (1), mpoxoxpsias yepe3 3aJaHHYIO TOYKY (Xo, Yo), Ha3biBaeTcs
3adauet Kowu.

Bynem rosoputbh, uTO pemieHHe 3amaud Komwu ¢ HavyaJbHBIMH
JaHHbIMH Xo, Yo €NAMHCTBEHHO, €C/IH CyLIEeCTBYeT TaKasi OKPECTHOCTb
TOYKH Xo, UTO YHCJIO HUHTErpasIbHbIX KDHBBIX, ONpeJe/ieHHbIX B 3TOH
CKPECTHOCTH H NPOXOASLIHX Yepe3 TOYKY (Xo, Yo), PaBHO YHCHY
HanpaBJieHHH NoJs, onpefensieMbiX ypaBHeHHeM (1) B 3To# Touke,
TaK 4TO N0 A aHHOMY HanpaBJeHHIO NPOXOAUT OJLHaA HHTe-
rpanbHast KpuBas. B NMpOTHBHOM ciyyae rOBOPSAT, YTO €IHHCTBEH-
HOCTb (pelueHusi 3amayu Komu) HapymeHa.

lNpumep 5. Hafigem pelseHue ypaBHeHus (4), YAOBJETBOpsllee HayajJlbHOMY
YCJIOBHIO

y=1 npu x=0. (17)
BocnoJab3yemca dopmynamu (6) u (7). TlogcraBass B KaAyl0 M3 HHX Ha-
yaabHble gaHHbie 0 4 1, umeem 1=C? otkyna C==1, Tak YTO HCKOMBIMH
pewenusiMu 6yayT napaGoabl (puc. 20):
y=(x+1)3% y=(x—1)= (18)
EnuncTBeHHoCcTb pewieHusi 3agauyn Koun He Hapymaercsi, W60 B HayaJbHOA TOY-
ke (0, 1) ypaBHeHne (4) onpeleisieT ABa HanpaBJ/IeHHS TNOJSA:

y'1=2, y’2=—2 (19)

M uepe3 3Ty TOYKY MpPOXOAAT JBe HHTerpajbHble KpHBblie (18).
INpumep 6. Bosbvem ypaBueHHe (4) M woctaBum Cjedylolilee HayajbHOe
yCJIOBHe:

y=0 mpu x=x,, (20)
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T. e. OyfeM HCKaTb HHTerpaJjbHble KPHBBIE, NPOXOASAlHe Yepe3 TOUKy (Xo, 0),
aexawyio Ha ocu Ox (puc. 21).
Tak ke, Kak M Bblllle, HalJieM, 4TO yepe3 TOUKy (Xo, 0) npoxozut napaboua

y=(x—xo)% 21)
Kpome Toro, uepes aty TouKy npoxoaut pewenHe y =0, a Takxe

0 npu x< Xo,
= 22
y {(x—xo)2 npu X>X (22
H v
_ (¥—x0)% npu x<x,,
y—{ 0 NpH X > Xo. @3
y ¥
N
z
-1 0] 1 o Zo z
Puc 20. Puc 21

ExuHCcTBeHHOCTb pelleHus 3agaun Kowwu B Touke (xo, 0) Hapyuaercs, Tak
Kak B Touke (%o, 0) ypaBHenue (4) onpenessieT TOJNbKO O HO HampaBleHHe

noJif:
v, =0, (24)

B TO BpeMsi KaK uepe3 3Ty TOUKY NPOXOJHT He OJ Ha HHTerpajbHas KPHBad.
Mpumep 7. HaiiTu peluenne ypaBHEHHS

yr=4x, (25)
YIOBJETBOpAIOLIee Ha4yaJbHOMY YC/IOBHIO
Yy=yo npu x=0, (26)
T. e. HaiiTH HHTerpajbHbie KpHBble, mpoxoasiine yeped Touky (0, yo), Jexauryio
Ha ocu Oy.
Pewasi ypaBHeHHe (25) OTHOCHTeJIbHO y’,kumeeM:
y'=2x, y=-2x. (27)
Wurerpupys 3TH YypaBHelHs, NONYYMM [Ba CEMEHACTBA MHTErpajbHbIX KPHBLIX
(puc. 22):
y=x2+C; y=-—x2+C, (28)

Movsiaras B nux x=0, y=y,, naigem C=y, TaKk uto uepe3s Touky (0, Yo)
IIpoXoanaT HHTErpaJbHble KpHBLIE

Yy=x2+Yo; Y=—Xx2+Y,. (29)
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Kpome Toro, uepes touky (0, yo) mpoxoAsAT [ABe HHTerpajbHble KPHBblE, COCTaB-
JieHHble H3 OTPe3KOB 3THX HHTerpajibHbIX KDHBBIX:

x2+yo npu x <0,

= 30
Y {—x2+yu npu x>0 g 40

y=

{—x2+yo npu x<L0, @31

x2+yo mpu x>0.

EnuncreeHHocTh (peuwtenns 3anaun Kowmm) B Touke (0, yo) Hapywaercs, u60
yepe3 Hee NPOXOAMT He OJHA WHTerpajbHas KpHBas, B TO BpeMsi KaK Hampas-
JieHHe NoJfi B Hell TOJIBKO OJHO:

y"=0. (32)

3ameruM, uTO Kaxnaas Touka ocH Oy sABAAETCA TOYKON COMPHKOCHOBEHHS
HHTEerpaibHbIX KPHBBIX cemeldictB (28) (puc. 22).

4. Tlyctb y; ecT OLHO H3 BELUECTBEHHbIX PELICHHH ypaBHEHH:

(11). YxaxeM yc/lOBHS, APH KOTOPHIX CYILeCTBYeT TOJIbKO OJHAa HH-
TerpanbHasg KpuBas ypaBHeHHs (1), npoxopsiias uepe3 TOUKY
(%o, Yo), Takasi, 4YTO KacaTeJbHas K Hell B TOUKe (Xo, Yo) o6pasyer
C TOJIOXKHTEJNbHBIM HanpaBaeHHeM ocH Ox yrosn oo, TaHTEHC KOTO-
poro paseH Y.

Teopewma! Ilpednosroxum, uto sesan uacrs ypasnenus (1),

v F(x, 4, y)=0
yoosaeTgopsaer  CcAeOYroWuUM Tpem YCcAo-
suaM:

1) ¢pynxyua F(x, y, y’) onpedesena u
’ ‘ HenpepoleHa BMecTe CO CBOUMU HACTHbIMU
‘ ‘ npou3BOOHbIMU 8 HEKOTOPOU 3aMKHYTOL

0’ ‘Q oKpecTHOCTU TOuKU (Xo, Yo, Yp);
AN

N\ 2) ¢yuxyus F 8 Touxe (Xo, Yo, yg) 06-

V] V‘ % pawaercs 8 nyas;
’ ‘ 3) npoussodnas F; , 8 3TOU TouKe He

0 6 pasxa HYAw.
’ ‘ Toeda cywecreyer eOuUHCTBEHHOe peule-
Hue Yy=y(x) ypasHenusa (1), onpedesen-
Hoe u HenpepbiBHO Ouggepernyupyemoe 8
HEKOTOPOU OKPEeCTHOCTU TO4KU X==Xo, YOO-
Puc. 22 84ETBOPAIOU CE HAYALLHOMY YCAOBUI)
Yy=Yo NpuU x=~=xo, (33)
Takoe, 410

¥ (x0) =4 (34)

f MatBeeB. Meroas uHTerpupoBanus, crp. 115.
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Npumep 8. Uocnenyem BOMPOC O CYIIECTBOBAHHH H €IWHCTBEHHOCTH pellle-
Hus 3agaun KouH, paccMoTpeHHblit B npumepe 1 m. 3.

Tak kak ypaBHeHde (4) onpeneisieT B HauasabHOW Touke (0, 1) aBa Hampas-
aeHnsa noas (19), To maa toro, yToObl HOKa3aTb €IHHCTBEHHOCTb pelIeHHs 3ajauu
Koumn, HyXHo nokasaTb, UTO CyLIeCTByeT eJHHCTBEHHOe pellleHHe ypaBHeHHs (4):

y2—4y=0,
yaoBJaeTBOpsIOllee HayaabHOMY ycaoBHIO (17):
y=1 mpu x=0,

u TaKoe, uTo y'=2 npu x=0 wian y'=—2 npu x=0. PaccmoTpum cayuait y'=2
opu x=0.

[poBepsia BHINOJHEHHe YCJIOBHl NPHUBEAEHHOH Bbllle TEOPEMbl, BHAHM, 4TO
yciaoBus 1| u 2 BbimosHeHbl. Tak Kak

oF

=2 4
ay’ v

©, 4,2

=40, (35)
© 1,2

To ycaosue '3 Toxe BbinonHeno. IlosToMmy cyliecTByeT exHHCTBEHHOe peienne
Yy=y(¥), ymoBjeTBOpsIOllee HauanbHOMy ycaoBuio (17), u Takoe, uto Yy =2
npu x=0. To Ke 3ak.JOueHHe HMeeT MecTo W B caydae y'=—2 npu x=0.
CrenoBarenbHO, peieHue 3anaun Kowmwn nns ypasHenus (4) c Haua/bHBIM YycJio-
BuemM (17) cyiuecTByeT W eXHHCTBEHHO.

[MpeanaraeM uutatenio y6Genutbesd, 4To B npuMepax 2 W 3 m. 3 ycioBHs
TeopeMbi He BBIMOJHEHbl (KaKoe YCJOBHe Hapyuiaercs?).

Mpumep 9. PaccMoTpuM BOMpoc O CyLUECTBOBAHHM M eNHHCTBEHHOCTH peille-
Hus 3agaud Kowm ana ypaBHeHus

F(x, v, y) = (y—1)(y?-4y) =0 (36)

¢ HayaJbHEIM YCJOBHEM
y=0 npu x=x,. (37)
Ypaenenne (36) onpegensieT B HayaabHOM Touke (Xo, 0) ABa HanpaB/eHHs

noss:
y=1 un y=0.

Hccnepyem mnepsoe HampaBieHHe. B okpecTHOCTH Touku (Xo, O, l) dyHK-
uusn F(x, y, y’) ynosnerBopsieT NepBHIM ABYM YC/JOBHAM MPUBELEHHOH Bbllle
TeopeMbl. [IpoBepsin TpeTbe ycloBHe, moJjyyaem

oF

ou =[v*-y+ -1 -2
Y 1 (xo, 0, 1) [ ]

=]+*0. (38)
(xo0, 0, 1)

CrnefoBartenbHo, 4Yepe3 TOYKY (%o, 0) mo HanpaBieHuio y'=1 npoxoauT ogHa
4 TOJNBKO OJHA HMHTerpajabHas KpHBas.
Hcenenyem BTopoe Hanpasnenue (y'=0). B oTnuume oT mepsoro HanpasJe-
HUS HMeeM
oF

=0.
P (39)

(o, 0, 0)

TMostomMy uepe3 TO4Ky (Xo, 0) mo HampaBieHuio y'=0 MOXeT NPONTH He OnHA
HHTErpasbHas KpHBas.

CyiiecTBOBaHHe M eIHHCTBEHHOCTb pemleHHsi 3apaun Kowm (36), (37) He
rapantupylorea. Herpyano yGemutbesi, uTo enuncrsenHocTH W Her. (Haktu pe-
weHHe 3Toi 3agaun Koww u chenarb puCyHOK.)
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5. Peuenne HasbiBaeTcs YACTHbIM, €CJH B KaxXJAOH ero TOouke
COXpaHAeTCA €IHHCTBEHHOCTb pelleHHs 3aJayH Komu.

Npumep 10. Kaxcpasn u3 moaynapabon (cM. puc. 17)

y=(x+C)? (x+ —C) (40)
SIBNISIETCA YacCTHbIM peulenHeM ypaBHeHus (4):
y?—4y=0

(nouemy?).

6. Pemenne HasbiBaeTcs o0coObiMm, ecJH B KaXKIOH TO4Ke ero
HapylllaeTcsi eIHHCTBEHHOCTb pellleHHsi 3agaun Komu.

Npnmep 11, B npuMepe | Vbl mokasaau, 4To ypaBuenue (4) umeer ceMeii-
cTBo pemenuit (8) (cm. puc. 17)
y=(x+C)*.

Kpome Toro, ero pemennem sBisercs ocb Ox: y=0. Dto peumeHne ocoboe,
60 B KaxJoH ero Touke (Xo, 0) Hapymaercs eJHHCTBEHHOCTb pellUelHs 3a0adH
KowHn, Kak 3To mokas3aHo B npumepe 6.

Tak xe Kak M B ciayyae ypaBHEHHs, Pa3pelleHHOTO OTHOCH-
TeNbHO MNPOH3BOAHOH (cM. ra. I, m. 9), KpuBbe, NMOLO3PHUTE/bHbIE
Ha ocoboe pemeHHe ypaBHeHHs (1), MOXHO Ha#lTH Kak MO aHaJ/H-
THYECKOMY BHAY JIeBOH YaCTH, TaK W MO CeMeHCTBY HHTErpaJ/ibHbIX
KPHBBIX.

ITpeanonaras, yto JeBas yacte ypaBHeHus (1) uMeeT mpows-
BOAHYIO 11O Y’, COCTABJAIOT CHCTEMY YypaBHEHMIi:

F(x, y, y)=0,
OF (41)
d—y,_o.

KpuBas, noJgyyaiouascss HCKIOUeHHeM Yy’ H3 3TOH CHCTeMbl, Ha3bl-
Baetcss OucKkpumunaunTHou Kpusod ypaBHenus (1). Ona moxer
0Ka3aTbCsl 0CcO0G6 bl M pelieHueM ypaBHeHHs (1).

Mpumep 12, ﬂncxpnmnﬂaﬁmoﬁ KpHBO# ypaBHenus (4):
y'2—4y=0

G6yner ocb Ox: y=0. OHa sBasieTcs OCOGLIM pelleHHeM.
lNpumep 13. Paccmorpum ypaBuenne (25):

y'2=4x.

3aech AucKpuMHHaHTHas Kpusas x=0 (ocb Oy) He Oyler 0coGLIM pelieHHEM
(nouemy?). OHa siBJsieTCA reoMeTpPHYECKMM MECTOM TO4 €K MPHKOCHOBEHH S
MHTErpa/ibHBIX KPHBbIX ypaBHenuit (27), Ha KOTOpble pacnajaercss ypasnenue (25)
(cM. npuMep 7).

Orubamouiasi ceMeiicTBa HHTErpanbHbIX KPHBBIX
y=o(x, C) wau @(x, y, C)=0 (42)
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ypaBHeHHs (l) sB/isieTcs pellleHHEM 3TOr0 YPaBHEHHS H NPHTOM
ocob6b M (mouemy?).

Cnoco6 HaxoxpaeHHs orubamouied ykasad B 1. 9 ryiasel I: HyXHO
HalTH IMCKPHMHHAHTHYIO KPHBYIO CeMeHCTBa HHTErPasIbHbIX KPHBBIX
U NpOBepPHUTb, OyAeT siM oHa orubalouled.

Npumep 14, [ns ypasueHus (4) DHCKPUMHHAHTHON KPHUBOH CeMeHCTBa HHTe-
rpanbHbix KpuBbiX (8) 6ymer ocb Ox: y=0. OHa, OueBUAHO, SBJAAETCA OT H-
6apouren cemeiictBa (8).

Npumep 15, Pacomorpum choBa ypaBHenue (25). Ono nMeeT aBa ceMeiicTBa
HHTErpaJbHblX KpUBbIX (28):

=x2+C; y=-x*+C,

KOTOphLi€ MOXHO IepenucaTth B ﬁune OJHOTO

CeMeNCTBa y
(y—x2—C) (y+x*~C) =0 (43)
HIIH
(y—C)2—x+=0. (44) \%‘
Haiinem oru6aioulylo  cemeiicraa (44) /5 ,,&/
JIHCKpHMMHHAHTHOM Kpusou 3TOro ceMeicTBa ') 3
G6yaer ocb Oy:
x=0. (45)
Ona, oyeBHIHO, He sABJAfeTcA orubamwmeil 0 \ z
cemeiictea (44). /\ \
Mpumep 16. Ypasueuue /]
i 24 8 (46)
—_—f— — —
y= 9 y 27 y
MMeeT CeMefiCTBO HHTerpajbHbIX  KPHBBIX
(cM. § 2, npumep 8) Puc. 23

(y—C)*=(x-0C)*.

ATo ecTb ceMeHCTBO IMOJYKyGuueckux mnapa6oa (puc. 23). JIHCKpHUMHHaHTHas
KpuBas 3Toro ceMeicTBa pacnajaercd Ha lBe NpaMble:

4
y=x——i y=x. (47)

Tepsas M3 Hux sBJAseTcd ornbaiouleit, a BTOpas He OyaeT orubaloweii: oHa
npeacraBaser co6oil reoMerpuyeckoe MecTo TOuYeK BO3BpaTa (M peue-
HHeM He siBJsieTcH).

3ameTHM, YTO AMCKDHMHHAHTHas KpuBass ypaBHeHHusa (46) Toxke pacma-
naercs Ha npsamble (47).

W3 paccMOTpeHHBIX NPHMEPOB BHAHO, UTO 0COObIM peuleruem
ypasnenus (1) moxer ObiT6 TOALKO OUCKPUMUHAHTHAS Kpusas
3TOTO ypaBHeHHs (MJIH ceMefCTBa MHTErpasbHbIX KPHBbIX). [IHCKpH-
MHHaHTHasi KpuBasi (WM ee 4acTb) OyleT OCOOBLIM pellleHHeM B TOM
ciyuae, KOTAa oHa (MJIM ee 4acTb) fBJAfeTCs orubamoliell ceMeHcTBa
HHTETpaJbHBIX KPUBBIX (MM yacTH ceMmeiictBa). Ho duckpumunant-
Hasl Kpusas mooceT OblTb TAaKNe 2eOMEeTPUHECKUM MECTOM TO4eK
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8038pATA UHTE2PAAbHLLX KPUBBIX UAU TOYEK NPUKOCHOBEHUA UHTe-
2PaAbHbIX KpUBLIX passuunsix 8eT8eud ypasnenus (1).
KpuBble, momo3pHTesbHble Ha 0c000e pelieHHe, MOXHO OOHa-
PYXKHTb TaKxe B Ipolecce HHTerPHPOBaHHs NaHHOro aHddepeH-
1[HaJbHOTO ypaBHEeHHS.

N

§ 2 YPABHEHI/IH. HHTETPUPYEMBIE B KBAJIPATYPAX

7. YpaBHeHHe BHJIA

yr+A(x, )yt A (X, Y)Y HAa(x, ) =0 (1)

Ha3blBAeTCsl YypasHenuem nepsozo nopsadka n-i crenenu.! Eciau 310
ypaBHeHHe YyHaeTcsi paspeliHTb (B 3/JeMeHTapHbIX (QYHKUHSAX)
OTHOCHTEJBHO Y’

y'=fh(x, y) (k=l, 2, ..., mgn), (2)

TO 3ajaya €ro HHTerPHPOBAHHA CBOAHMTCA K HHTETPHPOBAHHIO ypaB-
nenu#t (2). TlpeanmosoxuM, 4TO AJA KaXAOro M3 ypaBHeHH# (2)
HafijieH OOIIHA HHTErpas

Ye(x, y)=C (k=1,2, ..., m<n). (3)

CoBOKyNHOCTb 06wwMX uHTerpanoB (3) OyleM HasblBaTb OOWUM
unrezpasom ypaBHeHusi (1). DTy COBOKYNMHOCTb MOXKHO 3amucaTh
U B BHIe OXHOH (GOPMYyJbl

[lpi(xs y)—C] : [‘Pz(x, y)—-C] s [ﬂ’m(x, y)—C]=O (4)

Oco6biM pemtenneM ypaBHeHns (1) Moxer OBITb TONBKO €ero
IMCKpHMHHaHTHasi KpHBas.

Ecan xotb omHo u3 ypaBHeHHH (2) HMeerT ocobble pelieHus,
TO nocjefHHe OYLYT OCOOLIMH pelleHHIMH M AJS BCero ypabHe-
Hus (1).

Mpumep 1. PaccMoTpuM ypaBHeHHe

29y’ — (4xy+2y+1) y'2+ (Axy+2x-+1) y'—2x=0. (5)
Paapemaﬂ €ro OTHOCHTEJbHO y', noJayyaem
1
y=1; y=2% y'=_—. (6)
2y

HHrerpupys 3TH ypaBHeHHS, HaXOAHM:
y=x+C; y=x24C; y?=x+C. 7)

t B cBfi3y ¢ ITHM oOlNpeje/eHHeM ypaBHeHHe MepBOro NopsaaKa, paspeulenioe
OTHOCHTE/IbHO NIPOM3BOAHON, Ha3blBAIOT TdKKe YPABHEHUeM nepsozo nopsadka u
nepsoud crenexu.
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COBOKYNMHOCTb 3THX CEMEHCTB WHTErpabHbIX KPHBBHIX HJH
(y—x—C) (y—x*—C) (y*—x—-C) =0 (8)

obpasyeT o6winit nHTerpan ypaBHeHHss (5). Ocofbix peiueHuii HeT (moyemy?)..
Npumep 2. TpouuterpupoBaTh y.paBHeHHE

y3— 2V y+v?) v +22 Yy y'=0. ©)
PaspemnM ero oTHOCHTENbHO Y’
y'=0, y'=2Vy y=y (10)
[MpounterpupyemM 3TH ypaBHeHHS:
’ 1
y=C; y=(x+C)2(x>=—C), y =0—ocoboe pewenne; — =—x+C. (11)
y
OO6iuuM unrerpajom ypasHeHus (9) Gyner
1
(y-0C) [y—(x+C)2](—; +x—C) =0. (12)

Pewenne y=0 6ymer ocobbiM (nouemy?).

8. YpaBHeHHe, KBaApaTHOE OTHOCHTEJNbHO Y’

y2+2P (x, y)y'+Q(x, y) =0 (13)
3agaHo B c0JacTH

P2(x, y)—Q(x, y) =0. (14)
Paapeman €ro OTHOCHTeJIbHO y’, Haxoaum
y=—P(x, y) £ VP2(x, y)—Q(x, y). (15).
Ecau
P(x, y)—Q(x, y) #0, (16)

TO HHTerpupoBaHHe ypaBHeHus (l3) mnpHBOAHMTCS K HHTerpupoBa-
HHIO IBYX ypaBHeHHH

‘=—P+VP=Q; y=—P—VP—Q. (17)
JluckpuMHHaHTHON KpHBOH ypaBHenus (13) Gyner
P(x, y) —Q(x, y) =0 (18)

(mouemy?). ITa KpHBas, H TOJbKO OHA, MOXKET O0Ka3aTbCsi OCOOBIM
pewienvem ypaBHeHHs (13).

3ameruM, 4TO ecaH ypaBHeHHa (17) He npHHaaexaTt K H3y-
YeHHbIM B TJiaBe | THIIAaM ypaBHeHHH H He NPHBOAATCH K HHUM TNpH
MOMOUIH OYeBHJHLIX NOJACTAaHOBOK, a ypaBHeHHe (13) serko pas-
pelIMMO OTHOCHTEJIbHO X H Y (HampHMep, €C/H OHO JIHHEHHO OTHO-
CHTCJBIIO X H Y), TO CTO CACAYeT HITEerpHPOBATb He KaK KBaJpaTHOe
OTHOCHTE/IbHO Y’, a KaK ypaBHeHHe, Pa3pelIHMOe OTHOCHTENBHO X
uad y (cm. m. 13—15).
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INMpumep 3. PaccMoTpuM ypaBHeHHe

Yy2-2y"+1-y+x=0. (19)
Ono 3agaHo B o6aactu (puc. 24)
y—x>0. (20)
Paspeluasi ypaBHeHHe (19) OTHOCHTeNBHO Y’, HaXOLHM
y=1+Yy—x y=1-yy-x (1)
¥
¥
_/
—
] z
i x 0
Puc. 24 Puc. 25.

VnTerpupys 3TH ypaBHeHHs, MoJyyaeM XBa CeMefCTBA HMHTErPajbHBIX KPHBBIX:

C)2
y=x+ﬁ% (x>-C); y=x+&-{g— (x<=C). (22)

JIucKpMMHHAHTHas8 KpHBas

y=x (23)

ABNseTcA 0coG6GbI M peiueHHem ypanHends (19) (nouemy?). HETerpanbHbIMH
XpuBbIMH ypaBHenus (19) Gyayr napaGosibt

(x+C)?
y=x+ 3 (29)
s ux orubaromas (23) (puc. 25).
Mpumep 4. [as ypaBHenus
Y2 +xy’+y=0 (25)
LAMCKPHMHHAHTHas KpHBas
x2
y= vy (26)

He GyneT OCOOHM pelIeHHeM, TaK KaK OHa He ABAACTCA pPeUICHHEM STOTO ypaa-
HeHus.
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v

9. B 3toM M [ABYX CJHefyOUHX NYHKTaX pacCMaTpHBAaIOTCH
HenoJHb e ypaBHeHHsi. Ecan puddepeHumnanbHoe ypaBHEHHe
COZEPAKHUT TOJNbKO Y, T. €. HMeeT BHJ

) ‘ F(y') =0, @7

npHYEeM OHO ONpeje/isieT XOTb OJHO BelU(eCTBEeHHOe 3HayeHHe
Y’, TO MOXHO HAHTH BCe HHTerpajbHble KpHBble 3TOIO ypaBHEHHUS
6e3 kBazxparyp. '

JelcTBHTENBHO, YCTh

y=ar (k=1,2, ..)) (28)
eCTb BellleCTBEHHble KOPHH ypaBHeHHs (27), Tak 4TO
F(an)=0 (k=1,2,...). (29).
M3 ypaBHenus (28) Haxonum
y=arx+C (k=1,2,..)), ~ (30)
OTKYyIla
ah=y:—c (=1, 2, ..)). (31)

[Mostomy ypaBHeHue (27) mMeeT ceMeHCTBO HHTErpajibHbIX KPHBBIX
ﬁ) _
F( p =0. (32)

dto cemeficTBo OyaeM Ha3biBaTb OOWUM UHTE2PAAOM yPaBHeHHs
(27). 3amernM, uTo o6wui uHTerpan (32) noayuaerca u3 audpde-

peHuMaJbHOrO ypaBHeHHs (27) mpocTo#t 3aMeHOH Y Ha A

Ecau KOpHH ypaBHeHHsi (27) 3amo/HSIOT LeJbli HHTEpBaJ, TO,
kak nokasan 0. C. BoraaHos,! ypaBHeHHe (27) MOXeT HMeTb
pelueHus, He comepxauineca B popmysae (32).

NMpumep 5. O61 UM HHTerpasoM ypaBHEHHS

Y3 4yi—y' +1=0 (33)
6yner
—~C \3 -C\* y-C
( y ) +( !y ) -2 +1=0. (34)
X X .x
10. PaccMoTpuM ypaBHeHHe, He cOfeprKalllee HCKOMOH QYHKIHH:
F(x, y)=0. (35)

1 0. C. boraxaHoB. O nmpocreitiem HenoasHom AxdpdepenunansbioM ypas-
nenuu. JJAH BCCP, 1. V, Ne 10, 1961.
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OHO MOXKET OKa3aTbCsl pa3peliHMbiM (B 3JIEeMEHTapHLIX (QYHKIHUSAX)
OTHOCHTEJIbHO Y’:

y=fr(x) (k=1,2, ...). (36)
Torna

y= [Imdetc (=1, 2, ...). (37)

Kpome Toro, ypaBHeHus (36), a cjefoBaTeqbHO, H ypaBHEHHE
(35) woryr uMeTb pelleHHs BHIa

x=a, (38)

KOTOpble MOIyT oKa3aTbcsd ocoObiMH. IlosTomy ypaBHeHHue (35)
MOXET HMeTb ocobble pemieHusi eupa (38).

Npumep 6. Ypasnenue

1
yr——=t (39)
x
pacnajaercs Ha [Ba:
’ 1 ’ 1
Y=——— Yy=—-— (40)
V* ¥ x
Hurerpupys ux, mojayyaem
y=2Yyx+C; y=-2yx+C (41)
Ocoboe pewenne Syier
x=0. (42)

Ecan ypaBheHne (35) He paspelIMMO OTHOCHTENBHO Y’, NBITa-
"10Tca HalTH Takue QyHKUMH @(f) u P (), uTOOHI

Flo(?), v (#)]=O0. (43)
Torpa ypaBHeHHe (35) MOXKHO mepenHcaTb B BHAe
x=q(t), ¥'=v(). (44)

B nomo6HbIX cayyasx roBopAT, 4To ypaBHeHHe (35) momyckaer
napamerpuieckoe npedcrasierue (44).

TloxkaxeM, uTo ecqH ypaBHeHHe (35) HomyckaeT mapaMeTpHue-
cKoe npejcTaBienHe (44), To Bceraa MOXHO HaHTH B KBaapaTypax
CeMefCTBO HHTErpajibHbIX KPHBBIX B NapaMeTPHYECKOM BHJe.

C 9TOH Lesibl0 BOCHOJb3YEMCS OCHOBHbIM COOTHOULEHUEM

dy=y'dx. (45)
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3amensis B HeM Yy’ Ha ¢ (f), a dx Ha ¢ (¢)df, Haxonum
dy=1(t)¢ (t)dt, (46)
OTKyJa

y= [ v)¢ (t)dt+C. (47)

[Mpucoennnss ciopa x=q@(f), NOJy4HM HCKOMOE CEMEHCTBO HHTe-
rpajibHbIX KPHBBIX

x=q(t),
y= [ vy tditc,

KoTopoe OyneM HasbiBaTb OOwjum peweruem ypasHeHHs (35)
8 napamerpuxeckol gopne.
Ecan cyumecTByeT Takoe KOHEYHOe YHCJIO @, YTO

(48)

lim F(x, y’)=0 (49)
y’?—ﬁ» ‘
HJIH
lim F(x, y")=0, (50)
- y’i:a&
TO npsMas
1=a (51)

SIBASIETCA pelleHHeM ypaBHeHus (35). DTo pelleHHe MOXeT OKa-
3aTbCd O0COOBI M. _
11. YpaBHeHHe, He cofepxKallee He3aBHCHMOH NepeMeHHOH =

F(y, y') =0, (52)

B CJyuyae, KOr[a OHO Pa3pelInMO OTHOCHTEJbHO y':
Y=fu(y) (k=1, 2,...), (83)
uMeeT oOUIMH MHTerpaJ
dy
—=x+C (k=1,2,..)). 54
/5% ( B
YpaBuenne (52) MOXeT HMeThb pelleHHs BHAA ;
y=", f (55)
rae .
F (b, 0)=0. ‘ (56)

OTH pelieHHs MOTYT OKa3aTbcsi 0C OO b M H. B
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Ecnu ypaBHenue (52) He paspeliHMO OTHOCHTEJNBHO Y’, HO
JOIyCKaeT napaMeTpHYeCKOe INpeficTaBleHHe

y=o(t), y¥=v(1), (57)
dy=ydx;, ¢ (t)dt=1y(t)dx. (58)

[Tostomy ypaBHenue (52) uMeeT caenymolilee ofliee pelleHHe
B [lapaMeTpuHueckoil ¢opme:

TO Haxoaum

¢ (%) .
x= dt4C
¥ (1) ’ (59)
y=o().
Mpumep 7, PacoMoTpuM ypaBHeHHe
y=7Y9*+1 (60)
[Monarasa y’=sht, 6ynem umers:
y=cht, gy =sht. (61)
Torza
dy=y'dx; shtdt=shtdx. (62)
[Tosromy
x=t+C,
(63)
y=cht.
Hckalouns mapamertp f, MoJyudM CeMeicTBO UeNHLIX JAuHuiA (puc. 26)
y=ch (x-C). (64)
IMonaras B ypasueunn (60) y=>~, Haligem b=1, Tak uTO npamas
y=1 (65)

6yner peweHneM ypasHeHus (60). drto pemenne ocoGoe, HO0 OHO sABIASAETCA
orubawowei cemeficrsa (64) (cm. ra. I, § 2, npumep 3).

Yy 12. IIpeanonoxum, uto ypas-
Henue (1):

F(x7 Y, y’)=0

AonyckKaer flapaMeTpHYecKoe
npeacraBJjieHHE

x=cp(u, v), y=1p(u, v),
0 '=X(”. v), (66)
rae u u v — napaMerpsl. Toraa
ero HHTErpHipoBaHHe MOXHO
Puc. 2. NPHBECTH K WHTETPHPOBAHHIO
_ ypaBHCHHS, pPa3pelleHHOTO
OTHOCHTEeJbHO ﬂp0H3Bon[{0ﬁ, CBfAi3bIBamoOLIEero napa-
MeTpbl U H U.
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B camoM pene, moab3ysicb OCHOBHBIM COOTHOLleHHeM dy=—y’'dx,
nosnyyaem

A 9 og Jg
Eadu—{—a—vdv_x(u, U)(adu—l- 5;(10) (67)
HIH
dv
du =f(u, v). (68)

Ipeanonoxum, 4Tto A ypaBHEHHS (68) ' maimeno o6mee
pelrenue :

v=w(u, C). (69)

Torna ypaBHenue (1) umeer cienymwolliee obuiee pewerue 8 napa-
MeTpuveckol popme:

x=q>[u’ w(u! C)]' y=\p[uv w(u, C)] (70)
Ecau ypasnenue (68) mmeer oco6oe peinenue
v=y(u), (71)
TO
x=e[u, y(@)], y=1v[u4, v(1)] (72)

MoxeT ObiTb 0c 06 bl M pelieHHeM ypaBHeHHs (1).

Ha pese BO3MOXHOCTb NpPHMEHEHHS H3JIOXKEHHOH CXEMBI HHTe-
rpUpOBaHus ypaBHeHMs (1) orpaHuyeHa JOByMs TPYAHOCTHMH: BO-
NepBHIX, NapaMeTpu3audeil ypapHenus (1), BO-BTOpPBEIX, HHTErpHPO-
BaHHeM ypaBHeHHd (68).

B n. 13—15 paccmarpuBaloTcs yacTHble cay4yad ypaBHeHHs (1),
B KOTOPbIX 3TH TPYAHOCTH YaCTHYHO HJH MOJHOCTBIO IPEOHOJIE-
BaIOTCH.

13. Ecin ypaBHenne (1) paspeimieHo (HJH pa3pelinMO) OTHO-
CHTEJbHO Yy HJAH X, TO IapaMeTpH3alls ero He IMpeACTaBjaser
3aTpyAHEHHH.

IMyctb ypaBHenue (1) HMeeT BHA

y=o(x, y). (73).
Torpa 3a mapaMeTphl ¥ U U MOXHO B3iTb X H y’:
X=X, y-—-q)(x, y,)v y'=y’° (74)

Bynem (3mech M B QrajbHedmeM) o0603HayaTb INPOH3BOAHYIO Y,
paccmMaTpuBaeMylo Kak napawmertp, 6ykBoit p. Torga (omyckas pa-
BEHCTBO X==X) MOXHO nepenucatb (74) B BHAe

y=o(x, p), y=p. ) (75)
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[anee, nonb3yscb OCHOBHBIM COOTHOLUeHHeM dy=y’dx, Mojy4yaem
9
ox

[Ipeanonoxum, 4To Aas ypaBHeHHsa (76) MoxkHO HalTH ofliee
pelenue

)
dx+ % dp= pdx. (76)

p=p(x, C) wmu x=x(p, C). (77)

Torma, noacrasassa (77) B y=o(x, p); NOJNy4YUM [Jis ypaBHEHHS
(73) cooTBeTCTBeHHO obOujee peuierue

y=olx, p(x, C)], (78)
HAH ofujee peuwienue 8 napamerpuseckol gopme:
x=x(p, C); y=9[x(p, C), p]. (79)
Ecau ypaBHeHnHe (76) mmeer ocoboe peuenue
p=v(x), (80)
TO
y=e[x, v(x)] (81)

MoxeT 6biTb 0COO bl M pelienneM ypasHeHus (73).
B cayuae, koraa ypaBHeHue (1) pa3spelleHO OTHOCHTEJbHO X:

x=(P(y’ ¥, (82)
napamMeTpHYecKHM npeacrasienneM Gyner
x=q(y, p), y'=p. (83)
Hanee,
dy=ydx; dy= (-0—“-’ dy+ 2% 4 ) 84
y=ydxv; dy=p\5 dy+5 dp], (84)
OTKyla
‘ p=p(y, C) nan y=y(p, C). (85)
Moxacrasasas (85) B x=@(y, p), COOTBETCTBEHHO MOJydYaeM:
o x=¢[y, p(y, C)] (86)
WIH -
x=e¢ly(p, C), pl; y=y(p, ). (87)
_Ecan ypasnenue (84) umeer ocoGoe pelrenue
S p=v(Y), (88)
TO
x=o¢ly, v(¥)] (89)

MOKeT ObiTb 0CO GBI M pelleHHeM ypaBHEHUs (82).
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14. Ecan ypaBHende (1) He TOJMBKO paspelieHO OTHOCHUTEJbHO
Y (U1 X), HO €ro JieBasi 4acTb 3aBUCUT JJHHEHHO OT X H y:

A(Y)y+B(y)x+C(v) =0, (90)

TO OHO He TOJbKO BCerja AOMYCKaeT YKa3aHHYIO Bblllle napaMeTpH-

3allHio, HO M BCerJa HHTerpupyercs B KBajparypax, H60 ypaBHeHlie,

CBsi3blBalolllee NapaMeTpbl, OKa3blBaeTcsi J M H e H H bl M.
Ypasuernue (90) MOKHO 3anucaTb B BHIe

y=¢(y)x+¥(y). (91)

Ecan o@(y')=£y’, TO 3T0 ypaBHeHHe Has3biBaeTCs YpasHeHuem
Jlaepansca. Ciepys ckasanHoMmy B 1. 13, Haxogum

y=¢(p)x+9(p), y'=p; (92)

dy=ydx, ¢(p)dx+xg (p)dp+y (p)dp=pdx  (93)
HIH

[9(p) —pldx+[x¢’ () +¥'(P) ]dp=0. (94)

Ecan @(y’)sconst, To ypaBHenne (94) NpHBOAHTCA K JHH e ii-
HOMY OTHOCHTeJabHO x

I A0 N 4())
i T o) =p ¥ r—elp)

Unterpupys ero M NOACTaB/sisi HaHJeHHOe 3HayeHHe X B nepBoe
u3 ypaBHenu# (92), nosyuum

x=A(p)C+B(p); y=Ai(p)C+Bi(p), (96)

T. e. o6wee pewenue ypasnenus Jlazpanxa (91) 8 napamerpuuec-
xod gopme.
Ecan ypaBuenue

[o(p)—p=0?].  (95)

¢(p)—p=0 (97)

HMeeT BellleCTBEHHble pelleHHsi p=p;, TO, NOJCTaB/]fAs HX B NEpBOe
n3 ypaBHeHu# (92) u 3ameyas, uto @(p ) =p;, NOJYYHM

y=pix-+y(p:). (98)

OTM npsMble BCeria fABIAIOTCA PelleHHSMH ypaBHeHHs JlarpaH-
a (91). OHu MoryT ObiTb 0COObI M H pelleHHMH.

t B cayuyae, koraa ¢(y’) =const, ypasuenne (94) Oyser ypaBlenueM
¢ paspeasloUHMHCA nepeMeHHL MU JlasbHeline paccyxiaeHHs
ocraloTes 6e3 M3MeleHHn.
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Mpumep 8. Ilpounrterpuposatb ypasHeHue

y=x —4-1’2+ 8 (99)
9 Y 97 Y,
paccMoTpeHHoe B mpumepe 16 § 1.
Vimeem
=X 4 2+ 8 3 4 .
y= 9 P 97 P, Yy=p, l
8 g (100)
dy=y'dx, dx+ (—- Tp+ sz)dp=pdx l
HJIH
8
(l—p)dx——g—p(l-—p)dp=0. (101)
Sro ypaBHeHHe pacrnajaeTcs Ha JBa:
8
dx—-?pdp=0; 1—p=0. (102)
M3 nepBoro ypaBHEHHA HaXOAUM
4
X= —?p2+C. (103)
TTosToMy
x 4 24+C; y= 8 +C (104)

Gyner obumuM peleHueM ypaBHeHus (99) B napamerpuyeckoit dopme. Hckmouasn
rnapameTp p, MOJy4HM

(y—0C)2=(x-0C)* (105)
Bropoe u3 ypasHenuit (102) naer p=1. [lostomy
4
=x—— 100)
y o7 (106)

6yneT peweHueM ypaBHeHus (99). DTo pewenue ocoGoe (cM. M. 6, npumep. 16).
‘'15. YpasHenue BHAA
y=xy'+¥(¥’) (107)
Ha3piBaeTcsi ypasnenuem Kaepo. VIHTerpupys ero no TOd xKe
cxeMme, 4TO M ypaBHeHHe JlarpaHka, HaXOAHM
y=xp+¢(p), Y'=p;
dy=y'dx, pdx+xdp+y’(p)dp=pdx; (108)
[x+¢'(p)]dp=0.
[MocaenHee ypaBHeHHe pacnmajaercss Ha ABa:
dp=0; x+¢'(p)=0. (109)
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ITepBoe u3 Hux pmaer p=C. [loacraBissA 3TO 3HaueHHe p B Y=
=xp+(p), noayunm -
y=xC+(C). (110)

dr1o ecTb obwee pewenue ypasHenus Kaepo. OHO COCTOMT M3
NpAMB X JHHHHA 3aMeTHM, 4YTO AJs MNOJyYeHHs obliero pe-
wennss (110) mocratouHo mpocTo 3aMeHHTb B ypaBHeHHm Kaepo
NPOU3BOJHYIO y Ha NPOH3BOJBHYIO NMOCTOSIHHYIO C.

Bropoe n3 ypasuenmii (109) naer x=—v¢’(p). Iloacrasnssa
3TO 3HaueHHe X B y=xp-+y(p), NOJy4yuM

y=—v'(p)p+¢(p).

YpaBHeHud
=—y(p); y=—v(p)p+¥(p) (111)

AOCTaBASIOT pelleHde ypaBHeHHs Kuepo. 310 pemenne. Gyner
3aBeloMO0 0COOG Bl M, ecan GYHKuus P(p) ABaXKabl HENpepLIBHO
nndodepenuupyema u ¢”(p) He MeHseT 3HaKa.

HeficTBHTeNbHO, HalfleM AHCKPHMHHAHTHYIO KPHBYIO ceMeHCTBa
(110). Nmeem:

y=xC+¢(C); 0=x+y'(C), (112)
T4aK YTO AMCKPUMMHAaHTHON KpHBO# Oyaer
x=—9(C); y=—9(C)C+p(C). (113)

Ecau ¢”(C) coxpanser 3HaK, TO AMUCKpHMHHAHTHas kpuBas (113)
Gyner 3aBemomo oruGatouleli cemedctsa (110) M, caenosarenbHo,
ocobniM pewiennem ypasHenus (107). Ho ypaBrenns (111) u (113)
OTJHYalOTCA TOJbKO o6o3HaueHneM mnapamerpa. CuenoBaTenbHo,
ypaBHenns (111) mocraBasitoT (NpH CAeNaHHOM MNPEANONOXKEHHH)
oco6oe peweHne ypasHenns Kaepo.

Mpumep 9. PaccmorpuM ypaBHeHHe y
y2—xy’ +y=0. (114)

STo ypaBleHKe ABJsieTCS KBaAPaTHBIM
ypaBHeHHeM OTHOCHTeNbHO Yy’ M BMecTe
¢ Tem oHo — ypaBHenue Kaepo. Ero ymo6-
Hee pelwaTb Kak ypasHemie Kiepo:

y=xy —y'2 (115) \ 0 z:
OG6muM pewenneM Gyner / '
y=Cx—Cz2, (116) \(
HWmem ornGawomyio cemeiictea (139).
Hmeem \

y=Cx—C% 0=x—2C  (117)
x=2C; y=C2 (118), Puc 27.

HJIH
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10 — AMCKpUMHHaHTHast KpuBas cemeitctBa (116). Ona sasasercs orubaio-
weil, 6o P”(p)=—2++0. Hckaouas u3 ypaBHenuit (118) napamerp C, Haxo-
AnM ocoboe peienue ypasHenusi (115) B sBHOM BuIe:

xZ
=— 119
1 (119)

HurerpanbubiMu KpHBbIMH ypaBHeHus (115) sasisiorcs nmapa6Goaa (119) u ce-
MmeilcTBo npsimbix (116) — ceMmelicTBO kacaTesbHbIX K mapaGoge™ (119) (puc. 27),
a TakkKe KpHBbIe, NOJyueHHble CKJEHBaHHEM.

Mpumep 10. Haiitu xpuBylo, KacaTedbHele K KOTOPOil PaBHO yHAaJeHBl OT
Hayaja KOOPAHHAT.

ITycts y=y(x) ectb nckomas kpuBas. Torga ypaBHeHHe KacaTesIbHO{ K Heit
B TOuUKe (X, Y) HMeeT BHJ

Y—y=y'(X-x), (120)

roe X u Y — texyuue KOOpIHHAThl KacaTeJpHOM. Tak Kak paccrosinie OT Ha-
yajna KOOpJAMHAT A0 KacaTesbHoit (120) (COl‘JlaCHO H3BECTHOH H3 aHAJHTHYECKOM
reometpuy (opMysne paccTOSHHA OT MAaHHOH TOYKM A0 NaHHO{l npsaMmoil) paeuo

y—xy’

p—— (121)
+=Yy2+l
TO B CHJy YCJOBHf 3anayu HaxoouM
—xy’
V=W 4 (122)
1Ea
Tak 4TO MPHXOAMM K ypaBHenuio Kinepo
y=xy'+kY y*+1. (123)
[Tpambie
y=Cx+k Y C*+1, (124)

obpasytouiye oOluee pellleHHe 3TOTO ' ypaBHEHHs, He INpPeACTaBJAT HHTEpeca.
HNwewn orubamomyio cemeiictsa (124). Mmeem

. kC
y=Cx+k Y C?+1; O=x+— (125)
Y C*+1
Hth

kC k
x=— D oy= : (126)
Yo+ Yo

d1o ectt orubaomwas cemeiictBa (124) (mouemy?). Mckaiouass napamerp C, mo-
JyUHM

X yr=k2 (127)
3Ta OKPYXKHOCTb M SBJAETCA HCKOMOH KpHBOIL.
B 3akamoueHue OTMETHM, 4YTO OCHOBHbIMH METOJ4MH HHTEIrpHpO-

BaHHs ypaBHEHHs MEPBOro Mopsiika, He pa3pelieHHOro OTHOCHTEJb-
HO ﬂpOHBBOIlHOfl,, ABJAATCA paspelleHHe e€ro OTHOCHTEJIbHO MPOi3-



§ 3. 3a00aua o rtpaexropunx 77

BOB,HOfI U HHTErpHpOBaHHE NOJYUYE€HHbBIX ypaBueHHﬁ H MeTOI BBeae-
HUSl MapaMeTpa, B KOTOPOM TMyTeéM HCNOJb30BAHHS OCHOBHOIO
cooTHOMEeHUs1 dy=y'dx HHTerpHpOBaHHe HaHHOTO YpaBHEHHSl TOXe
NPUBOAUTCA K HHTEPHPOBAHMIO YpaBHEHHS, pa3pelleHHOro0 OTHO-
CHTEeJIbHO TIPOH3BOJHOM.

Cpenn ypaBHeHHH, peliaeMblX 3THMH MeTOAaMH, HaubGoJjee
BaXKHBIMH ABJISIIOTCA ypaBHeHHe, KBaJApaTHOe OTHOCHTEJbHO NPOH3-
BOJHOM, U ypaBHeHue Kiepo.

Pemas ypaBHeHHe, He pa3pellleHHOe OTHOCHTEJIbHO NPOH3BOI-
HOH, CTYHEeHT HOJIKeH BHHMAaTeJbHO CJeIHTb 32 BO3MOXHOH NOTe-
pell pelueHHi, KOTOpble MOTYT OKasaTtbcs ocobbiMu. Kpome Toro,
HYXKHO yMeTb HaxXOJHTb KpHBble, MOJ0O3PHTe/NbHEIE HAa 0c0oGoe pelie-
HUe, IO BHAY YpaBHEHH7A H MO CeMeﬁCTBy HHTErpaJjdbHbIX KPHBbLIX
H yMeTb NpOBepPHTb, OYAyT JM OHH OCOOLIMH pelIeHHSIMH.

§ 3. 3ATAYA O TPAERTOPHAX

16. H3ozonaavrol TpaekTopueil ceMeHCTBa KPHBBIX
@(x, y, a)=0, (1

rae a-— napaMmerp, HasbiBaeTcsa KpuBas Ly (puc. 28), mepecekarw-
masi Bce KpHBble L 3TOro ceMeHCTBAa IO ONHHM H TeM XKe YIJIOM o,
T. €. yroJ MexJy KacaTeJbHbIMH K KpHBbIM Ly H L B Touke mepe-
CeueHHsl PaBeH a.

)14
Ecan a= o TO H30TOHAJIbHASl TPAEKTOPHSI HAa3blBAETCH OPTO-
20HAAbHOU,

Mpumep 11. PaccvoTtpuM ceMeficTBO TOJYNPAMBIX, BBIXOASIIHX M3 HayaJja
KoopauHat (pHc. 29):

y=ax (x#0); x=0 (y+0). @)
OueBHIHO, YTO BCAKASA OKPYXHOCTb
x2+y2=C2 (3)

6yneT OPTOrOHAJLNON TPAGKTOPHEH 3ITOrO ceMeiicTBa, M 06paTHO: Kaxkaas H3
noaynpsaMbIX (2) fABAAETC OPTOTOHAJbHOH TpaekTopued cemedcTa (3).

Ecau cocraBuTb AnddepenuuanbHule ypaBHeHus cemedictB (2) u (3), To
$ICHO, YTO MOJIAI HanpapbJieHHH, onpe/esiieMble NOJyYeHHHIMH YPaBHEHHSMH, GyAyT
B3auMHO OpTOroHajbHel. [lostomy 3t auddepennHanbHble ypaBHEHHS MOTYT

1

6bITb TOJIyYeHBl OZHO H3 APYroro npocToit 3ameHofi y’' Ha — —-.

’

B camom gnene, Haiilem anddepeHuHaabHoe ypaBHeHHe cemeiictBa (2). Ono
PaxoiHTCA MCKJIIOUEHHEeM a H3 CHCTEMbI

y=ax;

<

‘=a. (4)
Tonyuaem

)

klt
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[Moaynpsambie x=0 (y ¥ 0) — noayocu ocu Oy ABASIOTCA pelleHHAMH MepeBep-
HyToro - ypaBHeHHA.] JluddepenunaibHbiM ypaBHeHHeM cemeHcrBa (3) Oyner

x+yy'=0 (6)
HIH
, x
y=—— (7).
Y

IMons HanpaB/eHHii, onpejensemble ypapHeHnusamu (3) u (7), B3auMHO OpTO-
FOHAJIbHBI. .
Vpasuenne (7) MoxeT ObITb NOJyuyeHo H3 ypaBHeHus (5) 3aMeHoli Yy’ Ha

— —. HHrerpupys ypaBHenue (7), oueBunHO, moayuum ceMmeiictBo (3). Anaxo-
Y

THYHO HAXOAATCA OPTOrOHaJbHble TP'BEKTOPHH mo6oro 3aJaHHOro cemeicraa.

Y
Yy
\ L, x
L
x
0
Puc. 28 Puc. 29.

s HaxoXAeHHs OPTOTrOHaJIbHBIX TpaeKTOpHH cemefictBa (1)
cocraBasioT AuddepennnalbHoe ypaBHeHHe 3TOTO CceMeHCTBa, AAS
Yyero HCKJIOYaloT MapaMeTp a4 H3 CHCTeMbl

®(x, y, Q) =0; D+ y'=0 (8)

M 3aMEHsIOT B HaieHHOM QudepeHUHaIbHOM YpaBHEHHH
F(x, y, y)=0 9

NpPOH3BOAHYIO ' HA — yi’ [Monyuatot
F(x, ’ —-;—,)=o. (10)

Ocraercss NMPOMHTErpHPOBATb 3TO YpaBHEHHE.
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Ona nonyuenus puddeperunaspHoro ypaBHeHHs ceMelcTBa
H30TOHAJIBHBIX TPAEKTOPHH HYXHO B ypaBHeHHH (9) 3aMeHHTb Yy’ Ha

y—k
TR o
rie k=tg a.t

( I'lgg;wep 12, Hafith opToroHa/nbHble TPaeKTOPHH CeMeHCTBa OKPYKHOCTeMH
puc. 30)

x2+y2—2ay=0. (12)
Hcknouas @ H3 cuCTeMBHl
x24+y?—2ay=0; x+yy —ay'=0, (13)

HaxojauM, uTo AHddepeHuyanbHEIM ypaBHeHHeM RaHHoro cemeiictBa (12) 6Gynmer

2xy
y=—-"-". (i4)

x2—y?

. , 1

3amensas B ypasHeHun (14) y’ Ha — —, noayuum

Yy

yr—x?
Yy=—- (15)

2xy

Hurterpupys, Hakaem

x2+y2=Cx. (16)
3To ceMeHCTBO OKDYXKHOCTefl H SBJfI€TCH HCKOMBIM CeMeHCTBOM OpPTOrOHaJbHBIX

TpaeKTOPHIH.
Mpumep 13. Haittn u3oroHanbHble TPaeKTOPHHM ceMeficTBa moAynpaMbix (2).
InddepeHunanpHbiM ypaBHeHHEM 3TOro ceMeiicTBa siBJafeTC ypaBHeHHe (5).
3amensns B Hem Yy’ Bblpaxenvem (11), momyuum

y—rk Y
kg~ x (k=tga). (17
Hnrerpupys, Haxoaum
- Larctg ¥
Y *i+y*=Cek x, (18)

3anucaB 3TO CEMEACTBO KPHBHIX B MNOAAPHBIX KOOpAHHATax (X=rcos®, y=
=r sin 8):

r=Cek (19)
BHMIHM, uYTO OHO MpeacraBifeT cobofi ceMeHCTBO JorapudMHYECKHX ChOHpaJed

(puc. 31).

i+ MatBeeB. Meroas uHTerpupoBanus, n. 79; CremanoBs, crp. 137.
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17. B canyuyae, korga cemMeHCTBO KPHBBIX 3aJaHO B TOJAPHBIX
' KoopauHartax !

®(r, 6, a) =0, (20)

AnA HaxoxaeHus NudQepeHIHaNbHOTO ypaBHeHHs1 ceMeHCTBa H30-
rOHAaJNbHBIX TpaekTopui mno auddepeHuHaNbHOMY YpaBHEHHIO 3a-

¥
y
T
2
7 T
z
C
Puc 30. Puc. 3lI.
. dr
IaHHOTO CeMeHCTBAa HYXHO 3aMEHHTb B HEM 7= 2o Ha
1k
’
\_'— _k
r
n
eCIn o= o> (k=tg a), u Ha
r2

T
€CIH o= ——.

Mpumep 14. Haiith oproroHa.pHble TPaeKTOPHH CeMeficTBa apXHMeNOBBIX
cnupadgeft

r=a0. (23)

! Marpees. Mertoab HHTerpupoBanus, m. 81.
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JuddepenunanbibiM ypaBHEHHeM 3TOro cemeficTBa Oyjaer
r

r=—. 24
P (29)
. rz
3ameHnsia B HeM r Ha — ——, MOJYYHM
r
r 1 r
——=— um —=-6, (25)
r (C] r
OTKYZAa
62
r=Ce 2, (26)

2TO H ecTb HCKOMOe CeMeHCTBO OPTOTOHAMNbHBIX TPaeKTOPHI.

Ilpy HaxoXAeHHH H30roHanbHHIX (OPTOrOHa/bHBIX) TPaeKTOPHiA ceMeiicTBa
KDHUBBIX, 3aflaHHOTO B JeKapTOBbIX KOOpAMHAaTaX, MHOrAa GblBaeT MOJE3HO ne-
peiiTH npeiBapuTe/bHO K MOASPHBIM KOOPAHHATaM.

Mpumep 15. Bepuemca x m. 16, mpumep 12. Ilepexoas B ypasneanu (12)
K TOJSPHbIM KOOPAMHATaM, NOJYUYHM

r=2asin 8. (27)
JnddepennnanbueiM ypaBHeHHeM 3TOro ceMeficTBa GyfeT

r=rctg @. (28)
. re
3amenssi r Ha — ——, HaXOLHUM
r
r r
— — =ctg ® nam — =tg 6, (29)
r r
OTKYAa
r=C cos 8. (30)

[lepexons o6paTHO K AeKapTOBbIM KOODAMHATAM, MOJYYHM CEMEACTBO OKpPYX-
Hocreit (16).

§ 4. 3BATAYN

M aTtBeeB. C6opHuk 3amau, Ne 417, 418, 423, 426, 427, 428,
4929, 430, 432, 434, 438, 439, 445, 449, 450, 451, 452, 453, 454, 456,
457, 458, 465, 466, 467, 469, 471, 472,



T'nasa III

JAOOEPEHIIMAJIBHBIE YPABHEHHAA
BbICIHINX ITOPAIKOB

COXEPKAHNE
§ 1. OCHOBHLIE IIOHATHA MU OIPEJEJ/IEHUA

1. YpaBHenue n-ro nopsaaka u ero perieHus. 2. ['eomeTpuueckoe
M MeXaHHYeCKOe HCTOJKOBaHHSA ypaBHEHHS BTOPOTO NOPSAIKAa M €ro
pewenut. 3. 3apaua Kowmn. 4. [locTaTounble yC/IOBHsSI CyLLECTBOBA-
HHUS ¥ eNHHCTBEHHOCTH pemleHusi 3afauu Kowm. 5. [loHsitue o rpa-
HUYHOH (KpaeBo#) 3ajaue. 6. OOliee pelieHHe, obliee pelleHHe
B ¢opme Ko, o6muii HHTErpaJ, cbilee pellleHHe B MapaMeTpHye-
ckoit ¢opme. 7. YacTHoe pewenune. 8. Ocoboe pewenne. 9. IMpome-
JKYyTOYHble HHTerpaJabl. 10. YpaBHeHHe n-ro opsiika, He pa3peLlieH-
HOe OTHOCHTEJbHO CTaplled NMpPOH3BOAHOH.

§ 2. YPABHEHHA, HHTETPUPYEMBIE B KBAJIPATYPAX,
U YPABHEHUNs, JONYCKAIOIIME IIOHUKEHHNE IOPAJNKA

11. YpaBHerue, cofepxallee TOJbKO HEe3aBHCHMYIO NepeMEHHYIO
M TPOU3BOAHYIO n-ro nopsaaka. 12. YpasHeHue, He colepikaliee
HCKOMOH (pyHKLHH, H ypaBHEHHE, He COAepKalllee HCKOMOH (yHKIHH
H [OCJAefOBaTe/bHbIX MepBbIX NPOM3BOAHBIX. 13. YpaBHeHHe, - He
colepkallee He3aBHCHMOH NepemeHHoH. 14, YpaBHeHHe, OXHOpOA-
HOE OTHOCHTEJNBHO HCKOMOH (YHKUMH M ee [POH3BOIHBIX.
15. OGobuteHHoe OXHOpOLHOe ypaBHeHHe. 16. YpaBHeHHue, JjeBas
4acTb KOTOPOTO €CTb TOYHAasi NPOH3BOAHAS.

§ 3. 3AAYM
JINTEPATYPA

OcnoBHas

MartBeeB. Meroan uHrerpuposauus, ra. III. nn. 82—100.

Crenanos, ra IV, § 1, crp. 140—143 (mo ¢opmyant (6)), crp. 150—154,
§ 2 crp. 154—158 (xpome npuMeuanus), crp. 159—162 (10 n. 4), § 3
crp. 167—170 (mo npwepa 7), crp. 172—177, § 4.

dabcroawy, ra 1, § 1, 2
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JonoaBureasuan

Crenanos, ra IV, § 3, n. 4 (Tlpunoxenve K IHHAMHKe TOYKH), § 4, npu-
mep 7 (JIuHHA noroHu).
Cmupdos, ri. I, § 2, n. 16 (I/larné ‘6ankn), n. 17 (npumepnt 1 u 2).

METOOZUYECKHNE YKA3AHUA

§ 1. OCHOBHBIE IIOHATHA M OIPEJEJIEHUA

1. YpaBHeHHe n-ro mopsiika, paspellieHHOe OTHOCHTEJNbHO Npo-
H3BOJHOH, HMeeT BHJ

ym=Ff(x, y, ¢, ..., y=), ()
rae f ecTb HM3BecTHas quHKuHﬂ, 3ajlaHHasi B HEKOTOpO#l 06JacTH
HW3MeHeHHsi NMepeMeHHbX X, Y, ¥, ..., Y™V, Koropyw Mbl Gynem

(npu n>>1) Ha3bIBaTb 006.4aCTHIO sadanus ypasrenus (1). Orno-
cuTeNbHO (yHKUMHM [ NpeamonaraloT, YTO OHa MO KpafiHeli Mepe
Henpepb BHA B 06/1aCTH 3afaHHs.

Pewenuem ypaBHenus (1) B wuHTepBaje (a, b) HasbiBaeTc
BCcAKasa (QyHKIHSA

y=y(x), (2)

KoTopas onpejejeda ¥ n pa3 HenpepoiBHO AHpdepeHutpyema
B 3TOM HHTepBaJje M obpaiiaer ypaBHeHHe (1) B ToxmecTBo

ym () =flx, y(x), y'(x), ..., g I(X)] (a<x<b).  (3)

Peienne ypaBienus (1) mMoxeT GbITb 3aJlaHO TaKX€ B HESIBHOM
puge: ®(x, y) =0 n B mapamerpuueckoi gopme: x==q(t), y=1y(t).

B orinyne OT ypaBHeHHH NEPBOro NOPSAKA ypaBHEHHE n-TO
nopsizka (1) He MOXeT WMeTb pelleHHA BuAa x=a (a=const).

Fpagux peienus ypaBHeHHs (1) nasbiBaercs uuTeepasvrol
Kpusodl.

2. YpaBHeHHe BTOPOro mopsiixa

F(x, 9, ¢, y7)=0 (4)
MOXKHO IepenHcaTtb B BHAE

F X, y, .l/,’ =0 (5)

(1+y7)
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Orcioga ciaemgyer, 4YTO OHO MNpencTaBfsieT COGOH CBfI3h MEXKAY
KOOpIHMHAaTaMH TOYKH (X, y) HHTerpajbHOHl KpuBO#H y=y(x), Ha-
77

KJIOHOM KacaTeJbHOH Y’ H KPHBH3HOH ————— B 3TOH TOUKe.

3
(1+y7) 2
TMpumep 1. YpasBHenue
3
y'=m(l+y?) 2 (6)

BbipaXkaeT TeOMEeTPHUeCKH TOT (aKT, 4TO KPHBH3HA B KaXKAOH TodYKe /oGOl
MHTerpajbHO! KDHBOH 3TOr0 YpPaBHEHHSi €CTb IIOCTOSIHHAs BEJHWYHHA, paBHas M.
B uwacrhoctH, npu m=0 umeeM

y"=0. (7)

PelieHHsiMH 3TOrO ypaBHEHHs HBJISIIOTCS BCe KPHBbie, KPHEH3HA KOTOPBIX B Kax-
ioit Todke paBHa Hymwo. OueBHAHO, 3TO NpsMble

y=Cix+C,, (8)

rae C; u C; — npousBoJibHbE IOCTOSIHHBIE.
ECJ'IH MaTepHaJ]bHaﬂ TOUKA MaccChl M IOBHXKETCsA IO OCH OX non

. dx
IeACTBHEM CHJIBI F(l, X, ), sapicslledl oT BpeneHH {, nosioxe-

A . X
HHSl X 3TOH TOYKH M €€ CKOPOCTH —- B MOMEHT BpeMeHH f, To, Co-

dt
IJ1aCHO BTOPOMY 3aKoHy HbioToHa, HaxoauM
d2x ( dx) ;
m 'E‘{z— =F t, X; L-i-t- (g)

HJH

d2x ( dx)( F )

dtz ‘—f ty xy dt f_ m ’ (10)

d%x

rage j_t?——ycxopeﬂne TOYKH B MOMEHT BpEMEHH t.

VpapHenne (10) ecTb nuddepenunanpHoe ypaBHEHHEe BTOPOTO
nopsiika. BeakoMy pelieHHIo

x=x(t) (1)

ypastenns (10) cooTBeTcTByeT Onpelg/eHHbIH 3aKOH [ BHK e-
Husa Toukd mo ocu Ox. Pemenune (11) Oymem HasbiBaTb O8uice-
Huem, onpedeasemoim Ouppepenyuarbroin ypasseruem (10).
YpasHenue (10) BbipakaeT 3aKOH [IBHXe€HHs B AU G pepeH-
nManbHOH ¢opme. 3amaya HMHTEerpHpOBaHHs ypaBHeHHs (10)
COCTOMT B TOM, 4TOOBI BBHIpa3HTb 3TOT 3dKOH B KOHEUHOH

dopme.
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§ 1. OcHosHole nouaTus u onpedeirexusn 8

Ecan CylL1eCTBYET TakKOe YHCJO Xp, HTO
f(t, xo, 0) = (12)
NpH BCeX paccMaTPHBaeMblX 3HAaYeHHAX BPeMeHH [, TO ypaBHe-
Hue (10) umeer pelueHue
X = Xo. (13)
J_IBH}KEHI/IC, COOTBETCTBYIOILE€E 3TOMY pCLIE€HHIO, HA3bIBACTCH COCTOA-
HUuem nokKos.
\
NMpumep 2. duddepenuransioe ypasieHue
dzx d>x
=—X W
dt? dt:
onpeaeasier ABHxeHusa x =0 (cocrosinue mnokos), x=cosf, x=sint u Gecuucne-
HOE MHOMKECTBO IPYTHX ABHXKEHHI:
x=Cycos t+Cysint.

+x=0

3. 3apava Komm pmas ypasHe-
Husa (1) craBuTca TaK: HaHTH pelle- Yy
HUe (2), yZoBJIeTBOpsAIOLlee Hayalb-
HBIM YCJIOBHAM: Y=y

y=yo, Y=yp ...; Mo f {9
y(n—1)=y(o’n-1) npH X=Xy, (14) %

rae Xo, Yo, y;, RN y(g-“——sanau- 0 3 z
Hele uucJaa (HavasibHble JaHHbIE
pewenus (2)).

B cayuae ypaBHeHHs BTOpOro Io-

pAnKa:
y'=f(x, 4, ¥) (15)
HayaJsibHble yCNOBHA HMEIOT BHU[
Yy="yo, Y=y, 1upu x==x, (16)

TaK 4TO B TOYKE X=Xy 3aalOTCA 3HaUyeHHs HCKOMOH QYyHKUMH y(X)
u ee repBoil Mpou3BoAHON Y (x). [eomeTpHUeckH peub HAeT O Ha-
X0XIeHHH HHTerpasbHON KpHBOH y=y(x) (puc. 32), npoxoasiiei
yepe3 3afaHHYIO TOYKYy Mo(Xo, Yo) H HMelOIIeH B 3TOH TOUKe 3aJaH-
HbIl HaKJIOH KacaTenbHOH tg aw=y; .

- Ecan B nocTraTtouyHo Masioil OKPECTHOCTH TOYKH Xo CyLIeCTBYeT
TOBKO O I H a HHTerpaspHas Kpusas ypasHeHus (15), koropas
OPOXOAHT yYepe3 3aJaHHYI TOYKY (X, Y) M MUMeeT B Heil
3ajaHHBIl HAaKJIOH KacaTe/JnbHOH Y, TO rOBOPAT, UTO

3a0ava Kowu ¢ HauarbHbiMu OQHHOIMU Xo, Yo, y,, umeer eouHcreen-
Hoe pewerue,

Puc. 32
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NMpumep 3. HafiTh HHTerpaabHYI0 KPUBYIO YpaBHeHHS
yll=_l‘

1
NPOXOAAULYIO Yepe3 TOUKY ( 1, 7) u Kacawoulylocs npaMoi x+y=0.

17

3agaya CBOIMTCA K HAXOXIEHHIO pelleHUWss ypaBHeHus (17), ymoBieTBopsio-

1{ero HayaJbHBIM YcioBHAM (puc. 33):

Puc 33 Puc 34.

1
Y= 5 y'=—1 npu x=1.
Hurerpupysn ypasuenne (17), Haxomum
y'=—x+C,.
HHTerpupys eue pas, nosyuaem

2

X
2 +C1X+Cz.

y=-
dta (opMyna, OYEBHAHO, CONEPXKHT B cebe BCe pelleHHs ypaBHEHHUS
TNoACTaBHM B CHCTeMy ypaBHeHHil
xZ
y=——2—+C1x+Cz; y'=—x+C,

~.

< 1
BMECTO X, y M Y’ MX Hava/bHble 3HayeHus: 1, - n —1. Monyunm:
1

1
2 =—-—-°—+C,+C2; —1=—-1+4C,.

(18)

(19)

(20)
(17).

(21

(22)

Pewas sty cucremy otHocureasHo Cy u C,, umeem: Cy=0, C.=1. Iloacrasus

Haiinenupie 3Hauenna Cy, u C. B dopmyay (20), Haiigem

x?.
X
=T

(23)
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Ora napa6osa (puc. 34) u ectb MckoMast KpuBas. Tak kak ¢opmyna (20) co-
JePIKHT Bce pellieHWs ypaBHeHus (17), To HAPyrHX pellleHHH, yAOBJETBOPSIOUIHX
HauaJpHKIM ycloBHAM (18), m, caegoBaTesbHO, APYrHX KPHBHIX, YAOBJETBOPSIO-
UIHX YCJAOBHUSIM Halledi 3aJauH, Her.

Jns MexaHMYecKOro HCTOJNKOBaHHf 3ajgaun Kowm obGpartumcs
K IHpdeperunanpbHomy ypasieruio (10). 3agaua Komu mas aroro
YPaBHeHHSI COCTOMT B HaxOXAeHHH ABHKeHHA (11), ymosuerBopsio-
Ulero HayaJbHBIM YCJAOBHSIM:

X=X d
= X0,

o dt
re uucaa fo, Xo M Vo (HayasabHbe AaHHB e ABHXeHHs (11))
CyTb COOTBETCTBEHHO HauajbHbIi MOMEHT BpeMeHH, HayaJbHOe MOo-
JIOXK€HHe H Haya/ibHasi CKOPOCTb TOYKH.

2% — v, npu t=/t, (24)

d?x
Flpumep 4. [IBukeHneM x=x(f), omnpeneisieMbiM YpaBHEHHeM 7 +x=0
M HayaJbHBIMH YCJIOBUSMH
dx .
x=1, — =0 npu =0, 25
2 P (25)
OyeBHNIHO, Gyxer
x=cos {. (26)

4. Teopema Ileano. Ecau npasas uacre ypasuenus (1)
nenpepoiera 8 (n-1)-meprom napanisesenunede
R:|x_x0|<a’ 'y—yolgbv ly,—y,‘)lgb’ ceey
| yn-v—y 0 | <,

20e a u b — 3a0aHHble NOAOHUTEAbHbIE HUCAQ, U, CAe008ATEAbHO,
02paHuieHa 8 Hem:

[y s ooy g D) SM, (27)

20e M — nocTosHHOE NOAOHUTEAbHOE HUCAO, TO CYUWECT8YeT no
Kpatneii mepe o0xo pewerue (2) ypasnenus (1), ydosiersopsio-
wee nasaroHolm ycarosuam (14), aasedomo onpederennoe 8 unrep-
saxe
| x—xo |<<h, (28)
ede
b

m;a?x(M, [y |, ..., [ymD)) ]

h=min [a, (29)
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IlanHM yNpolLleHHYI0 ¢OopMynHpoBKY TeopeMn [lukapa, rapas-
THPYIOLLEH HE TOJBKO CYUIECTBOBaHHWE, HO H €IMHCTBEHHOCTb pelle-
uust 3agaun Kourn. A

Teopema Iluxkapa. Ecau npasas uacre ypasnenus (1)
onpedesena 8 napassesenunede R u ydosiergopser 8 Hem 08ym
ycroeuam:

1) f(x, y, ¢, ..., y»D) Henpepoiena;
of of of ; :
2) dy dy” ey d—y(n-—ﬁ CYUecT8YIOT 1 O02PAHUHEHBL:
—]<K o <K, | | <K, (30)
S ’ ay ’ dy(n i) ~=

TO ypaeueuue (1) umeer eduncreexnoe pewenue (2), ydoererso-
paowee HavarvbHolm ycarosusam (14), 3asedomo onpedesennoe 8
unrepsase (28).

W3 teopemnt Ilukapa cienyer, 4To ecjau npasasi 4acThb ypasHe-
Hus (1) ecTh MOJMHHOM OTHOCHTENIBHO apryMeHToB y, y', ...,
y—1, TO cyllecTByeT eJHHCTBeHHOe pelleHHe (2), yﬂ.osneraopmo-
ee HauanbHbIM ycaoBusiM (14), rae HauasnbHble 3HaYeHHsT HCKOMOM
(GOYHKLIHH H ee NPOHU3BOAHBIX MOTYT ObiTh BbIOpaHBl COBe pIU e H-
HO MPOHU3BOJbHO, a HauaJbHOe 3HaueHHe He3aBHCHMOH mepe-
MEHHOHM MOJIXKHO MpHHANJIEeXKaTh HHTEpPBaJy HENPEepPHLIBHOCTH
KO3(p(PHIHEHTOB IOJHHOMA.

Ecnu ke npaBas uacTb ypaBHeHHs (1) ecTb NOJMHOM OTHOCH-
TEJbHO BCeX apryMeHTOB, TO BCe HayajbHble JaHHble MOXKHO
BbIGHPaTb NMPOH3BOJBHO.

MNMpumep 5. [das ypapHeHnus

"=yy"+yr—6x2 @1
CyuleCTBYeT €AHHCTBEHHOE€ pelleHHe, YyIOBJeTBOpsiolllee HavaJbHbIM YCJIOBHAM:
Y=Yo, Y¥'=y, Y'=y; npu x=xo, (32)

rae Xo, Yo, y’o, y’o’—npouaaonbuue 3afganubie yucia. Hanpumep, peuwelnem,

YIOBJETBOPAIOUNM HaYaJbHbIM YCJIOBUSIM
y=0, y'=0, y"=2 npn x=0, (33)
6yuer
y=x2 (34)
Jlpyrix peluenuii, yiOBJeTBOPSAIOIHX HayaJbHBIM YycjoBusaM (33), Her.

5. B samaue Kowmn yc:10BHSl, KOTOPBIM AOJKHO YAOBJETBOPATH
HUCKOMOE pellleHHe, 3afalOTC MPY OJAHOM H TOM XKe 3HAaYyeHHH
He3aBUCHMO# NMepeMeHHOH. B Teopuu auddepeHnnasbHbIX ypaBHe-
Hull 6o/bllIoe 3HauyeHHe MMeeT TakKe 3ajaya, B KOTOPDOH HCKOMas
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(yHKuHA (M ee MPOH3BOAHLIE) [O/NIKHA YAOBJETBOPATb HEKOTOPLIM
YCJIOBHAM Ha KOHI aX 3alaHHOTO MHTepBaJja, H HIIETCA pelle-
HHe, ONpeAe/JeHHOe BHYTPH 3TOro HHTepBania. Takas 3ajmaua
Ha3blBaeTCsl 2PAHuuHOLd WIM Kpaesol 3adaued, a YNOMSHYTbie
YCJIOBHSA — 2PAHUMHBIMU WIH KPACBLIMU YCAOBUAMU.

Mpumep 6. Haittn nurerpadbHyio &puByio ypasienns (17):
y'=-1,
riepecekaouyio oc Ox B Toukax x=—1 n x=1.

Hyxno HaiiTu pewenue ypasHenusa (17), ynoBaerBopsiioulee rpaHHYHBIM
YCHOBHAM:

y=0 npu x=—1; y=0 npu x=1. (335)
Bce pewennsi ypaBuenuss (17) cogepxarca B dopmyae (20). Ilonaras B Heit
cHayana x=—1, y=0, sarem x=1, y=0, noayuum:
1 1
O=——2—Ci+C2; 0='—"§‘+C1+CQ, (35)
1
otkyaa C;=0, C,= > TMoacrasasia HaiaenHble 3HaveHus C; u C» B ¢opmy-
ay (20), nafinem
x? + 1 37)
y=——+—
T T

2ra napa6ona (puc. 35) u ecTb HckoMas KpuBas. UacTb ee, COOTBeTCTByiolas
unrepsaty [—1, +1], saBaserca pewenuem rpanuunoi sagauu (17), (35).
Mpumep 7. Haiitu pewenne ypas-

HeHHs y
y”=6x, (38)

yI0BJ/IeTBOPSIOLIee TPAHHUHBIM YCIOBHAM!
y+y'=0 npu x=0;

y—y'=0 npu x=1. (39)

Bce peiuenuss ypasnenns (38) comep-

Katcs B Qopmyie /-.\
X

y=x3+Cix+C.,. (40) 0 7

BeiGiipast  3Hayenuss  TNPOH3BONBH:HIX
nocrosnibix Cy; u Cp Tak, uTOGBHI yaOBJE-
TBOpAJHCh YcaoBHA (39), NPUXOAHUM K CH-
cTeMe ypaBUeHHIl

C,+Cy=0; Puc. 35.
1+Cy+C:—3—-Cy=0, (41)
otkyna Cy=—2, C;=2, TaK 4TO HCKOMbIM pewenneM Oyxer
y=x3—2x+2 (0<{x{1). (42)

6. Onpenesenne o6ulero peueHns ypaBHenus y =f(x, y),
npuBejeHHoe B raase I, m. 7, pacnpocTpaHsercss Ha ypaBHeHHe n-T0
nops/iKa, paspelleHHOe OTHOCHTENbHO cTaplied mpousBoaHoH (1):

ym=f(x, y, v, ..., ym-n),
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Paccmorpum HekoTopylo o6aacte D H3MeHeHHS nepeMeHHbIX
X, 4, 4, ..., y* O B KaxKA0OK TOYKE KOTOPOH HMeeT MECTO Cylle-
CTBOBaHHE H €JHHCTBEHHOCTb pémieHHsi 3ajgaud Komn,

Onpenenenue PyHkuus

y=q)(", Ch CZ’ ce ey C‘I’L)’ (43)
onpeaeneHHass B HeKOTOPO# o06JacTH H3MEHEHHsl IepeMeHHBbIX
x, Cy, Co, ..., Cp M MMeOLLas HeNpepbiBHbIE YaCTHHE NMPOKW3BOAHbLIE

N0 X 10 NOpsiAKa n BKJIOYMTEJNbHO, Ha3biBAeTCS OOWyuM peuieruem
ypaBHeHus (1) B obsmactu D, ecau:
1) cucrema ypaBHeHHH .

y=(p(x7 Ci! Cz’ ceey C'n)v

y"—"cP,(x’ Cb C21 ceey Cﬂ)| (44)

ynD=qn-1 (x, Cy, C, ..., Cy)

paspemiiMa B o6sactH D OTHOCHTEJNbHO NIPOHU3BOJIbHBIX ITOCTOAH-

HbiX Cy, Co, ..., Cn, TaK 4TO MBI HME€EM
Ci=pi(x, 4, ¥, ..., yo0),
=1 ’ (n—1)
Fz P (x, AR AN ‘y". )., 45)

. . . .

Co=vYn(x, v, ¥, ..., yob);

2) dyukumus (43) sBasercs peumleHHeM ypaBHeHusa (1) mpu Bcex
3HAYEHHAX MPOH3BOJIbHBIX NMOCTOSIHHBIX, JOCTAaB/SAeMbIX GOpPMyJaMH
(45), xorma Touka (x, y, ¥, ..., y™ ) mpoGeraer obaactb D.

®opmyna obuiero pemwenus (43) comepxHT B ceGe BcCe pelle-
HMSl C Haya/lbHBIMH JaMHBIMH H3 obsaactH D. Kaxnaoe U3 HuX nosy-
yaercsi U3 ¢opMyJbl obuiero peieHns (43) NpH COOTBETCTBYIOLIHX
3HAYeHHAX NpPOM3BOJMBHBIX NoOCTOAHHBIX Cji, C,, ..., Cp,, KoTOpblE
ONpeNeAOTC U3 cHCTeMbl (44) mocse 3ameHn (X, y, ¥, ..., y»—")
HayaJbHBIMH JaHHBIMH pelleHus.!

OOuiee pellleHHe, 3aHCAHHOE B BHJeE

,-y='(P(xy Xo, Yo, ygy ce ey y(on-i))v (46)
rae Xo— (UKCHPOBAHHOE YHCJO, a BEeJIMYHHBl Yo, Uy, ..., YP= 0 —
HayaJbHble 3HAYEHHS HCKOMOH QYHKIHH Y H ee NPOH3BOLHBIX
Y, ..., Yy npu Xx==xo — HrpalOT PpoOJb NPOHU3BOJbHBH X

MOCTOS HHBI X, HasbiBaercsi obwum pewenuem 8 gopme Kowu.

i C péwennem 3agayn Komm npu noMown ¢opMynabl OGIIEro PelleHHs MH
00 CyLIeCTBY yXe BCTpeyajuce B n. 3 (npumep 3), u6o dopmyna (20), comep-
xamas B cebGe Bce pelieHHs ypaBHenus (17), sBjsiercs oOlIHM pelleHHEM 3TOTO
YypaBHeHHs B obsactH | x| <+oo, |y| <+o00, | ¥ ) <+oco.
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Ecan obuiee pemenne ypaBHenusi (1) 3amaHo B HesiBHOM BHIe
D(x,'y, Cy Co, ..., Cp)=0, (47)

’

TO OHO Ha3biBAaeTCs OOWUM UHTE2PAAOM 3TOTO yPaBHEHHS.
Ecan ¢yukuus (43), mamouas obliee pemeHve ypaBHeHus (1),
3ajJaHa B nmapaMeTPHYECKOM BHIe

x=(P(t, Ci, Cz, e ooy Cn); y=\l>(t, Cb CZ, ce ey C‘n)v (48)

To (48) HasbiBaercs obwyum peuenuem ypaBHenus (1) B napamer-
puueckoti ¢opme.

7. Pewenune y=y(x) ypaBueHus (l) Ha3blBaeTCs 4QCTHbIM, €CJH
B KaXX[10/ TOYKe ero COXpaHsercss eIHHCTBEHHOCTb pelleHHsl 3aja-
yn Koww, T, e. Kakyio 6bl TOUKy (Xo, y(Xo)) Ha pewIeHHH y=y(X)
HH B3fTb, He CylLlecTByeT [pYroro peieHusi y=y*(x), Koropoe
yAOBJIETBOPSJI0 Obl Haua/JbHBIM YCJIOBHAM

y*(x0) =y (%0), y* (x0) =y’ (%0), ..., y**D(x0) =y (xp).

B cayuae ypaBHeHHsI BTOpPOro MOpSiAKa 3TO O3HAyaer, YTO He
CylliecTByeT APYroifi MHTerpaJbHOH KpHBOM, KOTOpas NMpOxoauia Gbl
yepe3 TOUKY, Jiexallylo Ha KpHBOH y=y(x), u umMena Gnl 06u1yIO
C Hell KacaTeJbHYIO B 3TOil TOuKe.

Bcesikoe pemiense, nosywaiouieecss H3 obuiero pemieHusi (43) mpu
KOHKDETHbIX (JONMYCTHMBIX) YHCJOBBIX 3HAaYeHHAX MPOH3BOJIBbHBIX
noctositiHbiXx Cy, Cp, ..., Cp, ABASETCA YAaCTHBIM pelICHUEM.
Ilpn 3TOM He HCKIIOYAIOTCH H 3HAYeHHS] —=oo.

8. Pewenne y=y(x) HasbiBaercss 0cobbim, eCIH B KaXKAOH €ro
TOYKe HapylaeTcss eAMHCTBEHHOCTb pellleHHsi 3ajaun Komn.

Ecan npaBas 4actb ypaBHeHHs (1) siBjsieTcd NONHHOMOM
OTHOCHTEJIbHO BCEX apryMeHToB X, Y, ¥’, ..., Y™, To 3T0 ypaBHe-
HHe 3aBelOMO He HMeeT OCOObIX pelleHHH.

Oco6biMH pemieHHsIMH ypaBHeHusi (1):

y(">=f(x, y, y,’ ey y(n—i)),

npaBasi YacTh KOTOPOTrO HelmpepbiBHa B 00/1aCTH 3aJaHHSA H HMeeT
YacTHble NPOM3BOAHBIE MO Y, ¥, ..., Yy*~!, MOryr OHITb TOJbKO
Te KPUBblE, I/ KOTOPBIX BbIMOJHAETCA XOTb OJHO H3 PaBEHCTB

of of of

=00 —_— ==00 e —_— =00
ay ’ dy, ’ ’ ay(n_i) ’ (49)
TaKk uYTO B 3TOM CJiyuae KpHBble, MOAO3PHTeJbHble Ha ocoboe
pelieHHe, HaxoaATcss M3 AHG GepeHUHAJAbHbB X ypaBHeHHH.
Tak xak MOPAROK KaXKAOro W3 HHX He Bbille n—1, TO ypasHe-
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.

Hue (1) MoxeT HMeTb ceMeHCTBO OCOOLIX pelleHHH, 3aBHCALlee OT
NPOU3BOJIbHBIX NOCTOSIHHBIX, YHCJIO KOTOPbIX He NpeBblIaeT n—I1.

9. Ecau B mpoliecce HHTerpHpPOBaHHsA ypaBHeHHs (1) Mbl moay-
YHM COOTHOLIEHHe

O, y, Y, ...,y Cy, ..., Cp)=0, (50)

B KOTOpOe 00s13aTe/bHO BXOAAT NPOU3BOJAHas Nopsiika n—k u Bce k
[IPOU3BOJIbHBIX MOCTOSIHHBIX, TO TaKoe COOTHOIIeHHe OyneM Ha3blBaTh
npoOMENCYTOUHbIM UHTeeparom k-co nopsadka.

[MpomexXyTOuHBII HHTEerpas k-ro Nopsiika NpejCTaBjsieT CO00H
anubpdepeHnHanbHOEe ypaBHeHHUe nopsagka n—k. Janb-
Heiillee MHTErpHPOBAaHHE 3TOrO ypaBHEHHS (eCaH OHO BO3MOXKHO)
BBefeT ellle n—FK MPOU3BOJbHBIX IOCTOSHHBIX, H Mbl TOJYYHM
o6umuil HHTerpaa ypasHerus (1).

[TpoMexyTOYHBIH MHTErpaj BHIA

F(x, 9,4, ..., y»9, C;)=0 (51)

Ha3blBaeTCs nepsvim unTezparom ypaBHeHus (1).
3uanue k(1<<k<Cn) He3aBHCHMBIX MNEPBBIX HHTErpajoB naeT
BRO3MOXHOCTb NYTeM HCKJIIOYEHHS] H3 HHX NPOM3BOAHBIX Yy b, ...,
ym—h+) OHM3UTH MOPANOK AAHHOro ypaBHeHus (1) Ha k& emuHHL.
Ecay H3BeCTHO 1 He3aBHUCHMBIX IIePBbIX MHTErpajoB, TO, HCKJIO-
yasy U3 HHUX BCe MPOU3BOMAHBEIE, MOJYYHM OOGILHH HHTerpad
ypaBHeHus (1).

10. PaccMOTpUM YypaBHeHHe n-TO TOpPsSJKa, He paspelleHHOe
OTHOCHTEJIBHO CTapulell MPOM3BOLHOMN:

F(x,y, ¢, ..., ym)=0. (52)

B mpocrefiiem cayyae, KOrAa 3TO ypaBHEHHe YHACTCsl paspe-
WHTh (B 3J€MEeHTapHbIX (YHKIKHAX) OTHOCHTEJNbHO CTapilefl Mpo-
H3BOJHOH, MBbl NMOJYYHM OJHO HJH HECKONbKO ypaBHeHHH Buaa

ym=fr(x, y, ¢y, ..., yo ) (k=1, 2, ...), (53)

rie fr — BellleCTBeHHble (GYHKIHH OT CBOMX apTyMEHTOB, M HHTe-
rpupoBaHHe ypaBHeHHs (52) CBOAHTCH K HHTeTPHDOBAHHIO ypaBHe-
uuil (53).

3apnava Komu 151 ypaBHeHHs (52) cTaBHUTCA Tak Xe, KaK H AJs
ypaBHeHHs, pa3pelleHHOI0 OTHOCHTeJbHO y™). EnuHCTBeHHOCTB
pemenns 3agaud Kowmwwn ana ypaBHeHHs (52) ompepensiercss aHa-
JIOTHYHO €IVHCTBEHHOCTH pelleHMs 3amauyd KoM ajis ypaBHeRHs
HepBOTO NMOpsAAKa, He paspelieHHOr0 OTHOCHTEJNbHO NMPOU3BOIHOA.
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Teopema cyulecTBOBaHHS M €JUHCTBEHHOCTH peINEHHs 3afauu
Kowmn, npuBenenHass B raase II, m. 4, nerko mepeHocuTcs ¥ Ha
ypaBHehne (52).

Teopewma. [Ipednoaosxum, uto sesas uacte ypasrnenus (52)
YyB0084eTBOPAET CACOYOUUM TPEeM YCAOBUAM:

1) @pynxyua F(x, y, ¢, ..., y™) onpedesena u HenpepviBHa
BMeECTe CO CBOUMU YACTHOLIMU npoussoaubmu 8 HEKOTOPOU 3AMKHY-
TOd OKPeCcTHOCTU To4KU (Xo, Yo, Yy, - - - (m);

2) @ynryus F 6 Touke (Xo, Yo, Yy, «- -, Y) o6pau§aerc,<z 8 Hy./lb

F (%o, Yo, ¥y ..., ym)=0; (54)

3) npoussodrnas F’ 6 3Tol TO4Ke He pasHa HYAO.

y(n)
Toeda cywiecrsyer eQuHCT8EeHHOE peuwlerue

y=y(x) (55)

ypasHenus (52), onpedesernoe 1 n pas HenpepvidHO Ouppeperyu-
pyemoe 8 HeKOTOPOU OKPeCTHOCTU TO4KU Y=o, ydosaergopsioujee
HAUQNbHOIM YCAOBUAM:

Y =1, y’=y'0, ey y(n—i)=y(0n—1) npu x==x,, (56)
u TaKoe, 4To
§ (x0) = . (57)

Pemenne y=y(x) ypaBHeHHA (52) Ha2LIBaeTCS H4ACTHOLIM HJIH
0co6bim, ecii B KaXIOH TOUKe ero COOTBETCTBEHHO COXp aHs e T-
cf WHIM HapywaeTcss eIHHCTBGCHHOCTDb pelleHHs 3a-
naun Kouin.

W3 npuBeneHHON Bblllle TeOpeMbl ClEAYeT, YTO eCJIi JeBas 4acTb
ypaBHenus (52) onpeneneHa H HempepbiBHO AH(depeHHHpyeMa IO
BCeM apryMeHTaM, TO OCOObLIMH DEIIeHHSIMH MOTYT OBITb TOJNBKO Te
KpPHBble, B TOUKAaX KOTOPLIX BBIMOJHSIOTCH COOTHOIIEHHS:

oF

TaK 4TO 3TH KpHBble SBJSAIOTCS pPelleHHAMH IH(QepeHLHATbHOrO
ypaBHeHHs, NOPAJOK KOTOPOro He MPeBOCXOMHT n—I].

3ajaua HHTETPHPOBAHHS YpaBHeHHs n-ro nopsaka (kKak paspe-
LIEHHOTO, TaK H He pa3pellleHHOro OTHOCHTENbHO CTaplied mpo-
H3BOAHON) B HEKOTOPHIX CJyyasx MoOXeT ObITb paspelieHa NOyTeM
[OHUKEHUs NOpsSfiKa ero (IpH NOMOILH COOTBETCTBYIOIIHX 3aMeH
HCKOMOH (YHKUMH H He3aBHCHMOH IepeMeHHOH), ecJH MOJydyeHHOe
ypaBHeHHe YHaeTcs NPOMHTEIrPHPObATb B KOHEUHOM BHJe.
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§ 2. YPABHEHNA, UHTETPUPYEMBIE B KBAJIPATYPAX,
H YPABHEHUA, JOIIYCRAIOIIME INOHMKEHME IIOPATRA

11. Ecan ypaBHeHHe n-TO MOpsiAKa CONEPXKHT TOJbKO X H Y™
H paspelleHn OTHOCHTEJNBHO Y™, T, e,

ym==f(x), (1)

npuueMm f(x) HenmpepbiBHa B HHTepBase (a, b), TO, HHTerpHpys
ypaBHernHe (1) mocjegoBaTesbHO n pa3s; MOJYYHM

y=ff...ff(x)dxdx cow dx4Couxn—14-Coxn24 ... 4+

n pas
4 Cpoyx4-Ch. 2)

dra dopmyna comepKHT B cebe Bce pelleHus ypaBHenus (1)
H siBasieTcl OO HM pelieHHeM ero B 06jaciu

a<x<<b, |y|<4oo, |V |<Hoo, ..., |y Y|t (3)

YpaBHenve (1) MMeeT elMHCTBEHHOe pelleHHe y=y(x), yHOB-
JIeTBOpsiollee Haya/bHbIM YCJIOBHAM:

Y=y, Y=y, ..., Yo V=yrh npu x=-x, (4)

rae 4ucaa Yo, yo, .. y(" ) MOXHO 3ajaBaTh COBepLIEHHO npo-

H3BOJLHO, a YHCJAO Xp AOJIKHO MpHHAAJIeXaTb HHTepBaay (a, b)
310 pelneHde 6yaeT onpefesieHO0 H n pa3 HempepbiBHO AuddepeH-
uHpyeMo BO BceM HHTepsajde (a, b) (mouemy?). OHO MOXeT GbITH
noJiyyeHo u3 ¢opMyanl (2) npu cOOTBeTCTBYIOLeM Bbibope 3Haue-
HHMHl NpPOH3BOJbHLIX MOCTOSHEBIX Cy, Ci, ..., Ch.

3To Ke pelleHHe MOXKHO HAHTH, HHTETPHPYS NOC/IeL0BaTeabHO
n pa3 ypaBHeHHe (1) B mpejesiax OT Xp A0 X M NPHHHMas BO BHHU-
MaHHe HayaJbHble ycaoBusa (4). IToayunm

y= ff ff(x)dxdx coodx—T—— y(n-—i) (x—x0) "1+

XoXo  ®0 ( ])!
n paa
y(n-z)
+ gyt TR () e (5)
Tak Kak
1 f. .
x;’;[ ff(x)dxdx =T [(8) (x—t)»-tdt  (6)

n paa
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(mouemy?), To pemenne (5) MOXHO NMepemucaTh B BHAe (GOPMYJIbI,
cozepakalleil TOIbKO O AHY KBaaparypy:

(n—1)

n—1 Yo n—1
Vi l),f 10 ety dep 2 i
(n—2)
P s ) (D)

B uactHocTH, peuieHHeM ypaBHeHHA (1) ¢ HyJeBHIMH Ha-
YasibHbIMH 3HAaYEHUSMH HCKOMOH (YHKIHH H ee HPOU3BOAHBIX,
T. €. pellleHHeM, YJAOBJETBOPAIOIIUM HAuaJbHbIM YCJIOBHAM:

y=0, y'=0, ..., y» V=0 npu x==xo, (8)

6yner
o= gy [ ©)
Ecau B dopmyane (7) CYHTATh Yo, Y7, ..., YO~ MpPOH3BOIB-

HEHMH MNOCTOSHHB MH YHCJaMH, TO OHa facT oGuiee pe-
meHune ypaBHeHHs (1) B obmactu (3) B dopMme Komu.

3aMeTHM, UYTO Uil HAaXOXAEHHS OOLIero pelleHHsl ypaBHEHHd
(1) moctaToyHO 3HATb OJHO YacCTHOe pelleHHe ero. B camom nene,
HyCTb Y1 — 4YaCTHOe pellieHHe ypaBHeHHs1 (l), Tak 4TO HMeeT MecTo
TOXLECTBO

y(iﬂ)zf(x) (a<<x<b). (10)

IMonoxum y=yi1+2, rTAe 2z — HOBas HeH3BeCTHasi (YHKIHS.
Torna ypaBrenue (1) B cuay (10) npumer Bum 2™=0. OGuiuM
pellieHHeM 3TOro ypaBHEHHS Gyner

2=Cyx" 14 Coxn2+ ., . +Cphyx+Cy. (1 l)
CuieioBaTebHO,
y=y1+C1x"‘i—|—sz"_2+ PR +Cn—-1x+Cn. (12)

310 ectb ofuiee pemeHde ypaBHeHuss (1). B wacrHoctH, 06uum
pemiennem ypaBHenus (1) Oynmer

y= (n_l—l)—' xf f(t) (x—t) "=t dt+4Cixn—t4-Coxn—24 .. . +

+Crn1x+Ch. (12)
PaccMoTpuM ypaBHeHHe BHAA
F(x, ym™)=0. (13)
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Ecnn OHO paspeliiMO OTHOCHTENbHO y™):
ym=fr(x) (k=1, 2, 3, ..., (14)

TO, NPOHHTEIPHPOBAB Bce ypaBHeHus (14), mosyuum obujuil uxte-
epaa ypaBHeHus (13).

[MpeanonoxuM, uyto ypasHeHue (13) He paspelluMO OTHOCH-
TeabHO Y™, HO AONYCKaeT NMapaMeTpHYeCKoe MpeACTaBJeHHe:

x=q(8); ym=yp(?). (15)
Torzma, NOJB3YsSCh COOTHCIIEHHEM »
dyn—H=ymdx, (16)
noay4yaem
dym=b=1y(t) ¢’ (¢)dt, (17)
OTKyZa
yov= [ p(O)g (hat+Ci=wi(t, Cv). (18)
AnajoruuHO HaifiieM Bblpa)keHHe Agas y»—2, ..., y’, y, Tak 4TO
x=0(t); y=vpa(t, Ci, Cy ..., Cp). (19)

Sty ypaBHeHus OyleM Ha3blBaTb 00wum peuleruem ypaBHenus (13)
8 napamerpuieckol gopme.

12. YpaBHenue, He COAeprKalllee HCKCMOH (YHKUHH, H ypaBHe-
HHMe, He CcOJepxailee HCKOMOH (YHKIHH H MOC/JeJ0BaTeabHbIX
nepBbIX MPOH3BOAHBIX, HMEKT CACAYIOWNHA OOIMA BHA:

F(x, yw, gt ym)=0 (1<<k<<n). (20)
STo0 ypaBHeHHe [OMyCKaeT NMOHM)KEeHHe MOpSAKAa Ha Rk eqHHHL
npu MOMOLUH BBe[leHHsl HOBOH HCKOMO#H (QYHKUHMH Z 10 dopMmy.e
ym=z, (21)
IMonyuaem
F(x, 2, 2, ..., 2nR) =0, (22)

npeI.UIOJIO}KHM, YTO 3TO ypaBH€HHE€ HHTErpHpyeTrcsd B KOHEYHOM
BHAC H

z=q>(x, Cj, Cz, ey Cn—h) (23)
ecTb obliee peuieine 3TOro ypaBHEHHS. Torna
y("):(p(x, Ci, Cz, ceey Cn—k) . (24)

WnTerpHpysi 3TO YypaBHeHHe, HalleM o6wjee pewienue JaHHOTO
ypasnenus (20).

Oco6biM pellleHHsIM ypaBHeHHs (22) cooTBeTcTBYIOT 0coG6 bl e
pelenusi ypashenus (20).
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13. YpaBHeHHe, He cOfeprKalllee He3aBHCHMOH MepeMeHHOH X:
F(y,y,y", ..., y™)=0 (25)

JIONyCKaeT MOHHXKeHHe NMOpsAJAKa Ha €AWHHIY, €CJH BBECTH BMECTO Y
HOBYI HEH3BeCTHYIO (PYHKIHIO 2, MOJIOXKHB

y'=z, (26)
4 NPHMHATb y 3a He3aBHCHMYIO NepPeMEeHHYI0, TaK 4TO
2=2(y). (@7)
HeiicTBuTenbHO, Bbipaxas y', y”, ..., y™ yepe3 2z H NPOHU3BOI-
Hble OT Z MO Y, UMeeM:
Y=z,
, 4ay dz dz dy dz
V=i T T dy T dy”
d_4d .,
dx dy (28)
dy” d (dz d2z dz\?
V= a T @(@2)'24@”(@) J-=
dz d2z dr-1z
y‘"’=m(z, a7 d W)
IMoacrasasis (28) B (25), monyunM ypaBHeHHe (n—1)-ro no\?
pAdKa:
F[y, 2,%2, e, m(z, gyz, ...,i—ny;_—z:-)]=0. (29)
[Ipennonoxum, 4To
2=@(y, Cy, Co, ..., Cyp) (30)
ecTb oOulee penteHue ypaBHeHHs (64). Toraa
Y =¢(y, Cy, Cs, ..., Cny), (31)
OTKyZa i
\ 9@ C Co . Cod) =dx (p=0?). (32)

1 9ra cuMBoaHuYecKkas ¢opMmyja TOBOPUT O TOM, UYTO MAJis HaXOXKAe-
BHSI IPOM3BOLHOM OT i1€KOTOPOIl (YHKUHH MO X HYXHO HAHTH MPOU3BOAHYIO IO Y
M YMHOXHTb MOCAEAHIOI Ha 2.
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Hurerpupys, HaxoAuM

dy
fq)(y’ C" CZ) cee, C‘n.—i) _“x-l_CTLy (33)

T. €. 06wl unreepas ypasrenus (25).

Oco6ble penleHHss ypaBHeHHs: (29) MOryT NPHBECTH B CHJy MOJ-
craHoBKH (26) Kk oco6 b M pemeHHsiM ypaBHeHHsi (25).

Kpome TOro, BO3MOXKHBIMH OCOOBI MU pemieHHAMH OyRyT
npsiMmble BUAA y=~>, KOTOpble MOIJIM NMOTEepsTb, MPHHHUMas Y 3a He-
3aBHCHMYIO nepeMeHHYyl0. PaBeHcTBO =0 MOXKeT NIpHBECTH K OCO-
ObIM pelieHHsIM TOro e BuAa. Pemenus Bujga y=»>b HaxomaTcs
HemocpeJCTBEHHO INOACTaHOBKOH y=b B ypaBHeHue (25). Ecau
ypaBHeHHe

F(b, 0,0, ..., 0=0 (34)

HMeeT BellleCTBeHHble pellleHHs, TO COOTBETCTBYIOLIME HM INpsSMble
y=>b Gynmyt peuieHHsiMH ypaBHeHHs (25). OcraeTcs TOJBKO IPO-
BepUTb, He OYAYT JH 3TH pelleHHsT OCOOBIMH.
14. YpaBHeHHe
F(x,y, ¢, ..., y™)=0, (38)

B KOTOPOM JieBasi 4acTb SIBJ€TCS OAHOPOAHOM (YHKLHEH OTHOCH-
TEeNbHO Y, Y/, ..., Y™, T. e.

F(x, ty, ty', ..., tym)=tmF(x, y, v/, ..., y™),  (36)
JAONYCKAET MNOHHXKEHHEe IopsiiKa Ha e€IWHHIY IpH NOMOIIH IOA-
CTaHOBKH

y'=yz, (37)

rae 2==z(x) ecTb HOBas Heu3BeCTHas (PyHKUHSA.
B camom pnene, nudbdepenuupysi nociegosatenbHo (37) u 3a-
MeHSil KaXIblH pa3 y’ Ha yz, HaXOQuM:

y,,=y/z_|_y21=y(22+21) ,
Y =y (B422') +y(222'+2") =y (284322’ +2"), (38)
Y=y (Z, 2, ..., z(n—i)).

ITosTomy, BeiNONHASE B ypaBHeHKH (35) MoAcTaHoBKY (37) u moJb-
3ysCh NPeANoJIOXKeHHOH OLHOPOAHOCTbIO GYHKUHH F, moaydyum

ymFlx, 1, 2, 2242, ..., 0(z, 2, ..., 22D) ] =0. (39)
Cokpaujasi Ha y™, HaxXOAHM ypaBHeHHe (n—1)-ro nopsnka:
Flx, 1,2 24+2, ..., 02, 2, ..., 27 0)]=0 (ym=0?). (40)
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Iyctb
2=@(x, Cy, Co, ..., Cny) (41)
ecTb o6ulee pemeHHe ypaBHeHus (8Y9). Toraa
Y=e(x, Cy, Co, ..., Cpn)y. (42)

HHTerprﬂ 3T0 OAHOPOAHOE JIHHE HHOe€ YPaBHE€HHE, MO-
JIYUYHM
f@(x, C,Cy ..., Cn—i)dx

y=Cpe (43)

T. e. obujee pewerue ypaBHeHHs (3D).
YpaBHenue y™=0 He NPHBOAHT K OCOOLIM pelIeHHAM (MoyeMy?).
Oco6ble pemennsi ypaBHeHuss (40) MoryT nmpuBeCTH K 0C 0 6 bl M
pellleBHsiM ypaBHeHHs (35).
15. ¥YpaBHenue

Fx,y, ¢, ..., ym) =0 (44)

Ha3blBaeTcsi 0000ujeHHbiM OOHOPOOHbBIM, €ClIK CyLIeCTBYeT TaKoe
NOCTOSIHHOE BellleCTBEHHOe YHCJO k, YTO JeBas 4acTb 3TOr0 ypas-
HEHHs CTaHOBHTCS OJHOPOJHOH (YyHKUHeH HEKOTOPOH CcTeleHu m
OTHOCHTE/IbHO BC€X apryMeHTOB NpH YCJIOBHH, 4YTO X, Y, Y, ..., Y™
‘CYUTAIQTCS BeJIMYHHAMH COOTBEeTCTBeHHO l-ro, k-ro, (k—1)-ro, ...,
(k—n)-ro u3amepeHuit, Tak 4To NpH BCeX { BBHIMNOJHSETCA TOXKAECTBO

F(tx, try, try’, ..., thym)y =t F(x, y, ¥, ..., y™). (45)

DTo ypaBHeHHe NONYyCKaeT MOHHKEHHe NOPsSAKAa Ha eXMHHLY, HGO
[pH NOMOLIX 3aMeHbl He3aBHCHMOH MepeMeHHOH X H HeH3BeCTHOH
¢yHKUHH y 10 popMyaam:

x=et, y=—2zekt, (46)

rae ! — HoBas He3aBHCHMas NepeMeHHas, a 2 — HOBasl HeH3BeCTHad
¢byHKIHS, 2=2 (), OHO MPHBOJAUTCA K YPaBHEHHIO, He COLepXKaLIeMy
He3aBUCHMOH NepeMeHHOH 1.

Ilpexxne uem BbIMONMHATHL B ypaBHeHHH (44) noacraHoBky (46),
BbIpa3¥MM MPOH3BOAHbIE OT Y MO X yepe3 NPOH3BOAHBIE OT 2 IO f.
Jns 3Toro ycraHoBHMM cCHauyaJja CBsI3b MeXAy NPOH3BOAHOMH J11060ii
GYHKUHH w=w (X) 1O X W NPOH3BOAHON W MO f, 3aMeHHB X yepe3 ¢
110 popmyne x=et. [Tonyuaem

dg dw dt dw 1 dw 1 dw

—_ —_————— = —— — = —— — = — t
dx = di dx di dx df e — dr ¢
dt
TAaK 4TO
dw dw

S—="et, (47)



100 Ta. 111, ¥Ypasuenus soicuiux nopsadkos

Takum o6pa3oM, As1s ompejeseHHs] TPOH3BOAHON OT (YHKUHH W
1o x (x=e!) HYXHO HaWTH NPOM3BOJAHYIO OT W MO ! U YMHOXKHTb
ee Ha e~t. DTO MPaBHJO MOXKHO 3alHCaTh CHMBOJIHYECKH TaK:

d d
- = —p—t
dx ~di© (48)
[Tonb3ysicb 3THM NpaBHJIOM, BBIPA3HM MNPOH3BOJHBIE OT Yy MO X
yepe3 NPOH3BOJHbIE OT Z MO I:
dy dy d ( dz ) )
r— 7 _ kt)p—t — ( == pht kt) p—t —
L T A (zekt)e PTa +kzelt) e

dz )
=\ — (k—1)t
( T +kz ) et
dz
r— =2 1k ) (R—1)t.
y—(dtlze ’ L (49)

dy' dy
w9 _ 79 — —_ (R—2)t -
yr=t=L e [dt2+<2k ])dt+k(k 1)z |etor;

(m-—m(z dz dz d"z)e(h_n)t
= dt de’ T din '

Beinonnss Tenepp B ypaBHeHHH (44) moacranoBky (46) u 3a-
MeHsia Y/, ..., Y™ HalJeHHbBIMH HX BBIPAXKEHHSIMH Uepe3 z2,
dz drz
qp v g cornacHo ¢opmynam (49), nonyuum:

dz
F [et, zekt, ( o -{-kz) ek—1t,

dz d”z)
Ze T2 ) et-mit | =0.
m(z, a7 ) e g ] 0 (50)

Bocnosb3yemcsa toxaectBoM (45), B3AB B KauecTBe ! QyHKuUIO !

dz ( dz drz )
mt J< R - . —_
ent Pl 1,2 ke, o2 S S )] =00 61
Coxpalias Ha e™, npuieM K ypaBHEHHIO
dz ( dz dnz )
F[l, Z,E-i-kz,..., ® Z’E".‘,W]_O‘ (52)

310 ypaBHeHHe He COJEPXKHMT He3aBUCHMOH mnepemeHHoH f. OHO
IONYyCKaeT IOHMXKeHHe MOopsAJAKa Ha eJHHHIy, corjacHo m. 13.
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Ecnu, ucnonb3ysi 3TO MOHHXKEHHe Mopsiaka (MM MOHMXKAas IO-
PALOK JPYTHM cmoco60M), YAAacTcs IPOUHTErpHPOBAaTh YpaBHe-
HHe (52) B 3neMeHTapHbIX (YHKUHAX, TO, BO3Bpallaschb K Iepe-
MEHHBIM X U Y TI0 popMyJsaM:

t=Inx, 2= i,
xk

(53)

NOJYyYuM, YTC ypaBHeHHe (44) Toxe OyleT NPOHHTErPHPOBAHO
B 3JIeMEHTapHbIX (QYHKLHUAX.

HMHorna ypasHenne (52) uHTerpupyercsi U 6e3 INpeLBapHTEb-
HOTO TMOHHKEHHS MOopsilKa.

Korpa k=0, noacraHoBka (46) npuHUMaeTr BUR
x=et, y=z, (54)

TaK YTO MO CYLIECTBY €0 CBOAMTCH TOJbKO K 3aMeHe He3aBHCHMOM
nepeMeHHOH X:

x=ét, (55)

IIpun 5TOM NpOM3BOJAHBIE OT Yy NO X BLIPA3ATCS Yepe3 MNPOU3-
BOAHBIE OT y MO ! CAeAylOUYMH hopMynaMu:

,__dy

="

o (&Y _dy ) o

Y _(dtz il (56)
dy dZy’ dny) )

() = &4 2y ~nt,

Y “’(y' ar ag 0 dm )¢

Boinoauus B ypaBHenuu (44) mnonpcraHoBky (b55) u cokpatus
o6e yacTH IOJIYYEHHOTO ypaBHEHUsi Ha e™!, NpHAeM K ypaBHEHHIO,
He cojepiKallleMy He3aBHCHMOH INepeMeHHOH f, Tocje HHTErpHpo-
BaHHsl KOTOPOTO HYJKHO 3aMeHHTb ! Ha Inx.

HaxoHen, MOXKeT 0KasaTbCsi, YTO NPHUTrOJHO Ji060e uHCIO kK.
B stoMm cayuae GepyT k=0, T. e. meJaloT NMOACTaHOBKY (55).

16. Ecsav neBasi yacTb ypaBHEHHS

F(x, 9,9, ..., y™)=0 (87)

ABJNSETCA TOYHOM MPOM3BOAHOI OT HEKOTOPOH (YHKLUHH NepeMeH-
HHIX X, Y, ¥, ..., Yy~ b:

]
F()C, !/» y” L] y(ﬂ)): 5’6 (D(X, y’ yl’ trt y(n_i))’ (58)

TO OHO Ha3bIBAETCH YPABHEHUEM 8 TOUHbLLX npouseodubtx.
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CooTHolIeHHe
@, Y Y, ..., Yo 0)=C, (59)

6yner mepBbHIM HHTEerpaJom ypasHeHus (57).

Ecnu ypaBHeHHne (57) He sAB/IsieTCS ypaBHeHHEM B TOYHBIX NPO-
H3BOJHBIX, TO BO MHOTHX CJyYasix ylaeTcs NPHUBECTH 3TO ypaBHeHHe
K YpaBHEHHIO B TOYHBIX MPOH3BOJAHBIX MyTeM YMHOXEHHS JIeBOH

YacTH €ro. Ha COOTBeTcTByMOILyl0 ¢yHKuMoO pu=pn(x, y, ¢y, ...,
y=) — unreepupyrouul muoxcuresy ypasHenus (57), Tak 4Tto
do
F=—.
p Ix (60)

Tak ke Kak H B cjiyuae ypaBHEHHUsI NepBOro nmopsigka, obpatie-
HHe . B GECKOHEYHOCTb HJIH B HYJb MOXKET NMPHBECTH COOTBETCTBEH-
HO K CcOOBbIM M MOCTOPOHHUM pelieHHsM ypaBHeHHs (165).

§ 3. BAJAYUN

MartBeeB. COopuvk 3amay, Ne 521, 523, 525—527, 529,
531—533, 536, 537, 542, 543, 546, 548, 551—554, 557, 558,
560—565, 567, 569.



T'xasa IV

CHCTEMbI OBBIKHOBEHHBIX JHOPOEPEHIMAJBHbLIX
YPABHEHUIN

COXEPKAHUE
§ 1. HOPMAJIBHBIE CHCTEMbBI THOOEPEHIMAJBHBIX YPABHEHHI

1. HopmanbHas cucTeMa u ee pemieHne. 2. I'eomeTpuueckoe
U MeXaHHYeCKOe HCTOJIKOBaHHe HOPMaJsibHOH cHcTeMbl. 3. 3agaua
Kown. 4. JlocTaToyHOoe YCJIOBHe CYLIeCTBOBaHMs peLIeHHS 3alauH
Kown. 5. locTaToyHble yCJOBHSA CyLIeCTBOBAaHHA M €IMHCTBEHHOCTH
peulenns 3afaaun Kowu. 6. O6uiee pemenue. 7. YacTHoe pelrenue.
8. Oco6oe pemenue. 9. Murterpansl H nepsble HHTErpajbl HOpMaJb-
‘HO# cHcteMbl. O6uuii unterpan. 10. Uucno He3aBHCHMBIX HHTerpa-
J0B (mepBbix MHTerpajoB). 11. IlonnkeHne nmopsiaka cuCTeMbl NpH
IOMOIIH M3BECTHbIX NepBbIX HHTerpajos. 12. [lpuBenenne ypasue-
HHfl 7n-TO NOPSiAKa K HOPMAaJbHOH CHCTeMe n ypaBHEHHH MepBOro
nopsiika H obpartho. 13. Kanonnueckas cucrema auddepennuans-
'HeIX ypaBHeHuH. [IpuBesieHne ee K HOpPMaJ/IbHOH cHCTeMe.

§ 2. CHCTEMbBI TUOOEPEHINAJBHBIX YPABHEHUN
B CHMMETPHYECKO ®OPME

14. TlonsaTHe o0 cucreMe ypaBHeHHH B CHMMeTpPHuYeckoi dopme.
IlpuBenenHe HOPMAJbHOH CHCTEMBI K CHCTeMe B CHMMETPHUYECKOH
dopme. 15. Mnrerpanbi, nmepsBbie HMHTErpaibl M OGIIHA HHTErpas
cucrembl A depeHnrHanbHbiX ypaBHEeHHH B CHMMeTpHYeCKo# dopme.
16. CBsisb MexXJ1y aBTOHOMHOH CHCTEMOH M COOTBETCTBYIOLLEH e
CHCTEMOH B CHMMETDHUECKOH ¢opme.

§ 3. OBHIUE METOJbI WHTETrPHMPOBAHHA CHCTEM YPABHEHWMN

17. HenocpencTBeHHOE M MOC/AE0BATEbHOE HHTETPUPOBAHHeE.
18. Meroan uck/ouenus. 19. Mnrerpupyemeie komOGHHaAUMH.

§ 4. 3AJIAYH
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JUTEPATYPA

OcHoBHAA

MarTBeeB. Meroas uHTerpuposanus, ra. 1V, nm 101—117.
Crenmanos, ra VII, § 1, 4, 5.
dabcroaby, ra I, § 1-3.

JlonoiHATEAbHAA

Merposckuii, ra. IV, § 28, 29.
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§ 1. HOPMAJIBHBIE CHCTEMbI AUO®O®EPEHIUAJIBHBIX YPABHEHHN

1. Ecain cucrema n auddepeHuHaNbHBIX ypaBHeHHH INepBOro
nopsiika ¢ n HeH3BECTHBIMH (PYHKUHSIMH Yi, Yo, ..., Yn OT He3aBH-
CHUMOH NepeMeHHOH X paspellleHa OTHOCHTE/JbHO NMPOH3BOAHBIX 3THX
GYHKUHHA, TO OHA Ha3blBAeTCS] HOPMAALHOL CUCTEMOL W MMeeT cJje-
AYIOIIMHA BHA:

d
% =f1(xy Y, Yy ..., y’n))
dyz
—E_—"fZ(xy Y, Yo ..., yn)) ¥ (l)
dy
(;:l =fﬁ(x7 Y, Yoy oo oy yn)
U
d
Sk, g g s yn) (B=12, 0 (D)
3}1er fﬂ, fz, ey fn—H3BeCTHble q)yHKU.HH n+l HEe3aBHCHMBbIX

nepeMeHHBIX, OTHOCHTeJIBHO KOTOPBIX Mbl OyleM MpednosiaraTh, YTo

OHH oOmpeleseHbl H HeNpepblBHbI B paccMaTpuBaeMoil 06J1acTH.

Uncno ypaBHeHu#l cucremnl (1) HasblBaeTcs ee nNOpioKoM.
-Cucremy (1) MoxHO 3anycaTh B BeKTOPHOU (opMe, eciv BBeCTH

B pacCMOTpeHHe HEH3BECTHBIH BEKTOP Y, COCTaBJSIOLIUMH KOTOPOTO
ABJISIIOTCS HCKOMble OYHKLUHH Y1, Y2, - - ., Yn'

y= {!/1, Y2, ..., yn}, (2)
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H BekTop f(%, Y), cocTaBasIOLIle KOTOPOro CyTh H3BECTHHIE (PYHK-
uuu fy, fa, ..., fn, CTOSIIME B OpPaBBIX YacTsiXx cucteMbl (1):

Tt ) ={Fu for v I} (3)
OnpeenuB NPOM3BOAHYIO OT BEKTOPA § KAK BEKTOP, Y KOTOPOTO
KaXK[ass COCTABJAKIIAA eCThb NPOM3BOAHAS COOTBETCTBYIOUIEH CO-
CTaBJsIoOLEed BEKTopa y_
dy _{dyx dys dyn} (4)
de  Udx’ dx’ 7 dx )’

MOXHO nepenucatb cuctemy (1) B caenymwouleii 8ekropHnoid ¢opue:

dy + -
2 =1 9). ()

Ecnn npabble yactd cucteMbl (1) He 3aBHCAT OT Le3aBHCHMOH
nepeMeHHOH X:

dy,
Tx —fi(yi) Yz, ..., y‘n)7
dyz
Tax TR gn ), ©)
dyn,
d_x— —fn(yi, Yz, ..., yn),

TO TaKasi CHCTeMa Ha3biBaeTCs A8TOHOMHOU (CTAYUOHAPHOL).
ABTOHOMHas cucreMa (6) 3amHcChIBaeTcsi B BeKTOPHOH (opme
Tak:

dy — —
7 1) (7

Pewenuem cucrembl (1) B uHTepBase (a, b) Ha3blBaercs COBO-
KYTHOCTb 1 (YyHKLUHI

Yi=y1(x), Ya=y2(%), ..., Ya="Yn(x), (8)

OTNpeleseHHbIX U HenpepblBHO AU(GdepeHUHpyeMbIX B 3TOM HHTEp-
Bajie M oOpallaloliuX Bce ypaBHeHHs cHCTeMbl (1) B ToxzaecTBa,
crnpaBei/iHBbie [/ BCeX 3HaueHWil x u3 (a, b).
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. Pewenue sexroprozo ypasnenus (5), COOTBETCTBYIOIETO CH-
creme (1), onpenessiercsi KaK BeKTO P

y=y(¥) 9
C COCTaBJ/IAILUMH :
y1(x), y2(x), ..., Y (%), (10)
obpallalllHil BeKTOpHOe ypaBHeHHe (5) B TOXIECTBO
dy(x) =, -
) i g0 (a<r<h). (11)
2. KpuBas B (n-1)-mepHOM mpocTpaHCTBe (X, Y1, Y2, -- -, Yn)»

COOTBETCTBYWOLLAA pelieHHIO (8), HAa3bIBaeTC UHTE2PAAbHOU Kpu-
god ypaBHeHHs (1). Ona obsagmaer TeM CBOHCTBOM, YTO Hampas-
JISIOLI[He KOCHHYCBI KacaTeJbHOH K Hell NMPOMOpUHOHAJbHBI yHucay |
W 3HaueHHWSIM NpaBbIX yacreiél cucteMbl (1) B Touke kacauus (mo-
yemy?).

Ecan uepe3 kaxaywo TOuky (X, Y1, Y2, ..., Yn), B KOTOpPOH
3aflaHbl NpaBble YacTH cHcTeMbl (1), mpoBecTH OTpe3ok, Hampas-
JISIIOLIIHE KOCHHYCHI KOTOPOTO MpPOMOpPLHMOHAbHBL yucaaM 1, fi(x, yi,
Yz ooy Yn)y ooy [n(%, Y1, Y2, ..., Yn), TO TOJNYUHM nOAE HANPAB-
..wHMUL, Hajaya HHTeTPHpPOBaHHs cHcTeMbl (1) COCTOHT, TakuM 00-
pasoM, B TOM, 4ToObl MO 3TOMY IIOJII0O HaNpaBJeHHH HaHTH HHTe-
rpaJjbHble KpHBLIE,

Uro6bl 1aTh MeXxaHHYECKOe HCTOJIKOBaHHE HOPMaJ/bHOH CHCTEMbI,
PACCMOTPHM CHCTeMY BHAA

dx

d_;':Xi(t, X1, Xay + .., Xn),

dXz .

_dt =X2(t, X1, X2, ..., z\n)v (12)

den .

dt =X, (t, X1, X2, ..., Xn)

HJIn

dx =, —
= = . 13
2 =Xt x); (13)

[*={x,, X2, «oey xn}, )_((t, ;)={X1, Xz, ceey Xn}] ’

Tle He3apHCcHMasi TepeMeHHast — BpeMs f, a HCKOMble (YHKUUH
X1, X2, ..., Xn — KOODAMHAThl TOYKH N-MEPHOro MPOCTPAHCTBA.
3710 MPOCTPAHCTBO HA3LIBAETCH (PA30BHIM,
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Jns chucTeMbl IBYX ypaBHeHHH

dx dy
— =X(¢ i — =Y
4 =X x oy o =Y 5 0) (14)
poJb (a30BOro NMPOCTPAaHCTBA HIPAeT MNJAOCKOCTH (X, y), KO-
TOpas HasbiBaeTcs (ha3080U NAOCKOCTHHO.
Bcesikoe peltenne

x1=x1(t), X2=x2(8), ..., Xn=xn({) (15)
chicreMbl (12) npexcraBisier co60if HEKOTOPLIE 3aKOH 1 BH X e-
Husa TOYKH M (X1, X3, ..., X,) B (a30BOM NpPOCTPAHCTBe H Ha-

3biBaeTcsl Ogusceruem, onpeiensieMblM cHcreMoir (12), a myTh,
onuchiBaeMbiit Toukol M B pa3oBoM nmpocTtpaHcTBe (Ha
da3o0BO#l MNAOCKOCTH),— TPAeKTOpueld STOTO JBHXKEHHUS.
YpaBHeHHA [BH)KeHHa (15) sBjfAlOTCS BMecTe ¢ TeM M map a-
MeTpPHYECKHMHU ypaBHeHUSMH ero tpaekropuu. Takum obpa-
30M, TPAeKTOPHS IBHXKEHHS €CTb NP OEeKIL U ABHXEHHS H3 NpO-

crpaictBa (£, X1, X2, ..., Xz) B (a3oBoe NPOCTPAHCTBO (X1, X2,
ey Xn).
Ecan cyuwecrsyer Touka (x(i°), x(§>, vy x(f?) Takasi, YTe
Xu(t, 29, x9, ..., x9) =0 (k=1,2,...,n) (16)

npu Bcex ! HAM npu Bcex {=fo, TO cuctema (12) onpenpenser
JIBUXKEHHE

—,© .0 __,0
X1=X1, Xo=X2', ..., Xn=Xn . (17)
Taxkoe naBHM)KeHHE HAa3bIBAETCS COCTOSAHUEM NOKOS. TpaeKTopneﬁ

aTOrO ABHXKeHUs Oymer Touka (x9, xO, ..., x) — rouxa nokos,

WJIH TO4KA PAsHo8ecus.
- JlBuxkenue (15) obnapgaer TeM CBOMCTBOM, YTO COCTaBJfIOLIMe
CKOPOCTH 3TOTO JBH)KEHHSsI

dX1 dX2 dx,, 18

dt’ dt’ " dt (18)

B MOMEHT BpeMeHHM ! paBHbl 3HayeHHSIM INpPaBHIX YacTel CHCTe-
mbl (12) B Touke [f, x1(f), x2(f), ..., xa(?)].

[Moab3ysich ypaBHeHHAMH cuCTeMbl (12), MBI MOXXeM BBIUMCJIHTB

3HayeHHs BequuuH (18) B xaxkao# Touke (f, X1, Xa, ..., X,), B KO-

TOpOH npasbie YacTH cucTembl (12) onpenenensl. ITosatoMy rosopsr,
uto cucreMa (12) 3agmaer HekoTOpOe nose cKopocTed. 3agaya HHTe-
rpupoBaHusi cucteMbl (12) COCTOMT B HaxOXIEHHH [BHXKEHHH IO
~3alaHHOMY TIOJII0 CKOpOCTeH.
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B cnyuae, korna BpeMs f He BXOAMT $IBHO B MpaBble YacTH
cucrembl (12), T. e. Korma Mbl MMeeM aBTOHOMHYIO (CTa-
ILHOHAaPHYIK) CcHCTEMY

dx
T;‘ =Xi(xi, X2, ..., Xn),
dX2
7 =X2(X1, X2, ... ’ xn)» (19)
dxn
—dt—— =Xn (Xi, X2, .., xn)
RJIH
dx < —
— =X
X, (20)
CKOpPOCTb ABH’KEHUs] B NAHHOH TOYKe (Xi, X2, ..., Xn) C TeueHHeM

BpeMeHH He H3MeHseTcs.

BcsiencTBHe ©TOro [ABHXKEHHS, ONpefessieMble aBTOHOMHOH CH-
cTeMoli, 00/afaioT CJeLylOLIMM 3aMeyaTesbHbiM cBoiictBoM. Eciu
(15) ectb nBHiKeHHe, onpenensieMoe cucremoi (19), To

x1=x(t47), .x2=x2(t+1:), cevy Xn=Xn({47) (v=const) (21)

ToxXe OyneT IBHXKeHHeM, OonpelensieMbiM 3TOH cucteMoi. [l B H X e-
Hus (15) u (21) npu 70 pasauuHbl, B TO BpeMs Kak HX
TpaeKTOpHHu coBnapamoT. Eciu B nBuxenuu (21) aBuxyumascs
TOYKa 3aHUMAaeT MOJIOXKeHHe (x‘l‘)), x‘2°>, ceey x£f>) B MOMEHT BpeMeHH

t=0, To B nBHKeHHUH (1D) oHaA 3aHMMAaeT 3TO MOJIOKEHHE B MOMEHT
Bpemenu f=1. [Ipu 3TOM B 060HMX ABHXKEHHUSX ABUXKYLAsiCs TOYKa
npoxoxut yepes Touky (x¥Q, x@, ..., x9) c opHolt u TOit ke cKo-
pOCThbIO.

Ha onHoit u To#f >Xe TpaeKTOpHH (BBHAY NPOHU3BOJBHOCTH Bbi-
6opa T) MOXHO 3a1aTb OGECKOHEYHOE MHOXKECTBO IBHXKEHHH.

Besikoe pewenne xy=x0, X2=xD, ..., xn=x cucremnl
Xi(x1, X2 ..., X5)=0,
Xo(x1, X2, ..., Xp)=0, (22)
Xn(x1, X, ..., x)=0

onpefesseT [BHXKeHHe, BHIPOXKJAIOlleeCsi B COCTOAHHe IIOKOS,
a touka (¥, x9), ..., x©) saBaserca TpaekTOpHe#d 3TOro NABHXKEHHA.
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Mpumep 1. Cucrema

dx dy
—_— =Y, — =X
at Y r (23)
onpenessieT ABHXeHHe !
x=cost, y=sinlt. (24)
TpaexTopHeit 3TOro NBHIKEHHS ABISETCH OKPYXKHOCTb
xi+y?=1 (25)

Ha (a30BOi MJIOCKOCTH (X, y), K3oOpaxKenHas Ha puc. 36, npuduem 3jech, KaK H
B Jda/bHedlleM, CTPeJKH YKa3blBAalOT HampaB.jeHHe ABHXXEeHHS NPH BO3pacTaudu f.
OTo HanpapJ/ieHHe MOXKHO YCTaHOBHTb KaK M3 ypaBHeHHH ABuKeHHs (24), Tak u
u3 camoit cucrembl (23). JlelicTBHTEeNbHO, HanpHMep, AJs TOYKH (X, y), Jexaieit
B TepBOIl UeTBEpPTH, HMeeM
dx 0 dy 0
— <0, —> 26
at ~ dt ~ (26)
Tak yTo abcuucca ABHMAKYINEHCA TOYKH y5SbIBaeT, a OpAMHAaTa BO3pacraer, B pe-
3yJbTaTe 4Yero ABHXKEHHe NPOMCXOAMT NPOTHB HacOBOH CTPEsKH.
3ameHuB B ypaBHeHHsix (24) Bpems ¢ Ha {+T, NMOJYyYHM [BHXKeHHe

x=cos(t+7), y=sin({+7), 27)

omnpelnensieMoe cucreMoit (23). ITo ABHXKelMe HMeeT Ty Ke TpaeKTopuio (25),
yTO U JBHXKeHHe (24), M NMPOHCXOAHT TaKXe MPOTHB 4acoBoii crpenk#. Ho eciau
B IBHxeHHH (27) ABHIKYILAfics TOYKA 3aHHMAaeT NOJIOXKeHHe (Xo, Yo) B MOMEHT
Bpemen f=0, To B aBHXeHHMH (24) OHa 3aHHMaeT 3TO MNOJOXEHHE B MOMEHT
BpemeHH f=7, Tak uto npu T>0 OHa NpPOXOAMT uepe3 moJoxeHue (Xo, Yo)

1o3iHee, HO C TOH Ke caMOH CKOPOCTBIO.

CucremMa (23) onpepensieT IBHXKeHHe
x=0, y=0 (28)

sin1l0lleecss COCTOSTHHEM TIOKosi. TpaeKkTopHeil 3Toro JBH:KeHHsi OyaeT TouKa
(0, 0) — navas0 KOOpAMHAT.

Ecnu Mbl HMeeM He cHCTeMy ypaBHeHHH Bupa (12), a ToabKo
OlH O YypaBHeHHe

dx

@ =1 %), (29)
TO, KaK yKasbiBasocb paHee (cM. ra. I, m. 3), oHo mpexcrasisier
coboit (3amaHHblil B AubdepeHUHANbHOR (OpMe) 3aKOH ABHXKEHHs
ToukH 1o ocd Ox, TpaeKTOpHSMH IBMIKEeHHUH, ompejejseMblX ypas-
Henuem (29), asasiotcs oTpesku ocu Ox, mpelcTaBisiioliie coGOH
NpPOEKUHH ABHXKeHHH Ha ocb Ox.

NMpumep 2. PacomoTpuM ypaBHeHie

dx (30)
— =—x.
dt

t JleiicTBuTeavHo, noacrasass (24) B (23), nonyyaem ToxAecTBa —sint =
= —sinf, cost=cost.
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310 ypaBHeHHe OmpejensieT ceMeHCTBO ABHXeHHH (puc. 37)
x=Ce~t nnu x=xee~* mnpa xo=x(0), (31)
B TOM UYHC/I€ H COCTOSiHHE TOKOS
x=0. (32)

TpaeKTOpUsIMH 3THX ABHXKEHHA SABJAAIOTCA Nosyock och Ox u Touka x=0.
OHH ABASAIOTCA TIPOEKIMSIMH COOTBETCTBYIOLIHMX IBHXEHHA (MHTerpajbHbIX KpH-
Bbix) (31) Ha och Ox.

2]

y
!

N
-

Puc. 3. Puc 7.

W
I

3. 3anaua Kown ans cucremur (1):

dy
= v vo o, n) (=1, 2, ..., n)

crasutca Tak. Cpean Bcex pewenuil cucrembl (1) HaiiTH pelue-
Hue (8)

Y1=y1(x), Y2=y2(%), ..., Yn=yn(x),
YIOBIETBOpAIOLlee HAYaJbHBIM yCJAOBHSAM

Y1=49, y2=yQ, ..., Ya=y® npu x=x, (33)
Tie HauaJbHbe JaHHBE X, Yy, ¥y, ..., Y@ — 3ananunie

yHcaa,
Ecnu cucremy (1) nepemncatb B BekTOpHOH (opme (5),

=

=f(x, ),

a.[n.

TO 3aflaya Kowm cOCTOHT B Haxox[eHHH Bektopa (9),

y=y(x),
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y[[OBJleTBopﬂlOIﬂ.eFO HadyaJabHbIM YCJOBHAM!
y(x) =yO® npu x=x, (34)

Ile COCTaB/IAKIIME HAaYaJdbHOTO BeKTopa YO cyThb 3amaH-
Hble HayvajbHble 3HaueHHss YO, y@, ..., y© cocTaBJASIOLIUX BeK-
__ 1 2 n

Topa y NpH 3aJaHHOM HAaya/JbHOM 3HAUEeHHH X, HE3aBHCHUMOH Iepe-
MEHHOH X.

Feomerpuuecku 3amaya Kowu cocTouT B TOM, YTOOBI H3
BCell COBOKYMHOCTH MHTErpaJbHLIX KPHUBBIX cHcTeMbl (1) HaHTH KpH-
BYI0, NPOXOASINYIO uepe3 3afaHHYIO TOUKY (Xo, y(1°>, y(2°>, vy y(g)).

Mexanunuecku 3agaya KowH coCTOHT B TOM, YyTOoOGbl CpedH
BCeX JIBHIXKEHUH, omnpenenseMblx cucremon (12):

dxp .
_szh(t’ Xy, X2, ..., X) (kR=1,2, ..., n)
unu (13):
dx - =
—=X(t x ,
dt ( ’ )
HaliTu ABUXKeHHe (15):
Xxi=x1(t), xe=x2(t), ..., Xpn=xn(f)
WU
x=x(t), (15)
YAOBJIETBOPAIONIee HAaYaJbHbIM YCJOBHSM:
X =x0, xp=x0, ..., Xn=x" npu t=t (35)
HJH
x=x© npu t=t,, (35")
T. €. HaliTH Takoe JBHIKEHHe, B KOTOPOM [ABHXKYILASCA TOYKA 3a-
HUMaeT 3afaHHoe nosoxenue (x@, xO, ..., x@) B dasosom mpo-
cTpaHcTBe (X1, X2, ..., Xn) B 3aJaHHbIl MOMEHT BpPeMeHH f=/o.
I cucTeMBbl IBYX ypaBHEHHH
dx dy
— =Pt X, T t, X, 3
5 =P x 9 —=Q( Y) (36)
3amauya Kowu COCTOMT B HaXOXKAEHWH ABHKEHHS
x=x(1), y=y(), (37)

onmpefeieMOro 3TOH CHCTEMOH H YAOBJIETBOPSAIOLIETO HayaJibHbIM
YCJIOBUSAM
X=X, Y=Yyo upu t=t,, (38)
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T. e. uulercs ABHXKeHHe (37), B KOTOPOM [ABHXKYIIAsSCS TOYKa 3a-
HHMaeT MmoJioxKeHHue (Xo, Yo) Ha (Pa30BOM MJIOCKOCTH (X, Y) B MOMEHT
BpeMeHH {=/t,.

Oco6rie cnyuau 3agaun Kowwu (ra. I, m. 4) pac-
NPOCTPAHAIOTCA U Ha cHCcTeMy Au¢depeHUHAIbHbBIX ypaBHEHHI.

4. Yro6pl rapaHTHpCBaTb CYLIECTBOBaHHE XOTsi GObl OJHOTO
pellleHHs HOPMaJbHOH cHcTeMbl JuG(depeHUHaNbHbBIX YpaBHEHHUH,
yIOBJIETBOPSIOILET0 IIOCTABJEHHBIM HauaJbHbIM YCJIOBHAM, Kak
H B caydae ONHOTO ypaBHeHHMS INepBOTO MNOpsAKa B HOPMaJ/bHOH

d
dopme Ei:f(x, y) (ra. I, n. 5), mocTaToOYHO MpPennoJOKHTb, YTO

fnpaBble 4YaCTH CHCTE€Mbl HeENDEpbIBHbI B OKPECTHOCTH HayaJibHOU

TOYKH (%o, Y9, yP, ..., y9).
Teopema Ileano. Ecau npasvie wactu cuctemsr (1):
%= (:V, Y, Y2, ..., Yn) (kR=1, 2, ..., n) (39)
onpedesenbl U Henpepol8HbL 8 napasiesenuneoce
|x—x0|<a; |gn—y |<b (a>0, b>0, k=1, 2, ..., n) (40)
u, caefosarenvro, oépauutteum 8 HeM:
[fu(X, Y1, Yoy ooy Yn)| <M (M>0, k=1, 2, ..., n), (41)
TO cucrema\ (1) umeer xora 66 00HO pewerue
yr=yr(x) (k=1, 2, ..., n), (42)

yooerereopaouiee HaUaibHbIM YCA0BUAM

yk=y£°) npu x=x, (k=1, 2, ..., n), (43)

3asedomo onpedesennoe (u HenpepouisHo Ouppepenyupyemoe)
8 uHTepsaie

| x—x0 |<h, (44)
20e

h=min(a, —;—1) (45)

5. Uro6bl rapaHTHpOBaTb He TOJbKO CYlLIeCTBOBAHHe, HO H
eIMHCTBEHHOCTh pelieHus 3agaun Kowm gnsi cucrembl (1), HyXKHO
HaJIOXKHUTh HAa NpaBble YacTH 3TOH CHCTeMbl JOMOJHHTE/bHblE Orpa-
HuueHus. [IpocrefilinM H3 Takux OrpaHHuYeHHMH sBusercs Tpebosa-
HUE CYLLEeCTBOBAHHS OTPaHHYEHHbIX YaCTHbIX MPOM3BOJAHLIX OT Mpa-
BbiX yacTteil cuctembl (1) mo yi, Yo, ... Yn.
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Teopema I[lukapa (ynpoueHHas ¢opmyanposka). Ecau
npagete uactu cuctemor (1) onpedeasenvt 8 obaactu (40) u ydo-
8.4€T80PAIOT 8 Heli 08YM YCAOBUAM:

1) fr(x, Y1, Yo, -.., Yn) (kR=1, 2, ..., n) HenpepviBHbL;
0
2) uacTHble npou3sooHble Fyi (k, =1, 2, ..., n) cywectsyror
1

U oepaHu4eHsbl
<K(k, I=1, 2, ..., n), (46)

%
oy
10 cuctema (1) umeer eduncrsennoe pewerue (42), yoosiersopsio-
wee Hauvarvhoim ycaosuam (43), 3asedomo onpederennoe (u He-
npepoieHo Jugepenyupyemoe) 8 untepsase (44).

YcaoBusa teopeMbl ITukapa 3aBenoMO BBINOJIHEHE!, €C/H IpaBble
4acTH cUcTeMbl (1) cyThb MO HHOMBI OTHOCHTEJbHO BCEX apry-
MEHTOB X, Y1, Y2, - .., Yn HJIH XOT Obl OTHOCHTENBHO Y1, Y2, + - ., Yn.
Ilpu 3ToM Haua/jibHble 3HAYEHUS MCKOMBIX QYHKUHE Y1, Y2, ..., Yn
MOJXKHO 3aJlaBaTbh COBEpPIIEHHO NMPOH3BOJNbHO. UTO KacaeTcs Hauajb-
HOrO 3HaueHHUs He3aBUCUMOH MepeMeHHOH x, TO B NEePBOM cCjyuae
€ro TOXe MOXXHO 3aJaBaTb COBEPLIEHHO NPOU3BOJbHO, @ BO BTOPOM
cJyyae 3a HayaJbHOe 3HaueHHe X MOXHO Opatb J1060e YHMCIO H3
HHTepBala HeNPpEepPBIBHOCTH Bcex KOIh(HUIHEHTOB yKasaH-
HBIX TOJIMHOMOB (Mouemy?).

OTMeTHM, ONHAKO, 4TO JAaxe B CJydyae, KOraa npaBble 4YacCTH
cucteMbl (1) fBAAIOTCA NMOJTHHOMaMH OTHOCHTEJNEHO BCEX apTyMeH-
TOB, CYyLIeCTBOBAHHe pelleHHs 3agayd Kouwn rapaHTHpyeTcs: JHLIb
B HEKOTOpOH OKpPEeCTHOCTH HayajIbHOTO 3HaueHHs He3aBHUCHMOH
repeMeHHOH.

MNpumep 3. Cuctema

_‘.ii._P - EE._Q 47
dt - (xv y)r dt - (x’ y)l ( )

rie P u Q — noJHHOMBI OTHOCHTENbHO X W Y, OMpelesisieT eiHHCTBEHHOEe IBHXKe-
HHe, B KOTOPOM IBHXYIIAaficd TOYKA NPOXOAHMT uepe3 (/n00yi0) 3alaHHYIO TOYKY
(%o, Yo) dasosoil nnockoctn (X, y) B (n1060i1) 3agaHHBI MOMENT BpeMeHH [=tf,.
OnHako 3To ABHXKEHHe OMNpejesieHo, BOOGLIe FOBOpPH, He mph Beex L.

6. Paccmorpum o6snacte D u3MeHeHHsi NepeMeHHBIX X, Ui,
Y2, ..., Yn, UEPE3 KaXKAYIO TOUKY KOTOPOH MPOXOAUT OAHA, U TOIbKO
CAHa, UHTerpaJibHasi KpuBasi cucrembl (1).

Onpencnenune. COBOKYNMHOCTD n (YHKUHI

yi=(P1(x, Ciy CZ) e ey yn), ]
y2=(P2(x» Cir CZr ceey Cn),

. . .

(48)
yn:mn(xv Ci’ C29 ) Cn),
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onpejeNeHHbIX B HEKOTOPOH 06JacTH H3MeHeHHsi NepeMeHHBbIX
x, Ci, Cy, ..., Cp ¥m HenpepblBHO AHGGeEpeHUHPYEMBIX OTHOCH-
TeJbHO X, Ha3biBaeTcsi o6uwjum peulenuem cucrembl (1) B obaactu D,
eC/IH OHa YJAOBJETBOPSieT ABYM YCJOBUSIM:

1) cucrema (48) paspemnma B o6sactd D OTHOCHTENBHO NpO-

H3BOJMbHBIX NMOCTOSAHHBIX Cy, Co, ..., Cp:
Ci=l|?1(x’ !/1, Y2, ':'9 yn)’
Co=a(x, Y1, Y2, -+, Yn), (49)
Cn='\l’n(x, Y, Y2, -, y'l‘t);

2) coBokynHocTb (yHkuui (48) sBsSleTCS pelleHHEM CHCTe-
Mbl (1) mpH Bcex 3HAUEHHSIX MPOU3BOJbHBIX MOCTOSIHHBIX Cj,
Ce ..., Cnp, pocraBisiemblx Qopmyaamu (49), korza Touka
(%, Y1, Yo, ..., Yyn) npoGeraer obaacte D.

3HaHHe o61ero pemeHus (48) maeT BO3MOXKHOCTb PelIUTDb J100YIO0
3agauy Kown c HayanbHeIMH paHHbIMH u3 o6Gaacty D. [eiictBu-

TeJbHO, NyCThb (Xo, y‘f>, y(g>, R y‘;’)) — mo6asa Touka u3 D. Ilon-
CraB/isisi B cucTeMy (48) BMecTO X, Y1, Yo ..., Yn YHCAA Xo, Y,
y(g), RN y‘g), HMeeM:
y(2)=(Pl(x0) Ciy C2) ceey Cn)»
y(g)__"(PZ(xOy Ci, CZv IO C'n)) (50)
y(33=¢n(xo, Cg, Cz, ey Cn)
Paspewas cucremy (50) orHocurenbuo Cy, C,, ..., Cp, Haligem:
Ci='l|31(x0, y(f), y(zo)’ sy yfr?)EC(:))y
C2=lp2(x01 y(f)) y(zo)v caey yg?))EC(zo), (51)
Co=1pn (%0, Y0, 4O, ..., y®)=CO.
IMoacraBnas naiinenuvle 3nayenus Cy, C,, ..., C, B ofliee pelue-
Hue (48), nonyunm:
—_ (0 (© 0
yi—qai(x, Ci)’ Cz), ceey C(n))’
= ©) CO ©)
Yo=ga(x, CO, CO, ..., CO), 52)

Yn=0n(x, CO, CO, ..., CO).
3To ecTh pelueHHe, MPOXOAsllee Yepe3 TOUKY (Xo, YD, YO, ..., y),
OpHyeM JAPYIHX pelleHHH, NPOXOASLIMX Yepe3 3Ty TOUKY, HeT.
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OGluee pemeHHe BHAA
y1=qu(x, x0, YO, ¥, ..., y9),
y2=CP2(xy Xo, y(io)’ .l/(zo), sy y(,g))y (53)
Yn=@n(x, %0, Y9, ¥, ..., y0),
rae ¥9, y9, ..., Y@ HrpalT poib NPOH3BOJBHBIX MOCTOSIHHBIX,

a 4YHCJI0 Xp DUKCHPOBAHO, Ha3blBaeTCs 00wum peuleruem 8 gopme
Kowu. Ero MOXHO mOJyYyuTb H3 o6liero peuieHus (48), BLINONHAA
yKa3aHHbIM Bblllle crnocobom 3afauy Kouin ¢ HauajbHBIMH TaHHBIMH
xo, Y9, ¥, ..., y@ u3 obnacti D, dukcHpysi B MOJyYeHHOM pelle-
HHH Xo M paccMarpuBas y(f), y(2°>, cety y(fg KaK [pPOH3BOJIbHbIE
MOCTOSIHHbBIE.

MoxHO moKa3aTb, 4TO NpPH yC/I0BHAX TeopeMbl Ilnkapa cyuie-

cTByeT ofliee pellenHe B ¢popme Koiuu, onpeaeseHHoe B HEKOTOPOR
OKPECTHOCTH Haua/ibHOH Touku (cm. ra. V, m. 11).

Mpumep 4. PaccMOTpHM cHCTeMY

dx dy
ar =-Y; 4 =X. (54)
[TpoBepHM, YTO COBOKYMHOCTb (yHKUHII
x=Cycost+C, sint; y=Csint—Cycost (55)
sBJfeTcA OOIIMM pelleHHeM cHcTeMbl (54) B o6nacTu
|t| <400, |X|<+o00, |y|<+oo. (56)

®ynkuun (55) ompemenenni npu Bcex 3Hauenusx f, Cy u C. u HenpepbiBHO
nideperunpyembl no £ Yrobbl JoKas3aTh, YTO OHHM 1aIOT ofllee pelLieHHe CH-
cteMbl (54) B o6nactH (56), 3aMeTHM mNpeX[e BCEro, 4YTO Yepe3 KaxKAyl TOUKY
ob6nactn (56) NPOXOAMT OJHA, M TOJbKO OJHA, HMHTErpanbHas KPHUBasg CHCTEMbl
(54) (nouemy?), Tak uto o6sacTb (56) MoxHO paccMaTpuBaTh -B KauecTBe 06-
JacTH

ITpoBepuM, uto ¢yHKuMH (55) yAOBJIETBOPAOT OGOHM YCJIOBHAM, YKa3aHHbIM
B onpejeieHHH OOLIEro pelueHus:

1) cucrema (55) paspemnma B obaacTH (56) OTHOCHTE/NbHO NPOH3BOJBHBIX
nocrosuusix Cy 1 Ca:

Ci=xcost+ysint; Cy=xsinf{—ycost, (57)

2) ¢ynkuun (55) obpasyioT pewenve cHcteMmbl (54) npu mOGLIX 3HAYEHMAX
C; u C,, B uem Jerko ybeZuTbcsi leNocpeRcTBenHo, noxacrasiss (55) B (54).

CnenoBatenbHo, ¢ynkuun (55) o6pasylor obuiee peuene cucrembl (51)
B obaactu (56).

ITpeoGpasyem oGwiee pemenne (55) B obmee pemenie B ¢dopme Kowu.
HaiizeM, noab3ysichk ¢opmyJoit (55), pewenne 3agaun Komn c mo6biMH Hayaub-
HBIMM 3HAaYEHHAMH Xo M Yo HCKOMBIX (YHKIMHA X M y NIPH HEKOTOPOM (HKCHPO-
PaHHOM 3HayeHHH He3aBHCHMO# mnepeMeHHo# f, Hanpumep npu ¢=0. [losaras
B (55) ¢=0, x=Xx,, y==yo, UMeeM

x0=Cy; —yo=0Cy, (58)
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otkyna Cy=x,, Co=—yo. ToacraBnas sth 3Hauenns C; u C, B- obuiee peuie-
e (55), moaydum

Xx=xpcost—yosint; y=x,sint+y,cost. (59)

dto n ecth oGmee pewenne [B obaactu (56)] B dopme Kowu. Poab
NPOH3BOJIbHBIX TOCTOSIHHBIX HTPAlT Xo H Yo.

H3 ¢opmyn obuiero pewenus (55) u (59) caenyer, uto cucrema (54) ompe-
nensieT GecuHCIeHHOe MHOXECTBO MABHXKEHHi, B TOM YHCIe H COCTOsHHE MOKOsH

x=0;, y=0, (60)

¥ 4TO TPACGKTOPHAMH 3THX ABHXKEHHH SIBJSIOTCS OKPY2KHOCTH

x24y2=Ci +C; nam x2+y=xo +ys (61)

W Ha4ano KoopauHAT. JIBHKeHHs MO BceM OKDYXKHOCTSM MPOHCXOAST MPOTHB ua-
coBoii cTpeaku (cp. n. 2, npumep 1).

7. Pemtenne (42) HasbiBaeTcs 4aCTHbIM, eCIH Yepe3 JIOOYIO
TOYKY ero He IPOXOJHT HHKaKoe APYroe pelleHHe CHCTEMBI, TaK YTO
B Ka)XJIOH TOYKe 3TOTO pellleHHs HMeeT MECTO eJHHCTBEHHOCTb pe-
wenusi 3agaun Komn, ’

Hanpuwmep, Bcskoe pelueHne cucrembl (1) ¢ mOJIHHOMHAJABHBIMH
IpaBbIMH YacTSMH SIBJSIETCS YaCTHBIM pelleHHeM (mouemy?).

Pemenne 3agaun Komw, HalineHHoe u3 ¢opMy.abl obilero pe-
uienusi (48), Bcerna sIBASeTCSl YAcCTHLIM pellleHHeM (mouemy?).

8. Pemenne (42) HasbiBaeTcss 0coObiM, €CAH B Kaxa0H TOuke
ero HapyuleHa eIHHCTBeHHOCTb pemleHnsi 3agayu Kommu. B okpecrt-
HOCTH KaXAOH TOYKH 0COOOTo pelleHHs MOJIKHO OBITh HapyIIeHo
XOTh OHO M3 ycsoBuii TeopeMmnl [Tukapa (mouemy?).

Cucrema (1) ¢ monMHOMHA/NbHBIMH NPABBIMH YacCTSIMH He MOXKET
uMeTb OCOOBLIX pelIeHUH.

9. JlaguM [OBa onpefesneHHs HHTerpasa cHcereMmbl (1),

d
_dy;:i =fh(x, Yy, Yz ...y yTL) (k=l’ 21 I n)-

[lepBoe onpenenenue. PyHkuus
Y(X, Y1, Y2, ..y Yn) (62)

HasbiBaeTcss uureepasom cucrembl (1), ecan oHa HH B Kakol 06-
JIaCTH HE BBIPOXKAAETCS B TOXKAECTBEHHYIO MOCTOAHHYIO H eCsIH OHa
NPHHHMAET OJIHO H TO JKe 3HaueHHe BO BCeX TOYKAX KaX[Oro yact-
HOTO peLIeHHS.

Mpumep 5. Paccvorpum cucremy (54). Kaxzaas us G yHKUHHA, CTOAWHX
B TNpaBbiX YacTAX paBeHCTB (57), nABiAeTcA HMHTEerpaJjom cucTemb (54),
TaK 4TO MBI HMeeM /1B a HHTerpasa

Py=xcost+ysint; P,=xsint—ycost (63)
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JleiicTBHTeAbHO, MOACTaBAsAA B GQYHKUHA Py u P2 BMECTO X H Yy YacTHoe
pelueHue

x=C‘(°) cos t+C;°) sint; y=C§°) sin t—C(zo) cos t, (64)
HaxoauM
Py |61y= (Cio) cos t+ Céo) sin?) cos ¢+ (C(,o) sin t—Céo) cos f) sin tECio) R (65)
Y2 oy =Co
Brtopoe onpenenenune ODyHkuua (X, Y1, Y2, ..., Yn)»

onpelesdeHHas M HelpepblBHAsT BMeCTe€ C YAaCTHBIMHU IPOU3BOLHBIMH
no BceM aprymeHtaM B obsactd D u3MeHeHUS NepPeMEHHBIX X, Yi,
Y2, ..., Yn, TIPHUEM TaKasi, YTO ee YaCTHble NPOU3BOAHBIE MO Y,
Y3, ..., Yn He 0OOpamIAIOTCS OAHOBPEMEHHO B HYJb, Ha3blBaeTcs
unreepaiom cucrtembl (1) B obaactu D, ecau ee noaHblit audde-
peHIIHan

n
oy oy

d dx —d 66

b=y drt 2 o du (66)

obpalilaeTcst TOXAECTBEHHO B HyJb B CHJIy cucrembl (1), T. e. mpu

3aMeHe dyn(k=1, 2, ..., n) HX 3HaueHUAMH H3 cucTembn (1),
TaK 4To

oyp . op
d =—d — frdx= .
¥ lay ox x+§0yk frdx=0 (67)

Ycnosue (67) paBHOCHJIBHO TOMY, YTO MOJHAsT MPOM3BOAHAS OT
Y 1o x:

d 0 oy d
__lP_ — _ll) __i _;l/i, (68)
dx Ox = 4=l Oy, dx
BbIUHCJIEHHAs B CHAY cHcTeMbl (1), TOXIECTBEHHO paBHa HyJIO,
T. €.

vy

le 01p
dx +

(1)_ dx o d Yn

- fr==0 (69)

ITociennee o3Hauyaer, 4TO HHTerpan 1 SBJSAETCA peLIeHHeM
yYpaBHeHHsA C YaCTHbIMH NMPOH3BOAHBIMH NMEPBOro mnopsiaka:

du N, du
“a—x—"i-gfhm =0. (70)
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Takum 06pa3oM, Mbl IPHXOAHM K CJIEAYIOIEMY AHAAUTUHECKOMY
KpuTeputo (HemnpepblBHO H(pGepeHuupyemoro) urnrezpasa. as
Toro 4ytobbi GYHKUHA P (X, Y1, Y, ..., Yn) OblIA HHTErpasoM CH-
crembl (1), oHa nonkHa ObITH pellleHHeM YpaBHEHHSI C YAaCTHBIMH
npou3BoAHbIMH (70).

Ecau ¢yHKuus ¢ ecTb HHTerpasa cuctemsl (1) B cMbicjie BTOPOTO
onpepfeneHus, To oHa OyaeT HHTerpajJoM H B CMbICJe IepBOTO
onpeneneHus (nouemy?).

Mpumep 6. ITokaxem, uto ¢GyukuuM (63) sBAAIOCCH HHTErpajaMH CHCTEMB

(54) B cMmBlcie BTOpOro onpejeneHus.
B cavom peune,

dy |ssy= (—x sin £+ y cos £) di+cos t(—y dt) +sin {(x dt) =0, }
dyz |56 = 0.
VYpasHenue (70) npuHumaer aas cucrembl (54) Bux

du du ou
——y—+x—;= . (72)

@

Unrerpannl (63) mosxHb 6biTh pelleHHAMH 3TOro ypaBHenus. U B camom nene,
noJsarasi B ypaBHeHHH (72)

u=1py=xcos {+ysint, (73)
NOJYYHM TOX/ECTBO
—xsinf+ycost—ycost+xsint=0. (74)
AnanoruuHoe TOXAECTBO NOJYYHM M IJSi HHTerpanaa .
Hnrerpannl
'lpi(x) yi, yz, ) yn), ‘pZ(xy Y, Yoy - .y yn), s ey

Yr(X, Us, Y2, .y Yn), (75)

onpenesieHHble B ORHOH M ToH e obnactu D, nasmiBaloTcs Hesa-
fucCuMbIMU B 3TOH 06/1aCTH, eC/IM He CyLieCTBYyeT COOTHOLIEHHS BHIA

cD(‘Ph P2, ..., "bh)=0; (76)

KOTOpO€ BBIMOJIHANOCH Obl TOXAECTBeHHO B 06jactH D uau B 06-
aactu Do, conepxalueiica Buytpu D.
CooTHouleHHe

\p(x’ Yy, Yoy .., yn)=C7 (77)

rae P — uHrerpan cucremnl (1), a C — npousBo/bHasi MOCTOsIHHASA,
Ha3blBaeTCA NepevbiM UHTe2paAoM 3TOH CUCTEMBI.
IlepBbie HHTErpaJbl

Pi(X, Y1, Yo, -.., Yn)=0Cy,
el e B)=Co (78)

Yu(x, Y1, Y2, -.., Yn)=Cs
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Ha3blBalOTCA He3asucumovimuy B obaactH D, ecanm BxoisliHe B HHX
HHTEerpaJnl Y1, ¢z, ..., Pp HE3aBUCHMBI B 3TOH 00J/1acTH.
COBOKYNHOCTb 1 HE3aBHCHMBIX NEpPBBIX HHTEerpajoB cHcreMbl (1)
Ha3bIBaeTCsl OOWUM UHTE2PAAOM 3TOH CHCTEMBI.
Paspeumrasi o0wwMi HHTETpaJd OTHOCHTENBHO HCKOMBIX (YHKIHH
Y1, Y2, ..., Yn, HOAyunM oOuiee penieHHe cHcTeMbl (1).

Mpumep 7. Cucreva (54):
dx dy
—— ==y, — =X
dt dt
HMeeT [Ba MNepBBIX HHTerpaia
Pr=xcost+ysint=Cy; Po= xsint—ycost=C,. (79)

OTH nepBble HHTErpajbl He3aBHCHMbI, HG0 HHTerpainl P; H P2 He3aBHCHMBL
COBOKYMHOCTb 3THX MEepPBbIX HHTErpadoB siBJseTcs OOGLIHM HHTErpajioM CHCTe-
Mbl (54).

Paspewas (79) oTHocuTeabHO X W Yy, nonyyum oOliee pemeHue (55) cH-
cteMbl (54).

10. Ecau
wi (x) yiy !/2, c ey yn)y
'llJz(X, yiy Y2y <. .y yn), ce ey "«pk(xs yiy Yoy ooy y‘n) (80)

— HenpepouleHo  Jugdpeperyupyemvie  unteepasst cucremor (1),
T0 A106as HenpepbiBHO Oupeperyupyemas GYHKYUs OT HUX

Y=F(P1, P2, ..., Pr), (81)

npousgoonsie KoTopoid no i, V2, ..., Yr He obpausaroTca 00HO-
8pEMEHHO 8 HYAb, TOxe Oyoder unTeepasom cuctemosr (1).
B camom pneune,

R
§7 oF
d‘ll) |(1)= ap— d‘lp, I(i) =0, d‘tp l(‘) =0. (82)
i=1 ¢

Hopmaavhas cucrtema n YypasHenud He moxceT umeTo 6oaee,
Hem n He3aBUCUMBIX UHTe2paaos (nepsvix uHrezpanos).!

Mpumep 8. Cucrema (54) Hapsmy ¢ HesaBHCHMBIMH HHTerpanamu (63) mo-
nycKaeT ellle HHTerpas

P=x2+y2, (83)
H6o
d |(s4y=2x(—ydt) +2y (xdt) = 0. (84)
Ho unterpannt (63) u (83) yxe 3aBHCHMBEI Mexpay coGof. [leficTBHTenbHO,
Mbl HMeeM _
Y=+l (83)

t MatrBeeB. Meroabl HHTerpupoBanus, m. 1l1.
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Ecau npasvie uwactu cucremor (1) nenpepvi8HbL 8mecTe ¢ 4acT-
HbLMU NPOU3BOOHBIMU NO 8CEM APSYMEHTAM, TO OHQ UMeEeT POBHO N
He3a8UCUMbLX UHTE2PAN08, ONPEOENCHHbLX Ll HenpepbiBHO Oupgepen-
Yupyemvlx 8 HEKOTOPOM napairrerenunede ¢ YEHTPOM 8 HAHAN6HOU

TouKe (Xo, YO, ¥, ..., y9) (em. ra. V, m. 12).
11. Ecau gns cucremnr (1) HaififjeH mepBbl HHTerpasn
1P1(x, Y, Y2y - - yﬂ)=c9 (86)
TO, pa3peliuB €ro OTHOCHTEJbHO OJNHOH M3 NEePEMEHHBIX Y1, Y2, - .+
Yn, HallpuMep OTHOCHTEJBbHO Yi, MOJYYUM
yi=CP(x, Yoy ooy yn) (87)

IlopcTaBUB 3TO 3HaueHHe Yy B NOCJeflHMe n—] ypaBHEHHs CHCTe-
Mbl (1), npumeM K HOpMaJsbHOH cucTeMe n—1 ypaBHeHHH

dyz
_d;c—"__f; (x’ Y2y ..o, y'ﬂ)’
Coe e e .o (88)
dyn
_‘j?zftl (x’ Yz, ..., yn)
C HEU3BECTHbIMH (byHKLU/IHMH Y2, ..., Yn. Taxkum 06pa30M, 3HAHUe

00H020 nepsoeo UHTe2PALd HOPMAALHOU CUCTEMbL OAeT B03MONHOCTb
HOHU3UTb ee NOPAO0OK Ha eCuHuyy.

3Hnanue k Hesasucumolx nepsoix untezpanros cucremvt (1) Oaer
B03MONCHOCTb NOHU3UTL ee NOPsAdok Ha k eduHruy (nouyemy?).

12. Bcsikoe ypaBHeHHe n-TO MOpPSiIKa MOXHO IpPHBECTH K CH-
cTeMe n ypaBHEeHHH NepBOTO MOpsIKa.

[lyctb nmaHo ypaBHeHHe n-ro NOpPSAKa, pa3pelleHHOe OTHOCH-
TeJIbHO CTaplied NMPOM3BOAHOMH:

ym=f(x, y, ¥, ", ..., Yy ). (89)

O603HayYuM HCKOMYIO (YHKIMIO y 4epe3 y; H NpPHMeM IPOHU3-

BOJIHBIe OT HCKOMOH ¢yHkuuu y’, y”, ..., y™» 3a HOBble Heus-
BeCTHble (DYHKLHH, NOJOXHB

y,=y27 y”=y3, ceey y(n—1)=yn' . (90)

CocraBuM cHucTeMy AM(pdepeHHaNbHbIX YpaBHeHHH I8 (QyHKUHH
Y1, Yo, ..., Yn. UMeem:

dy4 dyz dyn—1

Y — = Yt — gy — Y —yn—1)—

dx ¥y=¥z dax Y Yo, oo Ty Y Yn,
dyn 91
v —qyn)y— ’ ” (n—1)) —
i =Y =f(x, 4, ¥, 4y, ..., Yo V)=

\=f(x’ yiy yz, y37 s ey !/n)-
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HdaTomy 015 QYHKUHH Y1, Ya, ..., Yn TOJYYHM CJIELYIOLLYIO HOP-
MaJIbHYIO CHCTeMY AH(@epeHLHATbHBIX YpPaBHEHHH:

dyi

Tax Y

dyz

dx —.1/3,

.o } (92)

dyn—l —1

dx Im
dy,
—% =f(xs _’-/1, !/2, ¢ ey yn)-

Aty cucreMy OyAeM HasbiBaTb HOPMAAbHOU CUCTeMOl, COOT8er-
crayoujeil ypasHenuto n-20 nopadka (89).

O6parHo, BCAKYI0 HOpDMaJbHYI0 cHcTeMy (1) MoxkHO, BooGuIe
roBopsi, MPHBECTH K OJHOMY YPABHEHHIO N-TO TMOpPsiAKa C OAHOMH
HeU3BeCTHOH (yHKUHeH, ecan AH(GepeHIHPOBaTb MOCAeI0BaTENbHO
n—1 pa3 oAHO H3 YypaBHeHHH cHcTembl (1), HanmpuMep mepBoe,
3aMeHssl Mocjae Kaxaoro AuddepeHLUHPOBAHHUA  MNPOH3BOAHBIE

Y Yy ooy Y, MX 3HAYEHHMH M3 cHCTeMbl (1), M HMCKIIOUMTL U3
nepBOro ypaBHeHHS cucrteMbl (1) M monyueHHbIXx n—1 ypaBHeHHM
riepeMeHHble Ya, Y3, ..., Yn. ECHTH NPH 3TOM HEHCTBHTENBHO MOMY-
YHTCS ypaBHeHHe n-ro Mopsiika
_ ’ —

: ym=f(x, ys, ¥, ..., YY) (93)

M ecal ViacTcs HaHTH ero obliee pelieHHe
y1=(p1(x, Cy, Cs, ..., Cn), (94)

"TO. GY4KUHH Y2, Y3, ..., Yn HaHAyTCsi Ge3 NajbHEHIIMX KBaapaTyp
(mouemy?).

Ecau npuBeneHue cucteMbl (1) K OJHOMY ypaBHEHHIO n-TO IO-
psilka 1O YKa3aHHOH BbIlle CXeMe OKaXKeTCf HEBO3MOXKHBIM, TO
cucrema (1) Bcerga MoxeT ObITb NpHBeJeHA k IpyNNe ypaBHEHHEH
(c onHol Hen3BeCTHOH (yHKIHeH KaxKAoe), CyMMa MOpPSIAKOB KO-
TOPBIX paBHaA f.

YKasaHHasi BO3MOXHOCTb NpPHBeLEHHs ypaBHEHHs N-TO MOPsAKa
K HOpMaJbHOH CHCTeMe 1 ypaBHeHHH H OOpPaTHO MHCIOJNb3yeTcs
KakK TpH HHTETPUPOBAHMHM, TaK H NPH H3YUYeHHH OOGUIMX CBOMHCTB
peuwennit. B uactHoctH, Teopemy Ilukapa u mpyrue o6iwme Teo-
peMbl CYyLleCTBOBAHMA AGCTAaTOYHO NOKA3blBaTh TOJNBKO [Jsi HOp-
MaJbHOH cucTeMbl. Jlajee, 3aMeHa ypaBHEHHH n-TO NOPSAKa HOp-
MaJIbHOH CHCTEMOH JaeT BO3MOXKHOCTb H3yUHTb HE TOJbKO TOBe-
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JleHHe caMoOHl HCKOMON (YHKLHH, HO M IOBeJeHHe ee NPOH3BOLAHBIX
Y, y", ..., y»b, uto paer Gosee MOJHOe NpeACTaBJeHHE O Teo-
METPHYECKMX M aHAJUTHYECKHX CBOHCTBax pemleHHi. Drta Ke 3a-
MeHa HCNoJb3yeTcss B MeTOonaX NPHOJHKEHHOro HHTerpHPOBaHHA.

NMpumep 9. Paccvorpum cucreMy (54):

dx dy
— =—y, — =X
dt dt

Ouddepennupys nepsoe ypaBHeHHe M HCMOJb3ys BTOPOE, MOJYYHM OFHO Ypas-
HEeHHe BTOPOTO NOPSAAKa:

a +x=0 95
x=0.
i (95)
Jlerko y6exuTbcsi, YTO ero obmuM peiuenxem 6yner
x=C, cos t+C;sint. (96)
dx
DYHKUHIO Y HAXOUHM H3 YCIOBHS E=—y. Hmeem
dx
y=_E=C‘ sin £—C, cos t. 97)

Takum o6Gpa3oM, mosyyaem obullee pemienve cucrembl (54) B Bume (55).
* MNpumep 10. YpaBHeHnue

dx dx
=i (tx2) (98)
[IPUBECTH K COOTBETCTBYIOLIE#l HOPMAa/bHOH CHCTeMe
ITonaras
dx
i =Xy, (99)
rae X, — HOBas Heu3BecTHass (QYHKUHSA OT {, IOJY4YHM
dx dx, ]
E=X1; Et‘=f(t. X, Xx1). (100)

13. Cucrema aud(depeHIHaNbHbIX YPaBHEHHH BLICIIMX NOPSAA-
KOB, paspellieHHass OTHOCHTE/JbHO CTapIUHX MPOH3BOAHBIX:
Yrw=Ffa(X, yo, ¥y, -, Y™, o, Yny Y, ., YD)
(=1, 2, ..., n), (101)
Ha3bIBAETCH KAHORu4eckol cucreMoll AndepeHUHaNbHBIX YypaBHe-
HU#A nopsaaka my+me+ ... 4Mmy.

3apmaua Komwu pas cucrembr (101) craBurcs Tak: Hafith pe-
u1eHHe

yh=yh(x) (k=l, 2, ey n), (102)
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yaoB/seTBOpsAWOIee HavYaJbHBIM YCJOBHSAM:
yh=y3?), y;:y;(o), cee, y(]"{nk"‘i)=y(;nk—1) 0) NpH X=Xp
(k=1, 2, ..., n). (103)

Kanonnueckyto cucremy (101) MOXXHO npuBeCTH K HOpMaJibHOMH
cucreMe mMy-+me+- ... +4m, ypaBHenuit. M3 teopemnbr [lukapa ans
MOJNyYyeHHOH HOpMaJIbHOH CHCTEMBl BBITEKaeT COOTBETCTBYIOLLAs
TeopeMa CyLleCTBOBAHHA M eJHHCTBEHHOCTH pelleHHs 3afauyd Komu
onsi KaHoHMuecKo#t cucrembl (101). B uyacrHocTH, peluenue samauu
Kowu jc no6biMH HadaJbHBIMH [JaHHBIMH 3aBelOMO CYLIeCTBYeT
3] e}IHZ{CTBeHHO, ecnu npasble yactd cucrembl (101) cyrs mouu-
HOMbI OT CBOMX apryMeHTOB.

OGuiee pemeHde xKaHOHHYeckol cucreMbl (101) wumeer my-4-
~+me+ ... +m, DPOH3BOJBHBIX MOCTOSHHBIX. KaHOHHYecKylo cu-
CTeMy MOXKHO, BoOOLue TroBOps, NPHBECTH K OLHOMY YypaBHEHHIO
nopsiaka my-+me+ ... My,

Mpumep 11. PaccMoTpum cuctemy

dx dy
i =y; —E=—x. (104)
Dra cucTemMa NPUBOAHMTCA K OXHOMY YDaBHEHHIO TpPeTbero nopsaxa
dix
i +x=0. (105)
Ecnu
x=(t, Ci, Gy, Cy) (106)
ecTb obuiee peuieHHe ypaBHeHHs (105), To ¢yHkuus y HaxoaHTcs 0e3 KBaxpaTyp
y=9",(t, Cy, Cy Cy). (107)

Jansa cucrembl (104) moxHO cTaBuTh 3amavyy Komu ¢ J06bIMH HayaJbHbIMH

JAHHBIMH fo, Xo, x’o, yo (nouemy?). Ilpm 3TOM pelnenHe Bcerga cyiiecTsyer

H eluHCTBeHHo. Hampumep, CIAHHCTBEHHBIM pelleHHeM, YAOBJETBOPAIOIMM Ha-
YaJIbHbIM YCJIOBUSAM
x=1, x¥’=—1, y=1 npu t=0, (108)
6yner
x=e-t, y=e-t (109)

NMpumep 12, [TycTh MaTepuaibHas TOYKa Macchl 7 ABHMKETCS B MPOCTPaH-

crBe (X, y, 2) noa meficTBueM cuabl F ¢ cocraBasiomumu F., Fy, n F,. Torpa
ee IBH)KeHHe NOLUHHSAETCA caedylollell cHcTeMe JAH¢depeHLHa bHBIX YpaBHEHHI:
dx dzy d2z

= m =F, m
daee 7 are 7 2

m

=F, (110)

uin (npexnosiaras, 4to cwia F He 3aBHUCHT SIBHO OT BpeMeHH f)



124 Ta. IV. Cuctemor Ougppeperyuanvroix ypasHeruil

dzx ; dzy ; d2z "
—— =N Y, ?), —— =l20%, ¥y, 2), —— =[s(X, ¥y, 2).
an —he g2, s =h(x g, 2), —om=ls(% 4, 2) (111)
D10 KaHoHHueckasi cucTema 6-ro mopsiika.
Tlonoxxkus
dx dy dz
—— =Xy, —— =Y, —- =2,
ar v Ty T T T

rae Xi, Yi, 21— HOBble Heu3BecTHble (yHKUMH OT !, npuBegem cucremy (111)
K HODMAaJIbHOH CHCTeMe IIeCTH YpaBHeHHH: ‘

dx dxi [

—F =%, —— =/1(X, Y, 2),

af e g Thin e 9

dy dys \

7l Ly =[a(%, Y, 2), 112
dz d21

E=21, 7=f3(x, Y, 2).

§ 2. CHCTEMbI TUO®OEPEHIVAJBHBIX YPABHEHUN
B CHMMETPUYECKOI ©OPME

14. Cucrema puddepeHnuanbHblXx ypaBHEHHH, 3anHcaHHas
B BHIE

dxi . d)Cg L .
Xai(x1, X2, ..., xn)_Xz(xh X2y vy Xn) - -
dx,
— , 1
Xn(xi, x2$ LR | xn) ( )

HasblBaeTCs CcucTemol Oudgeperyuaronolx YpasHenul. 8 CUMMET-
puueckoii opme. 3pect Bce NepeMeHHbiE X1, X2, ..., Xn BXOOAT
paBHOOpaBHO.

Bcesikyio HOpManbHYIO CHCTEMY

d

_gxl=fi(x’ yh yZ, e s ey yn),

dy»

'_E:fZ(x: Y1, Yz, ., L’n), (2)
dyn

P =fn(%, Yy Y2, --., Yn)

MOXKHO IlepelucaTh B CJeAyIOlled CHMMeTpHueckodl dopme:

dy, dys dya dx
= = 3
ft f2 fn 1 3)
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15. Byaem mnpexnonarate, u4to GyHKuHH Xi, Xa, ..., X,
onpeneNeHbl H HeNpepbiBHbl BMeCTe€ C YacCTHBIMH MPOH3BOAHBIMH
B HEKOTOpOM INapaJJesenunene C LEeHTPOM B 3aJdaHHOH TOuKe
(x(f), x(g), ,\ x(;l’)):

]xh—x(g)! <a (k=1,2, ..., n) (4)

W He ofpawllaloTcs OXHOBPEMEHHO B HYJb B 3TOi Touke. Ilycrb,
Hanpumep,

Xn(xQ, x9, ..., x9)5=0. (5)
Torga MOXHO NPHHATH X, 33 HE3AaBHCHMYIO NepeMeHHYI H Mepe-
nucath cucreMy (1) B HopmasbHOH (opMe:
dxi X1 d.’Cz Xz dxn_1 Xn—i

dxn  Xn' dxn  X.' " Tdxn . Xa (6)

[MpaBble wacTu cucteMbl (6) 3aBeZOMO YAOBJIETBOPAIOT B 06Ja-
ctu (4) oGoum ycaoBusiMm teopeMbl ITukapa. ITostomy cymiecTByeT
eAMHCTBEHHOE pelleHHe:

X:i':(Pi(xn), x2=CP2(xn), ceey xn—i—:(Pn»—i(xn), (7)

YAOBJICTBOpAIOLlee HadajabHbIM YCJIOBHAM!

—_ —— — — +(0;
x1=x0, xp=xO, ..., Loq=xO0  npn xn=x0. (8)

Cucrema (6) umeer poBHO n—]1 He3aBHUCHMbIX HHTErpaios

Pi(x1, X2, ...y Xn), $a(X1, X ..., Xz), ...,

Yt (X1, X2, ..., Xn), 9
onpejeneHHBIX M HeNpephiBHO JAH(GdepeHnupyeMblX B HEKOTOPOUH
okpectHocTH Touku (X9, x9), ..., x¥) (nouemy?). CnenosareinbHo,
cucreMa (6) umeer n—1 He3aBHCHMBIX NepBBIX HHTETPaJiOB

P1(x1, X2, ..., Xn)=C1 P2(X1, Xo, ..., Xp)=
=C,, ..., Pn—t (Xi, X2y ..., xn) =Cp_1. (10)

MnterpanbHble KpUBble, HHTErpajbl M INepBble HHTErpajbl CH-
crembl (6) O6ynemM Ha3blBaThb COOTBETCTBEHHO UHTEESPAAbHbIMU KpU-
8blMu, uHTezpasamu U nepsoimu unreepasamu cucremb (1).

JlanuM HemocpeiCTBeHHOe ONpele/cHHE HHTETpaja CHCTEMBI
B CHMMeTpHuecKoli ¢opme. Ilyctb ¢ ectb uHTerpas cucremn (1)
B YKa3aHHOM Bblllle cMbIcje. Toraa ans ¢ HMeeT MeCTO TOMKAECTBO

oy Xy oy X, oY Xn _l_dxp
dXi Xn dxz Xn C)Xn._i Xn dxn

+ +..

=0 (11)
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(nouemy?). YMHOXKHM 06e yacTH Ha Xj:

9y op A
G—XIXF‘I'?;‘Z‘Xz—I-.—*-

Xn=0. (12)
PaccmoTpHM Tenepb MOJHBIH zmq)cpepeﬂuna.n GyHKUHH P:
0 0
dp= ‘*’ dx,+-— dxat . .. —)‘f— dxn. (13)

Ecau sameHuts B HeM auddepeHunans dxy, dxs, ..., dx, OGyHK-
wusamu Xy, X, ..., Xp, TOo BeaencTeue ToxkpaectBa (12) obGpartutcs
TOXKAECTBEHHO B HYJIb.

Onpenenenne. OyHkuusa P(xy, X2, ..., Xn), 3afaHHAsA H
HenpepbiBHO JAH(¢epeHUHpyeMas OTHOCHTEIbHO BCeX CBOHMX apry-
MEHTOB B HekoTopoH oOmacté D u3MeHeHHS IlepeMeHHBIX
X1, Xz, ..., Xn, NPHYEM TaKas, YTO €€ YacTHble NPOHU3BOAHbIE
He o6palialoTcs OJHOBPEMEHHO B HyJb, Ha3blBAeTCA UHTE2PAAOM
cucrembl (1), ecnu ee nonnbiit guddeperunan (13) ToxkIecTBeHHO
paBeH HYJIIO B CHJIy CHCTEMbl (l), T. €.

0
aplo= Xt Xt 4+ Txa=0 (1)

U3 3Toro onpepneneHHs ciegyer, 4TO HMeeT MeCTO CJeAyHOLIHH
anaauTuueckul Kpureputi uxteepasa cuctemst (1). Besaxuit uure-
rpan cucreMbl (1) B cHMMeTpHueckoH ¢opme SIBAAETCS pellieHHeM
ypaBHEHHS] C YaCTHBIMH IIpOP[SBOI.leIMH nepBoro Mopsiika

+ 2a +o o % o, (15)

n

CoBoKynHOCTb n—| He3saBHCHUMBIX MNepBblX HHTerpagaos (10), T. e.
obuinil uHTerpan cuctemnl (6), 6yaeM Ha3biBaTb OOWUM UHTE2PUNOM
cucrembl (1).

Mpumep L. PaccmoTpuM cucremy

) dz
—=—=— (x¥0). (16)
2

—=— ——=— amn
Hurerpupya ee, HaxoaHM

=Cy, — =C;. (18)
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DYyHKIHH
y z

i "«pi= ) ’¢’2= - (19)

X X

SBJIAIOTCA MHTerpaJjamu 'cuctembl (17), a ciemoBaTenbho, U AaHHO cucreMbl (16).
CoBokynHOCTb NepBbiX uHTerpajoB (18) maer o6wwmit uHTerpan cucremnl (16).
YpaBHenne (15) npuHumaer mjs chctembl (16) BuA :

ou + ou + ou 0 0
xX— -— +4z—=0.
Oox y dy 0z )
Kaxnbii n3 unrerpanos (19) sBasierca peineHveM ypaBHenus (20). JefcTsH-
TesibHO, nosaras B (20), Hanpumep,
14
u=py=—o, 2n
X
DOJIyYHM TOXKJEeCTBO

x(—i)+y(—lx—) +2.0=0. (22)

x2

33MeTHM, YTO BCe CKa3aHHOe Bblllle OTHOCHTEIbHO CHCTEMb!
B CHMMeTpHYeCcKOH (¢OpMe OTHOCHTCH TOJNBKO K oOJsactaM, He Co-

JepKalllMM ToYeK, B KOTOphlx GyHKuHH Xi, Xs, ..., X, omHOBpe-
MeHHO 06pallalTcs B HYJb.

Touka (x9, xQ, ..., x@), B xoropoir Bce O¢yukuun X,
Xs, ..., X, of6paumaimoTcid OXHOBPEMEHHO B HYJb, Ha3bIBaeTCH
ocoboi toukod cucrembl (1). IlpaBnie yactu cucrembl (6) oGpa-
LlaloTc B 3TOH TOYKe B HeONpelesIeHHOCTb BHAA o [ToBenenne

peiieHu#l cucteMbl (1) B OKpPeCTHOCTH OcoObIX ToueK Tpebyer chie-
LHaJbHOrO M3yueHHs (cM. . V, § 4).

[TepBbie uHTerpanel W OOLIMH HHTErpaj CHCTEMbI B CHMMETPH-
yecKoH (opMe BO MHOTHMX CJOyuyasX MOTYT ObiTb HalJeHBl HENoCpe-
ctBeHHo (0e3 mepexoma kK HopMmaJsabHOH cucreme (6)). Bosaee Toro,
nepexol OT HOPMaJIbHOM CHCTEMBl K COOTBETCTBYIOILLEH el cHcTeMe
B CHMMETPHYECKOH (popMe BO MHOTHX caydasx ob.jersaetr 3agauy
HaXOXJEHHUs MepBbIX MHTErpasoB HOpMaJbHOH chHcTeMbl (cM. m. 19,

npumep 1).

16. Ilycts taHa aBTOHOMHaAasAa CHCTEMa
dx
—dt—‘ =X1(x1, X2, ..y xn),
dX2
_d_t— —XZ(XL X2, ..., xn)r (23)
dxn
T =Xn (X1, X2, ..., Xn). J
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IlepenumeM 3Ty cHCTeMy B paBHOCHJbHOH €H CHMMETPHUYECKOM
tpopme:

dxy dx, dxy, dt
D A (24)
Paccmotpum cHctemy
d)C1 dX2 dxn -

Besikasi uHTerpanbHasi KpHBasl 3TOH CHCTEMBI fIBJISIETCS] TPaeKTopHeil
HEKOTOpOro ceMelCTBa [ABHXKEHHH, ONpeAeseMblX NaHHOM CHCTe-
Mol (23).

JlelicTBHTE1bHO, BO3bMeM JIOOYIO TOUYKY (x(;’), x(g), e, x‘;?),
B KOTOpOH 3HameHarend Xi, X, ..., X, He oOpamialoTcsi OJHOBpe-
MeHHO B HyJb. IlycTb, Hanpumep, BbimosHeHo ycioBue (5). Torma
cylllecTByeT eNMHCTBeHHasi MHTerpaJbHast kpuBas (7):

X1=@1(Xn), Xe=@2(Xn), ..., Xn1=@n—1(Xn),

npoxojsulas uepe3 3Ty Touky. Haligem Bce aBHXKeHHs, onpepesse-
Mble cuctemoit (23), aas koropelx (7) Oymer Tpaexkrtopued. as
3TOro moAacrasuMm (7) B IocjaefHee M3 ypaBHeHHI cucTeMbl (23):

dxn :
dt =X, [(Pi(xn), (Pz(xn)» RN (Pn—vl(xn), xn]-
Unrerpupys, nonydaem
dxn
—— =1t+4C. (26)
Xn
Haxoaum orcrofa Xxn:
Xn=0n ({4+C). (27)
Moacrasasis (27) B (7), mosyuuM BMecTe C (27) HCKOMblEe IBH-
KEHHA
x1=1 [@n ({+C) ];
Xo=a2 [gn ({+C)], ..., Xn=0n(1+C). (28)
Ecan B Touke (x9, xQ, ..., x) Bce 3HameHaTenu cuctemsl (23)

paBHBl OIHOBPEMEHHO HYJIO, TO OHa OYyHeT TpaeKTOpHeH &Jsi CO-
CTOSIHHSI paBHOBeCHs

x1=x(10), x2=x(g)’ ey xn=x(2), (29)

onpenesnsieMOro B 3TOM cjyuyae cucTeMoi (23).
HerpynHo BuzmeThb, uto, 06paTHO, TpaeKTopHelt JI0G0ro ABHKEHHs
xi=x1(1), xe=xs(t), ..., xp=xx(f). (30)
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olpejesnsseMoOro cucreMod (23), OTJHYHOrO OT COCTOSIHHS paBHO-
BeCHs, fIBIsieTCSl HeKOTopas HHTerpa/bHas KpuBas cucTeMbl (25),
INpHYeM, KaK y»Ke OTMeyajoch B M. 2, ypaBHeHus ABHxkeHHs (30)
ABJISAIOTCS NapaMeTPHUECKHMIN YPAaBHEHHSAMH COOTBETCTBYIOUIEH eMy
TPaeKTOPHH.

BcenenctBHe yka3aHHOH TeCHOH CBSI3M Mexay cuctemMamu (23)
‘U (25) mocnenHsisi HA3BIBAETCS CUCTEMOU 8 cumMmeTputeckoi gopme,
cooreercTeyroujeli asTOHOMHOU cucteme (23).

ABTOHOMHO# CHCTeMe BTOpOro Nopsifika

dx dy
E_X(xv y)a E—Y(x, y) (31)
COOTBETCTBYEeT B yKa3aHHOM BbIllle CMbICJ€ OJHO YypaBHeHHe:
dx dy dy Y
XTY M LT Y (32)

ABToHOMHas cuctema n-ro mnopsaka (23) umeer (mpu coesal-
HbIX MpPENNOJIOXKEeHHSX) POBHO n—] He3aBHCHMBbIX HHTETrpaJjioB, He
colep>Kauux sBHO BpeMms ! (mouemy?).

IMpumep 2. Cucrema

dx dy
at =—Y; ar =X (33.)

lIMeeT TOJMLKO ONHH HHTerpaj, He -cojepxauuit sBHO BpeMms . Takum unTerpa-
JIOM, KaK fokaszaHo B n. 10, sBasercs

P=x24y2 (34)

Jas Besikoit cucrembl (25) B cuMMerpHyeckodl (opme MOXKHO
MOCTPOHTb COOTBETCTBYIOILYIO € aBTOHOMHYIO CHCTeMYy, MOJIOXHB
B (25) oO6uiyro BeJHYHHY OTHOLIEHHH, paBHOH adf. DTO PaBHOCHUJIbHO
TOMY, YTO Ha [JaHHBIX TPaeKTOPHAX Mbl 3ajlaeM JBHkKeHHs. Hanpas-
JieHHe JBHXKeHHH onpefessieTcsl INpPaBbIMH YacTAMH IOJNy4YeHHOH
aBTOHOMHOM CHCTEMBI M 3aBHCHT OT 3HakKa a.

lNpumep 3. TlycTb 1aHO ypaBlenue

d dx
g = (35)
x -y
Ecan nosoxutb
dy dx
— = =dt, (36)
‘ x -y
TO TOJYYHM CHCTEMY
dx dy 37
— =y, — =X
dt Y .dt @7
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Ecau Bmecto df B3sath —df:

dy dx
— = ——=—dt, (38)
x -y
“TO
dx dy 39)
— =y, —=—4x
at P at : (

‘Tpaekrophuu, onpegensiembie cucreMamu (37) u (39), oaHH n Te ke, a Hamnpas-
JIEHHs JIBUXKEHMH Ha HHX B3aHMHO MPOTHBOMOJIOMHBI.

§ 3. OBIUE METOJbI MHTErPHPOBAHUA CHCTEM YPABHEHHN

17. Tlpocrefiwelt cuctemolt auddepeHuHanbHbIX  ypaBHEHHH
ABJAETCA CHCTeMa BHAA

4y

P =f1(x, v1),

dyz :

dx =T e, )
dyn

dx =f"(x’ y")

DTa CHCTeMa HHTerpHpyeTcsi HenmocpeACTBEeHHO: Kaxluoe
ypasHeHHe HMHTErpHpyeTcsi B OTAENBbHOCTH.
Ecau cucrema nMeer BHJ

d

L —hix w),

dyz

dx =f2(x, Y1, Y2), )
dyn

Tyx_ =f7‘l(x1 yh yZy ) yn)

(UM COCTOMT M3 HECKOJbKHX TPYNN TAKHX ypaBHEHHH), TO HHTe-
TPHpPOBaHNe ee BHINOJHAETCS NOCJAE€AOBaTeNbHO, HaudHAA
C NepBOro ypaBHeHHsi, B KOTOpOe BXOAHT TOJIbKO OfiHA HEH3BEeCTHas
¢yukuns y;. [NomcraBuB HalileHHOe 3HayeHHe Yy BO BTOpOe ypas-
HeHHe, NOJYyYHM ypaBHEHHe, COoAepIKalllee TONbKO OJIHY HEH3BECTHYIO
GYHKUHUIO Yo, A T. I.

18. MeToa UHTerpHpOBaHHS HOpPMaJ/bHOH CHCTeMbl n AuddepeH-
LHA/NbHBIX YPaBHEHHH, OCHOBaHHbIH Ha MNpHBEeJEeHHH ee K OJHOMY
YpaBHEHHIO #-T0 MNOpPSAKA C OJHOH HEH3BeCTHOH QYHKUHEH WIH



§ 3. Obwue merodol unTezpuposarusn 131

K HECKOJIbKHM TaKHM YyPaBHEHHAM, NpPHYEM CyMMa MOPAAKOB HX
paBHa n (cM. m. 12), Ha3biBaercsi #eTO00OM UCKAIOHEHUS.,

[TpakTHueckoe HcHoJb30OBaHHE 3‘51‘01‘0 MeTOAa CBfI3aHO C BO3-
MOKHbIMH 3aTpyIHEHHUSIMH B HHTETPHPOBAHHH IMOJYYEHHOrO ypaB-
HeHHA n-r0 nopsifika (HJH HECKOJbKHX YpaBHEHHi), KOTOpbie He
BCeraa yaaeTcs NpeojoseTb. TeM He MeHee BO MHOTHX CJaydasx
METOA HCKJIOUEHHs AaeT BO3MOXHOCTb HaHTH oOllee pelleHHe
INaHHOA cHCTeMbl. DTOT MeTOA MpPHMeEHsieTCSl TakXKe H JUIfl MHTEerpH-
pOBaHHAA KaHOHHYECKHUX CHCTeM AH((depeHUHANbHbIX ypaBHEHHH.

19. Bcsikoe sierko uHTerpupyemoe Au¢depeHuHa bHOE ypaBHe-
HHe, NOJyYeHHOe KOMOHHauMeld ypaBHeHHH NaHHOM CHCTeMbl, Ha3bl-
BaeTcA unTezpupyemoi kombunayueid. Kaxpas uHTerpupyemas
KOMOHHALHA AOCTaBJasieT OAMH MepBbIH HHTerpal.

‘Ctpost pa3nHuHble HHTerpHpyemble KoOMOHHaUHH, Mbl GyjeM
rosyuaTb Bce HOBble H HOBble MepBble HHTerpasabl. OmHakKo npH
3TOM HYXXHO NPHHHMaTb BO BHHMaHHe TOJbKO Te H3 HHX, KOTOpHIe
SIBJISIIOTCS He3aBHCHMBIMH OT paHee HallleHHbIX. [lns HaxoXAeHHSA
HOBBIX HHTErpajioB IO0JI€3HO TaKxXe HCI0Jb30BaTb NOHHXKEHHe I10-
pAanKa.

Jns nocTpoeHHs HHTerpHpyeMblX KoMOHHauui# HHOraa ObiBaeT
MoJIe3HO 3anHucaTbh AAHHYIO CHCTEMy B CHMMETPHUYeCKOH ¢opme H
BOCIMO/Ib30BaTbC CBOHCTBAMH Dsiia paBHBIX OTHOLIEHHH.

§ 4. 3ATIAYUN

MaTsees. CoOopuuk 3apmau, Ne 892, 894, 896, 898, 899,
902—906, 910, 912.
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METOXHNYECKHE YKA3AHUA

§ 1. TEOPEMA IIHKAPA O CYIIECTBOBAHMM HU EJXMHCTBEHHOCTU
PEIIEHHNA 3AJAYH KONIN

1. OgHuM M3 yc/0BHiH, BXOASIILHX B (OPMYJHPOBKY TeOpeMbl
IMukapa, aBasieTcs Tak HasbiBaeMoe ycnoBHe Jlunuinna. BoisicHum
€r0 CMBICII.

l'oBopaT, uTo ¢yHKuua y=f(x) ymosneTBopsieT ycaoBuio Jlun-
KHua B HHTepBajde [a, b],! ecnn cywecTByeT  Takoe MOCTOSIHHOE

TNOJIOXKUTEIbHOE YHCAO L, 4TO AJisi n106biX 3HAYeHHH X M X, NpH-
HaJJieXxallux HHTepBaay [a, b], BbIMONHSETCS HEpaBEHCTBO

|F()—F ()| <L|x—x|. (1)

HaumMenbumee w3 uucen L, Bxomswux B ycaoBHe Jlunmuua,
6yneM Ha3bBaTb KOHCTAHTOU Jlunwuya.

Ycaosue Jlunwuya npexpcraBasier co60H OLEHKY MpHpalleHHst
GYHKUHH yepe3 MpHpallleHHe He3aBHCHMOH NepeMeHHOH.

C wu3smeHeHHeM uHTepBajia [a, b] xoHcranta Jlunmwuua L,
BooOlle TOBOps, H3MeHAeTCS.

NMpumep 1. Pyukuus

y=*kx (2

YAOB/E€TBOpPAET YCIO0BHIO Jlunmnua B HHTEpBaJe (-—00, +OO) H, CJleA0oBaTeNbHO,
B MIOGOM KOHEMHOM uHTepBaje, npudeM L=|k|.

JeiicTBUTEAbHO, A48 JIOGBIX X H ; HaxoAuM
|F(x) =F(x)| = | kx—kx| = | k|| x—x]. 3)
CpasuuBas (3) u (1), BumuM, uto L=|k]|

{ Uau B nuTepBane JoGOro APYroro BHAa.
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Mpumep 2. PaccMoTpuM QyHKiLHIO
y=x2.

4)
[Monyuaem -

[Fx) —F(%)] = | =] = [ x+x[[x—x],
OTKYZa BMAHO, 4T0 (yHKuus (4) He yaoBJjeTBopsieT yc/aoBui0 JIMnuimua B HATEp-
Baje (—oo, +oo). Ecau ke B3ATb KOHeuHblii wuHTepBan [—a, +a], Tc

| x + x| <2a, u yciosue Jlumunua Gyder BbimoaHeHo, npuyem L=2a, Tak uTo
C YyBe/HYEHHeM IJHHbI HHTepBa/ja MNMOCTOAHHAf JIMMUWIHLIA TOXe YBeJHUHBaETCA.

Ecnu ¢ynkuus y=f(x) ynosaerBopsier ycmaoBHiO -JIunuinua
B HHTepBaJje [a, b], To OHa 3aBeJOMO HempephiBHA B 3TOM HHTep-
Basie (mouemy?). O6paTHOe yTBepiKIeHHE HeCNpaBelJHBO.

Mpumep 3. Oyukuus
y=7x ()

HenpepelBHa B Jio6oM wuHTepBane Buaa [0, a]. OaHako ycioBuio Jlunwikpa He
B KaKOM WHTepBaJ/ie TaKoro BHAAa OHa He yIOBJETBOPSET, YTO BHIHO H3 PaBeHCTBA

]/7-1/§=1—/_=:$. (®)

Ecau ¢yHkunsi y=f(x) He TO/MBKO HempepblBHa B HHTepBaJe
[a, b], HO U UMeeT orpaHUYeHHYIO MPOH3BOAHYIO, T. €.

df
| < ™)
rie K — NOCTOSIHHOE TOJIOXKHTENbHOE YHCIO, TO OHA  3aBEIOMO
yIOBJIETBOPSieT ycaoBHIO Jlummuua B HHTepBaje [a, b], npuuem

B camoM pene, moab3ysach GOpPMYJOH KOHEYHBIX MpHpaleHHH

(bopmysoit Jlarp aHxka) ans aobbXx X H X W3 [a, 6], umeem:

F)—F(x) =F (¢) (x—%)  (x<<c<x), (8)

otkyaa BcienctBHe (7) BoiTekaeT ycaosue Jlummuna (L=K).

Ecau ¢yHukuus y=/f(x) HempepbiBHa B uHTepBane [a, b], a ee
NPOHM3BOAHAsL CYLIECTBYeT, HO He OTpaHHUEeHa, TO yCIOBHE
Jlunu¥ua B 3TOM HHTepBaJje He BBIMOJHSETCH.

Mpumep 4. Bepremca Kk QYHKUMAM y=x? H y= J X, PACCMOTPEHHLIM B NpH-
mepax 2 u 3.

Ina nepBolt u3 HuX mnpoussoanas f’(x)=2x orpaHHYeHa B HHTepBaJje
[—a, a], K=2a, u mbl cHOBa mosnyuaeM, YTO B KaXIOM TaKOM HHTepBaie ycJo-
Bue JIlMmuuua BBIMNOJHEHO.
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Hdns byHKUHH y="/x npousBonHas f[’(x)= —— He OrpaHHyeHa B HH-
2]/x
tepBaie Buma [0, a]. [Tostomy ycaosue Jlnnuwnua B TakoM HHTepBaje He Bbi-
NoJHAeTCA.
YcnoBue Jlunmuua MoXKeT BBIMOJNHSATbCH H B TOM clyyae, Koraa ¢yHkuus,
OyayyH HenpepeiBHON, He HMeeT MPOH3BOLHOM.
Mpumep 5 Pynxuus

y=|x|

He KMeeT MNPOH3BOAHON B Touke x=0, HO yHoBJeTBopseT Yyc/oBHIO Jlunuinua
B HHTepBaje (—oo, +o00), H6O

|F(x)—f(®)] =|1%] = |x||<|x— x|, L=L.

Paccmorpum  ycaosue Jlunmuua i QyHKUHMH HECKOJBKHX
nepeMeHHbIX. ['oBopsiT, uto ¢yHKuMs y=F(x1, X2, ..., Xn) YHOB-
JeTBOpfieT yc/aoBHIO JIunmuuna B napaJJenensnene !

|xk—x<g>! <an (k=1, 2, ..., n), 9)

€CJIH CYWeCTBYeT TAKO€ NOCTOAHHOE IOJOXKHTEJbHOE UYHCJIO L, 4yTo

A5 JIoGBIX ABYX TOYeK (X1, Xz, ..., Xn) H (X1, X2, ..., Xn), HpH-
Hagaexawux (9), BbINOJHAETCS HepaBeHCTBO

ety oy -y ) —F (Bt 3y ooy Xn)| <L) [me—ma ] (10)
R=1

YcnoBne Jlunmmuna 3aBeAOMO BLINOJHEHO, €CJIH YacTHbIe MPOH3-
BoJHble OT (PYHKUMH f MO BceM apryMeHTaM CYIIEeCTBYIOT H Orpa-
HHYeHb

of

5 | <K (=12, .., n). (11)

Ipu stom L=K (mouemy?).
Orcrofga, B YacTHOCTH, CJledyeT, YTO MOJHHOM Bcerga yaos-
JeTBOpsieT ycioBuio Jlunmuua B nio6om napaasenenunene (9).
B of6wem cayuae TeopeMbl [Inkapa oTHocHTeNbHO (YyHKIHI,
BXOAAILUMNX B YypaBHeHHsA, TpeOyloT, uTOOB OHH YIOBJETBOPAJH
ycaoBHIO JIMMIIMIA OTHOCHTEJIbHO BCeX apTyMEHTOB, KPOME€ OLHOrO.

1t Uan B oGaactu GoJsiee oblierc BHAa

(0) 1) (0) (2)
Xy —ap <Xp<xp +ap (k=1,2,...,n),

a TakXe B HeorpaHHuYeHHOH 006/1aCTH H3MEHEHUS Xi, X2, ..., Xn.
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loBopsar, uto ¢yHkuus y=f(x1, X2, ..., ¥n), 3afaHHasi B ma-
paanenenunege (9), yAoBjeTBopsieT yc/oBUIO JIMmIIHMIA OTHOCH-
TeJbHO apryMeHTOB X2, ..., Xp, €CJIH CYLIECTBYeT TaKoe MOJIOXH-
TeslbHOe YHCIO L, 4To MMeeT MecTO HepaBeHCTBO

15 (%1, 520 ey T —F (51, By ooy 5m)| <L Y |0l (12)

h=2

roe (X1, X2, ..., Xn) U (X1, X3, ..., Xn) — JOOble TOUKH H3 (9).
dt1o ycaoBue Jlunmuua GyneT 3aBeAOMO BBIMOJHEHO, €CJH

0
¢yukuus f HenpepwiBHa B (9), a % (=2, ..., n) cyuwecTByioT
H OTpaHHYEHbI: *

n). (13)
[pu stom L=K.
INpumep 6. Pyukuus
\ 2=y 39 (14)
yAoBJeTBOpAeT B 00/acTu
0<x<a —-b<Ly<hb (15)

yc/ioBuio JIMMILKLA OTHOCHTeNbHO Y, nphdem L=2 ]/_a b.
TNpumep 7. Dynxuus

u=pi(X)Yr1+p:(X) g2t ... +pu(X)Yn, (16)
JUHEeHUHAas OTHOCHTENbHO Yi, Yz, ..., Yn C KO3DOHUHEHTAMH py(X), p2(X),
.., Pn(x), HenpepblBHbIMU B MHTepBaje [a, b], y@OBJIETBOpPSAET YCJIOBHIO Jlun-
ldia OTHOCHTENbHO Yy, Ys, ..., Yn B obGJacTu
a<x<b, |yn|<+oo, (k=12 ..., n), (17)
nbo
du
—=pr(x) (k=1,2, ..., n), (18)
dyk
HO
Ipn ()| <K (k=1, 2, ..., n), (19)
TaK 4TO
ou
<K (k=1,2, ..., n), (20)
dyk

a Toraa ycJjoBue Jlunwuua BBHIMOJHEHO, npHyeMm L=K.
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2. [lyctp paHO ypaBHeHHE

d
b =ty @D
0

R
%@ U TMOCTaBJIeHbl HauaJjbHble ycC-

Yo JIOBHSA:
Y b Yt Yy=yo TpH x=xX. (22)
s z, z Teopema Ilukapa.
i Ecau f(x, y) onpedeséna 8
e npamoyzorbruke R
| x—x0|<<a, |y—yo|<<b (23)
C YEHTPOM 8 HAYQAAbHOU TOH-
Ke (xo, Yo) (puc. 38) u ydos-
Puc. 38 ACTBOPAET 8 J3TOM NPAMO-
YyeonrbHuKke O0B8YM YCAOBUAM:
1) f(x, y) nenpepvisnatl u, caedosaresvro, ozpanuiena & R:

|F(x, y)| <M. (24)

2de M — nocrosnnoe noaroxuresbHoe 4ucao:;
2) f(x, y) yoosaersopser ycaosuro Jlunwuya OTHOCUTENbHO Y-

1Fex, ) —F(x 9)] <L|y—y|, (25)

20e L — nocrosannoe noaosutessnoe wucao, a (x, y), (x, y) —
ato6ole TOuKu u3 npamoyeossnuxa R, To ypasnenue (21) unmeer
eJuHCT8eHHOe pewlerue

T
Y

To+h
To+ad

y=y(x), (26)
yoosaeTeoparousee HawarvHolm ycrosuam (22), 3asedomo onpede-
s1ennoe (u Henpepbl8HO Oudgpepenyupyemoe) 8 untepsaise

| x—x0| <h, (27)
ede h=min( a, %) (28)

IT0 pewenue He 8blx00UT u3 npamoyeosvruka R npu | x—xo | <h,
T. e.

ly(x)—yo| <b npu | x—x0| <h. (29)

JokasaB 3Ty TeopeMy, Mbl TeM CaMbiM JOKa)XeM Teopemy
ITukapa B ynpouleHHOH (opMyJHPOBKe, NMpHBeAEHHYIO B TJiaBe I,

1 3necb ¥ B HajbHeiillleM, TOBOPS O HENPepBIEHOCTH (YHKUHU HECKOJIBKHX
He3aBHCHMbIX NMepeMeHHbIX, Mbl Bcerfa GyAeM HMeTb B BHAY HENPepbIBHOCTL I ©
COBOKYNMHOCTH He3aBHCHMBIX NePeMEHHbIX.
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rie ycaoBde Jlunuuna 3aMeHeHo Gosee rpy6bim TpebGoBaHHeM Cy-

L{eCTBOBAaHUA H OTPpaHHUYEHHOCTH YaCTHOH HPOHSBOIJ,HOI:'i a—y—.

OcHoBHasi uAesi MPHBOJMMOrO HHXe I0Ka3aTesJbCTBAa TEOPEMbl
[Mukapa coctoutr B ToM, yTo 3agaua Komu (21)—(22) csoaurcs
K HEKOTOPOMY HHTerpajbHOMY YpaBHEHHIO, KOTOpOe pemaercs
METOAOM MNOC/AedOBaTebHBIX NpuONHKeHHH (Meromom [lukapa),
nocJie 4ero AOKa3biBaeTcs, YTO Hali/leHHOe pelleHHe eJHHCTBeHHoe.!

Pa3zobbemM mOKa3aTeabCTBO Ha MATb YacTel.

1. IlpuBenem 3amauy Kown (21)—(22) k .uHTerpaabuomy
ypaBhenHio. Ilpeanosnoxum, 4to HaleHO HCKoMOe peuieHue (26).
[ToncraBuB ero B ypaBHeHue (21), mosyyuM TOXKAECTBO

Liy?(;lsf [x, y ()] (|x—x0| <h). (30)

[Tpounrerpupyem oGe yacTu B npepmenax OT Xo A0 Xx. Torma, mpH-
HHMasi BO BHHMaHHe HayaJbHble yca1oBusi (22), Hahgem

(x) =0 = ff[r y)]dx (x—x| <h) (31)
HJAH
y(x) E_l/o—l—Jf [x, y(x)]dx (| X—Xo | gh). (32)

paCCMOTpHM UHTE2pasbHOe ypaBHEHHE

y=yo+xff(x, y)dx. (33)

(3mech HensBecTHas (YHKUHMA Y BXOAHT MOA 3HAaK HHTerpana.)
Pewenuem ypasHenus (33) HasbiBaerTcs (PyHKuus y=y(x), oGpa-
maiolnas 3T0 ypaBHeHHe B TOXAECTBO B HEKOTOPDOM HHTepBaJe
H3MeHeHHs X.

CpaBuuBas (33) u (32), BHAHM, YTO HCKOMOe pelieHue (26)
SIBISIeTCA pelleHHeM HHTerpajJbHOro ypasHeHHs (33).

ITokaxeM, uTo, 06paTHO, BCIKOE pelleHHe Y=y (X) HHTErpaJb-
Horo ypasHeHHs (33), ompelejeHHOe M HeNpepbiBHOE B HHTEpBa-
ge (27) n He BbIXOAsilee H3 o6jacTH R, sABiseTcs pelueHHeM
samayn Kowwu (21)—(22).

! ENMHCTBEHHOCTb MOXeT ObiTh OKA3aHa H A0 A0Ka3aTeJbCTBa CYlLecTBO-
BaHua (cM., Hanpumep, davcroaby, i I, Teopema II).
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IIpexnae Bcero 3aMeTHM, 4TO HayaJibHble ycjaoBus (22) BbINOJ-
HsiloTCs aBroMaTHuyeckd. IlpoBepum, uro u ypaBHenue (21) ynos-
JeTBopsercs.

B camom pnene, mbpl MMeem ToxaecTBo (32). I[TombiHTerpasbHas
byukuus f [x, y(x)] ectb ¢yHKuHS OT X, HempepbiBHAasi B HHTep-
Baje |X—xo|<<h. DTOo cjeiyeT H3 TeOpeMbl O HeNPepeIBHOCTH
CNOXHOM ¢yHKuMH, H60 f[(x, y) HenpepbiBHa B R, a y=y(x)
HenpepbiBHA B | X—Xo| <Ch M He BBIXOZHT M3 R mpu | x—Xo| <h.
IMostomy uHTerpan B (32) mMoxHO auddepeHuHpoBaTh Mo mnepe-
MeHHOMY BepxHeMmy mnpefeny. Huddepenuupya (32) no x, noay-
unm ToxaectBo (30), T. e. y=y(x) ecTb pelieHHe ypaBHeHHs (21).

BenepcrBue paBHOCH/IbHOCTH 3agaud Kown (21)—(22) wu un-
TerpaJbHOro ypaBHeHHs (33), DOCTAaTOYHO HAHTH pellieHHe MOoCJel-
Hero, 06/1aJalollero yKa3aHHbBIMH Bblllleé CBOHCTBAaMH.

2. BynemM wuckaTh pelleHde HHTerpajJbHOrO ypaBHeHHs (33)
MmeTodom nocaedosatesbHuix npubausceruti, DTOT MeTOL COCTOHT
B TOM, YTO CTPOHTCSI HeKoTopasi GeCKOHeyHasi peKyppeHTHas mnocJje-
JOBaTeNbHOCTb (DYHKUMH, CXOAAILAACH K HCKOMOMY pelLIeHHIO.
Kaxmas u3 ¢yHKUHI 3TOH MOC/IeN0BaTENbHOCTH Has3biBaeTCs npu-
6austenuem K MCKOMOMY peLIeHHIO.

[Tpumem 3a ucxodHoe (Hysesoe) npubiaudscerue Yo(x) — DYHK-
1[I0, TOXHECTBEHHO paBHYI HayaJbHOMY 3HaueHHI0O HCKOMOroO
pelleHHs:

Yo (%) = Yo. (34)

TeomeTpHyeckHn 3TO O3HAyYaeT, YTO BMEeCTO HCTHHHOTO peLIeHHs
y=y(x) OGepercs mpsaMas Y=y, napamjenpHas ocu Ox, mpoxo-
Isulas yepes HauaabHyio Todky (cM. puc. 38). IlomcraBuB Hy.eBoe
npubaHKeHHe B INpaByl0 4HacTb HHTerpajbHoro ypaBHeHus (33),
nonyuum ¢ynkuuio yi(x). Ilpumem 3Ty ¢yHKuMIO 32 nmepBoe
npubGauXeHHe

yi(x)=yo+f f(x, yo)dx (35)
3a BTOpoe npubGAHIKeHHe BO3bMEM

ve(0) =vo [ 15, wyax (36)

HT 0;ne NnpuGAHIXKEeHHEe Yn(X) onpeleqHM PaBeHCTBOM

Yn (x)=yo—}-f f(x, Yn—1)dx. (37)
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[Tponoskass 3TOT THpouecc HeOrpaHHYEHHO, NOJYYHM OecKoHey-
HYIO 110C/Ie0BAaTeNbHOCTb (PYHKIHH:

Yo, yi(x)’ yZ(x)’ R yn(x)» (38)

HokaxeM, uto 8ce @PyHKyuu nocaedosateassrHoctu (38) onpe-
Oenenbl 8 untepgase | x—xo| <<h, HenpepoLeHbL 8 HeM U He BbIXOOAT
13 obaactu R npu | x—xo| <h, 1. e.

| n (X)—t0] <b npu | x—x0| <h. (39)

Y6enumca B 3ToM cHauyana aas yi(x). M3 (35) caenyer, uto
yi(X) ompeneneHa H HenpepbiBHa B HHTepBale |x—xo| <<a (no-
yeMy?) H TeM CaMbIM B HHTepBajle |X—Xo| << h. OCTaeTCﬂ npo-
BEpPHTb, YTO Yi(X) YyHOBJIETBOPSiIET HePaBEHCTBY

|5 ()—yo] <b npn | x—xs] <. (40)
Hs (35) moayuaem
) —s=J 12, ), (41)
N03TOMY
=l < | [ 110 wlax]| (42)

(3mech Mbl BOCIIO/IB30BAJIHCh H3BECTHOH M3 Kypca aHajH3a OLEeHKOH
a6CoMIOTHON BeJIMYHHBI ONpefesieHHOTO HHTerpasna yepe3 abcoJioT-
HYIO BeJIHUHHY MOJBIHTErPaNbHON (QYHKUHH

| jf<x>dx’|<) f|f<x>1dx|, (43)

Tle @ MOXeT ObiTb MeHblle, Gosiblue MM paBHO b.) Tak Kak
|F(x, yo)| <M, (44)

TO, NPOAOJXKAS OHEeHKY (42), Haxooum
()=o) <M | [ de| =m]x—x,] (15)

HIH
| y1(x) —yo| <M [x—xa]. (46)
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Ilns BbIMONIHEHHSt HepaBeHCTBA |Yi(X)—Yo| <<b HyXHO moTpe-
6oBaTb, 4YTOGbl - M |x—xo| <<b, Tak YTO HOJIXKHbl OXHOBPEMEHHO
BBINOJIHATbCSA HEpaBeHCTBA:

b
|x—xo[ Sﬁ, IX—-XoI <a. (47)

[TosToMy, eciH OrpaHHUYHTb 006/MacTb H3MEHEHHS X HHTepBa-
. b '

JIoM !x—xo[ <h, rae h=mm(a, 7\71_) To 06a HepaBeHcTBa (47)

GyAyT BBIMOJIHEHbI, H, CJIeA0BaTeNbHO, yi(x) OymeT yaOBIETBOPATDH

HepaBedcTtBy (40) (cm. puc. 38).

[lyctb Temepb AOKa3biBaeMOe YTBEpXKIAEHHe CNpPaBeNJIMBO MJs
Yn—1(x). [Tokaxkem, 4TO OHO TOrAa GyAeT CNPaBeNHBO H IS Yy (X).
HeitcTBuTenbHO, 3 (37) CAeRYET, 4TO Yn (%) onpg¢ae/NeHa u Hempe-
pbiBHa B HHTepBase |X—Xo| <<h (mouemy?). OueHHBasi Y, (X)—yo,
nojyyaem

[ Yn(X)—Yyo| < |xf|f(x, Ynt)|dx | <

<M | x—xo| <Mh<<b npu | x—xo| <h
Hiu
| yn (x) —to| <b mpu |x—x0| <h, (48)

T. €. Yn(X) He BBHIXOAHT M3 ob6aactH R npu | x—xo | <h.

Tak kak ans n=1 JOKa3biBaeMOe YTBEPXKAeHHE CIPaBeAJIUBO,
TO M3 TOJBKO YTO AOKAa3aHHOTO CJjelyeT, YTO OHO CNpPaBelJIHBO AJIS
BCEX 1.

3. HokaxeM, uto nocaedosaresbrocTs ¢ynkyuil (38) pasHo-
MepHO cxo0uTcs 8 unTepsase |x—xo|<<h u u4ro, caedosareirsro,
npedeabHan PYHKYUA HenpepvlBHA 8 ITOM UHTepsae.

3aMeTHM, UYTO CXOAMMOCTb MoOcCJaefoBaTeNbHOCTH (38) paBHO-
CHJIbHA CXONHMOCTH CJefdyIOLlero psaa:

Yo+ (Y1—4o) + (2—y1) + . . . + (Yn—Yn—1)+ ..., (49)
160 yacTHUHAad cymma 3TOro psiga

Sn=Yo+ (Y1—Yo) + (y2—y1) + . . . + (Yn—"Yn-1) (50)

paBHa Yn, T. e. o0llleMy uJeHy noc/eloBaTesbHOCTH (38).
[To3TOMy HOCTaTOYHO JOKa3aTh PaBHOMEPH YO CXOXHMOCTDb
pana (49) B unHTepBase | x—xo| <h.
C 3TOM UeJbl0 MOCTPOMM M aXOpPpaHTHBH U pax oaa ps-
na (49). [lns 3Toro oueHHM CHauaJja 4jeHbl camoro psina (49).
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Jlns BTOpPOro ujeHa 3TOro pAfa HMeeM OLEHKY (465. Ouenum
Tpetuit uneH. M3 (35) u (36) Haxomum

ve—n=J 115 9~ (x, )] d, 51)

N03TOMY

o=l < F(x, ya)—F(x, yo)| dx| . (52)

Ouennm pasHoctb f(x, Y1) —f(x, Yo), mosb3ysice ycmoBuem Jium-
IIMLa, Ha YTO HMeeM NpaBo, H60O TOYKH (X, yo) M (X, Y1) NpHHAA-
gexar obanacth R (Begb Mbl JOKa3and, 4yTo GYHKUHSA Yyi(x) He
BbIXOAHUT H3 obaactd R). [Moayuum

[F(x, g0) —F(x, yo)] <L|ys—yol- (53)

[Togcrasasia (53) B (52), Haxogum ,

Yol dxl . (54)

Bocnoabayemcsa ouenkoit (46). INoayunm

| x—xo 2

]yz—y1l<ML|f|x xo]dxl—ML 5

(55)
HJH
| x—xo [2

I Yo—Y1 | <ML 2

(56)
AHaJIOTHYHO ANSl YeTBepTOro ujeHa psina (49) HaXOAMM OLEHKY
| X—Xo |3

3l (57)

| Yys—y2 | <ML?

[lponosixkasi 3TOT mpouecc, NMOJYYHM CJAEAYIOULYIO OLEHKY [Jsi
obGutero uneHa psga (49):

—_— n
| Yn—Yn—y | <ML ———, (58)

B CIpaBeI/IHBOCTH KOTOPOH Jierko y6elHTbCS MeTOAOM MaTeMaTH-
4ecKOl HHIYKLHH.
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M3 ouenkn (58) ciemyer, uTo A/ HHTEpeCyIOIIHX HAc 3Hauye-
HHA X, |X—Xo| <<h WMbBl HMeeM C/efyIOULYI0O OLUEHKY AJsi OOLero
yneHa paga (49):

hn
| Yn—Yn—s | SML =1 mpu [ x—20 | <. (59)

ITocTpoum psix
hn
1 + ... (60)

h2 '
| 90| +MA4-ML 7 4 ... +-ML"—

DTOT psAL CXOOUTCS, B 4eM Jerko ybeduTbcsi mo mpusHaky Jasam-
6epa. B cuny ouenku (59) psax (60) siBnsiercs MaXK OpaHTHBI M
nas pana (49). ITosromy, cornacHo npusHaky BefiepumTpacca,
psan (49) cxomurcsi B HHTepBaJe |x—Xo|<<h paBHOMEepHO.
O603nayuM cymmy psna (49) wuaM, 4TO TO Ke, NpeNeNbHYIO
¢dbyHkuuio nocaeposarenbHoctn (38) uepes y(x), Tak uTo

lim  yn(x)=y(x) npu |x—xo| <h. (61)

Tak kak uneHbl psna (49) HenpepbiBHBI B HHTepBaJe | x—xo|<<h
u pan (49) cxomuTcs B 3TOM HHTepBaje PaBHOMEPHO K CyMMe
y(x), To, cOrnacHO H3BECTHOH TeopeMe O HeNpepblBHOCTH CYyMMbl
psiza, ¢yHkuus y(x) OGymeT HempepbiBHA B HHTepBaje | x—xo | <A.

4. JlokaxeMm, uTO npedesvHas Gynkyus y=y(x) He 8b61x00UT
u3 obaactu R npu | x—xo| <h u yodoeirersopser uxTezparoHOMY
ypasrenuro (33) u, caedosarenvHo, asafeTca peuwleHuem 3adadu
Kowu (21)—(22).

B camom pene, nepexons B HepaBenctBe (39) k npeaeny mnpu
n—-oco, NMOJIy4YHM HepaBeHCTBO (29):

|y(x)—yo| <<b npu | x—xo| <h.

Tlokaxkem Temepb, 4TO Y=y (X) €CTb .pelleHHE HHTErpasbHOro
ypasHennst (33). Ilisi 3TOoro 3amMeTHM cHauaJja, uTo

lim ff(x, yn)dx=ff(x, y)dx. (62)

n—o0 x¢ x

JelicTBUTENIBHO, TaK KakK Yn(X) CXOmMTCH K Y(X) paBHOMEPHO
B HHTepBase |X—xo| <<h, To mo moGomy e>0 Haligercs Takoi
HoMep N, uTo

|yn(x)—y(x) | <e mpu n>N, (63)
OIHOBPEMEHHO [JIsi BCeX X M3 HHTepBasta |x—xo| <<h. ITostomy
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| S yn)dx—xoff(x, nar|<| f|f<x gn)—F(x, 9)| dx| <

x
<L I fl Yn—Y | dx| <Le|x—xo| <Leh—0 npu &0, (64)
o Xo

oTKyZla u caenyer (62).

[Tepexona Tenmepb k mpepeny B (37) nmpH n—oco, MOJYYHM TOXK-
nectBo (32), T. e. QyHKuH y=y(x) sBASETCS pELIEHHEM HHTe-
rpajgbHoro ypaBHeHHs (33) H, c/lelOBaTeJbHO, pellleHHeM 3aaaud
Komu (21)—(22).

5. IlokaxeM, uTO HatdeHHOe pemeﬂue eduncrgenno. Ilycte
cyllecTByeT Apyroe pewenne y=y*(x) 3amaun Komn (21)—(22),
ONpe/ieleHHOe M HeNpepbiBHOE B HEKOTOPOM HHTepBaje |x—xo| <A/,
rae 0<<h’<Ch, u He BbIXoAsllee NPHU 3THX 3HAUEHHSAX X M3 00Ja-
¢t R. 3To pellieHue TOXe YIOBJAETBOPSieT HHTerpajbHOMY ypas-
HeHHlOo (33), Tak 4YTO MMeeM TOXIECTBO

y* (1) --~yo+f Flo g* ()] dx (x—xw|<W).  (65)

OueHnM pasHOCTb MeX1y #n-M TNPHOJHXKEHMEM K pelleHHIo
y=y(x) n peweHnem y=y*(x). Mmeem:

|yn—y* | < *)| dx

n—1—Yy* l dx

(66)

HJTH

y*| dxl (| x—x0| <H). (67)

| Yn

[Mosnb3ysice pekyppeHTHOMH oueHkod (67), MOXHO HalTH
HHTEPeCcYIOILyI0 Hac OUGHKY ANA Y,—y*. Ilas 3TOro oueHUM cHa-
yaJjia HENOCPeNCTBEHHO PasHOCTb Yo—y*. B cuay (65) umeem

4| < )] dx | .

Ho |f(x, y*)| <M. INosTomy
| Yo—y* | <M | x—x0.
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[Monaras tenepb B (67) n=1, noayuuM ouenky aas yi—y*: .
lx—Xo |2
2

Hcnoabsys sty oueHky, Haiigem u3 dopmyas (67) npu n=2
OLleHKY Iaf Ya—y*:

| y—y* | <ML (68)

Ix—xo |3
3

[Mpomonxkass 3TOT mpouecc, HafigeM CJAeAyIOLLYI0 OLEHKY s
Yn—y*:

| ya—y* | <ML? (69)

| x—xo |+
(n+1)!

KOTOpasi JIerkKo J0Ka3blBaeTCsi MeTOJOM MaTeMaTHYeCKOH HHIYKIHH.
M3 ouenku (70) caeayer, uro

m4+1

(n4-1)!

[MpaBas uacTb 3TOr0 HepaBeHCTBA CTPEMHTCH K HYJIO MPH n—>oo,
160 oHa mpencraBasieT coGoi OGLIMIA uJeH 3aBEeIOMO CXOASALLErocs
pana

,yn—y* ! <ML npu IX—xol <, (70)

| Yn—y* | <MLn mpH | X—Xo | <A (71)

M h/n+t
1 (n-|~l)! +...=
, Lh’)?- - (Lh’)"“ _ ﬂ .
Mew+ ot =T e
ITostomy
lim yn(x) =y*(x) npu |x—xo| I (73)
Ho rorna
y*(x) =y (x) npu | x—xo| <K, (74)

n60 nepeMeHnas Yy, He MOXKeT HMeTb ABYX pa3.HYHBIX MpeesioB.

Takum obpasom, pellileHHe y=y*(x) coBmajaer C peLIeHHeM
y=y(x) (masa | x—xo| <{h’), 4TO U [IOKa3blBaeT eIHHCTBEHHOCTb
nocJieiHero.

Teopema ITukapa nonaHocTbio goKa3aHa.

Kaxnyio u3 OQyHKUHE Yn(X) MOXKHO CUHTATh NPUGAHKEHHBIM
pewenrem 3agayn Kown (21)—(22).

YKaxeM ABe OLECHKH, CBA3aHHble ¢ MeToioM Ilukapa: oueHky
pewenist y(X) H OLGHKY MNOrPEIIHOCTH OT 3aMeHbl pelIeHHS f-M
NpUOJHIKEHHEM Yn (X).
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Pewenne 3amaun Kowmn (21)—(22), nocraBisieMoe MeToaOM
Ilukapa, aBasiercs cymmoi paga (49):

Yo+ (Y1—Yo) + (Y2—y1) + . . . + (Yn—Yn-1)+ ... =y(x).

Ouenum y(x), ucnonbsys ouesky (58) mis uneHos psiza (49).
IMonyunm:

°° ' X py | X—X0 "
|y(x)|<|yo|+1§lyn—yn_i|glyo]_;_MZL mnl_

n=i

M N (Llx—x|)n M
=jwl+ 7 2T |+ T ey )
HJIH
M
90| < 0] + 0 (et 1x-se 1), 76)

Jlns HaxOoXAeHHsl OLEHKH MOTrpPeuIHOCTH MpPHOJHXKEHHOro pelre-
HUA Yn(X), T. € OLEHKH PAa3HOCTH Yn(X)—y(x), BOCHOAb3YyeMCst
ouenkon (71) mna yn—y*, 3amenss y*(x) Ha y(x) m h’ uHa h.
IMonyuum

hn+t
— R —
| yn (x) —y (x)| <ML (1)1 P | =% | <h.  (77)
Npumep 8. Haiitu Tperbe NpHE/HIKeHHe K PeLIEHHIO yPaBHEHHS
y=x>+y*(1x]<2 |y¥[<2), (78)
YA0BJIETBOPAIOLIEMY HAYaLHBIM YCAOBHAM
y=0 npn x=0. (79)

Panee (ra. I, n. 6, npumep 8) yxe Obli0 MOKa3aHo, YTO pelleHHe, YROBJje-
1BOpAlOllee HAUaJbHBIM YCa0BHAM (79), cyluecTByeT, eQHHCTBEHHO W 3aBe10MO

onpejieeHO B HHTepBaie Ix|<T.

3amenum 3agauy Kown (78)—(79) paBHOCHWIBHBIM eH HHTErpajbHbiM ypas-
HeHHeM

y= [ (+y2)dx. (80)
0 .

IMonaras Yo(x) =0, noayyaem:
x
XS
y:(X)=Jx2dx= —3—, R
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x x

x8 x3 x7
yz(X)=f(x2+yﬁ)dx=f(x=+—§—)dx=——+—.
0 0

x

92x10 x4
) ax

x
xﬁ
Yy x=f xE+y? dx=f(x2+—+~—+
3() 0( 43 / 9 ' 3.63 ' 63

X3 X7 oxtt . x15

= + — 4+ -,
3 63 3-63-11 * 632- 15

1aK 4TO
x3 x7 %11 x15

X)=—+—+ '
Y=t T e T ers (81)

OueHnM TOTPelIHOCTb OT 3aMeHbl y(x) Ha ys(x). INonbayscy dopmynoit (77),
\ 1
HaXOAHM (M=8, L=4, h=_4 ):

1 4
[ys(x) —y(x) |<8-4°- m (82)
HJH
[ ya(x) —y(x) I<Tl§-‘ ' (83)
CornacHo ¢opmyse (76) mas pemeHus y=y(X), uMeeM OLEHKY
|y(x)]<2 (e*t=l=1). (84)

3. ITyctp naHa HOpMaJsbHas CHCTEMa
di
—dJ)—:*- e (%, Y1y Yo ..., Yn) (B=1,2, ..., n) (85)

W MOCTaBJeHbl HauajbHblE YCJOBHS
=y0, Y=y, ..., Yy2=yT npu x=xo. (86)
Teopema [Mukapa. Ecau ¢pynxyuu f, onpedesenvr 8 na-
paanesenunede R:
|x—xo| <a, |)p—yD | <b (k=1, 2, ..., n) (87)
C YEHTPOM 8 Ha4uaAsbHOU TOuKe (Xo, y(i‘», yg'), e, y(g)) u yoosae-
TBOPAIOT 8 HeM 08YM YCAOBUAM:
! Dta ouenka oueilb rpybas. MoxxHO noayuuTb Gc.ee TOUHYHIO OLEHKY

(em T. TI. Toamctos. Kypc maremarnueckoro anaansa, 1. IL M, 1957,
cTp. 487—489).
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1) fn Henpepoiénbl u, caedosaresbro, ozparuuersl
Ifk(X, Yy, Y2, ..., yn)| <M (k=l’ 2, ..., n)‘; (88)

2) fr ydosaersoparor ycaosurwo Jlunwuya OTHOCUTEAbHO nepe-
MEHHBLX Y1, Ya, ..., Yn:

|fk(x, Y, Y2, ... Yn | _fk(xy Y, Yo, '\' ) ;’ﬂ)] <
n
<L2]yi—yi| (k=1, 2, ..., n), (89)
i=1

20e L — nocrosannoe noroxcuresbroe 4ucro, a (X, Yi, Ys, ..., Yn)
u (x, ;1, ;2, RN ;n) — arobote Touku u3 R, To cucrema (85) umeer
eduHcT8eHHoe peulexue:

y1=y1(x), Y2=y2(X), ..., Yn=yn(x), (90)

ydosiersoparouee HawarbHblm  ycaosuam  (86), onpedeisennoe
(u nenpepoieHo Ougpdepenyupyemoe) 8 unrepsaie
| x—x0 | <h, (91)

20e ;
)
) (92)
310 pewenue He 8bLx00UT u3 napassresenuneda R npu | x—xo |<h,
T. e,

th(x)—y<g>| <b (k=1, 2, ..., n) npu |x—xo] <h. (93)

h=min (a,

W3 a3roli TeopeMbl cjaenyerT ympolleHHas (GOpPMYJHPOBKa Teo-
pembl [Tnkapa as1s HOpMaJ/IbHOM CHCTeMbl, IPHBeleHHas B raase 1V,
H6O ecaM yacTHble MPOH3BOAHLIE

0

5;—’2(& I=1,2,...,n)
CyLLEeCTBYIOT H OrpaHuyedbl B R, TO ycioBHe JIumiuuna 3aBefoMO
BHINOJIHEHO.

JokasatenbcTBO TeopeMbl Ilukapa naisi HOpPMaJbHOH CHCTeMBbI
NPOBOLHUTCS N0 TOMY 2Ke IJ1aHy, 4TO H B ciayyae n=1.

1. 3apmaua Komu (85)—(86) 3ameHsieTcsi PaBHOCHJIBHOH cuCTe-
MOU UHTE2PAAbHBIX YPABHEHUL

‘x
Yr=yO+ ffk(x, Y, Yoy ..., Yn)dx (kR=1,2, ..., n). (94)
X0



150 T'a. V. Teopemor cyuwjecrsnganus

2. Ctpositcsi nocJiefoBaTe/bHble MPUONHKEHHSA, MpHYeM 3a HyJe-
Boe npHOJMIKEHHe MPHUHHUMAIOTCA HavyajibHble 3HaUeHHs HCKOMBIX
dyHKUUH

YO (x)=yO (k=1,2, ..., n), (95)

a nocJsenymrliue HpHéJ’IH)KeHHH ‘onpenenmo'rc;l paBE€HCTBAMH

x
y(;n) (x) =y(£)+x_[fk (x, yam=n, yom=, L , y(‘,rln—i)) dx (96)

(k=1, 2, ..., n).
B pesysabraTe nosyyaioTcs n MOC/A€LOBATENbHOCTEN:
YO, Yy (x), yB(x), ..., Yy (x), ... (k=1,2, ..., n). (97)

JlokasbiBaeTcsi, 4To BCe (PYHKIHH, BXOAsillie B 3TH MNOCJENO-
BaTeJIbHOCTH, ONpeJeseHbl H HeNnpepbiBHbl B |X—Xo| <<h ¥ He
BBIXOAAT H3 06JacTH R NpH 3THX 3HAUYEHHAX X.

3. HokasplBaeTcsi, YTO TnocsaenoBateabHocTH (97) paBHOMEpHO
CXOAATCSA B | X—Xo| <<h W 4TO, C/liefOBaTeNbHO, Npefe/bHbie QYHK-
und yr(x) (k=1, 2, ..., n) HenpepniBHbI B 3TOM HHTepBaJe.
Has storo nocsenoBatenbHOCTH (97) 3aMeHSIOTCS COOTBETCTBYIO-
IIHMH pANaMH

YO+ [y —y1+ [y9=yW]+ . .. +ym—y 91+ ...  (98)
(k=1, 2, ..., n).
OuennBas u/ieHbl 3THX PSNOB, HAXOAAT
ly(g—y(g)l gM!xex0‘ (=1, 2, ..., n). (99)
[Monbaysch 3Toi oueHKOH H ycnoBHeM JIMmLIMLA, MOMyYaroT
wo—g) < | S | v g —
’ x n
—fn(x, yO, ..., yO)|dx| <L I fz |y(i’)—y(?’]dx| <
xo =1
X—Xo |2
gMnLl Qvﬂ (k=1, 2, ..., n). (100)
Hns obuiero uneHa HaXOAST OUEHKY
m— m— I x—xo Im
| Y —ym= | <M (nL) e (101)

(k=1, 2, ..., n),



§ 1. Teopema [luxapa 151

OTKyZAa

hm
|y —yen-n | <M (nLym-t

(k=1, 2, ..., n).

npH | x—Xo| <h (102)

CnenoBatesnbHO, paabl (98), a ¢ HUMH M NOCJeLOBaTENbHOCTH
(97) paBHOMepHO CXOASTCA B HHTepBase |x—Xo|<<h, Tak uTO

npefenbHble QyHKUHH Yr(x) (k=1, 2, ..., n) HenpepbIBHbI B 3TOM
HHTepBaJe. :

4. [lokasbiBaeTcs, 4YTO IpefesbHble (QYHKUHH  Yp=1Yr(X)
(k=1, 2, ..., n) He BbXOAAT H3 o6sacTH R npu |x—xo| <h

H yIOBJETBOPSIIOT CHCTeMe HHTerpajbHbIX ypaBHeHHH (94) u, cie-
IOBaTeJbHO, NAIOT pelieHHe 3amauu Kown (85)—(86).
5. JlokasbiBaeTcsi, YTO HaHNeHHOe pellleHHe eAHHCTBEHHO.
CoBOKYNHOCTb GYHKUHH

ym(x), ym(x), ..., ym(x) (103)

HasbiBaeTcs npubauncennoim peuwenuem 3amnaun Kown (85)—(86).
IIpu 3ToM moOrpewIHOCTb OLEHHBaeTcs (OpMYyJioil

M (nL)mhm+i
(m+1)1

4. PaccMOTpHM N HHeHHYIO CHCTeMy

| 4 (%) —ya ()| < (k=1, 2, ..., n). (104)

%=2ka(X)yl+fh(x) (k=1, 2, ..., n). (105)

=1

Ecan fr(Xx) .TOXIECTBEHHO paBHBI HYJIO NPH BCeX pacCMaTpH-
BaeMblX 3HaueHHsX X, To cucrema (105) nmpuHHMaer BHJ

dyk .
_d;‘=§ o)y (k=1,2, ..., n) (106)

W HasbiBaeTcsi 0OHOPOOHOU. B NmpOTHBHOM ciiyyae OHa Ha3biBaeTcs
HEO0OHOPOOHOU. '
HOna nuHeiiHo# cucteMbl (105) HMeeT MecTo ciaeayiolasi Teo-
peMa CyLlecTBOBaHHS H €IHMHCTBEHHOCTH pelleHHs 3azauu Kouiw.
Teopema Iluxkapa. Ecau Kosppuyuentor pr(x) u pyuk-
yuu fr(x) onpedesenor u HenpepvisHb. 8 unrepsase [a, b], TO
cucrema (105) umeer eduncrsenHOe peulerue

Yy1=y1(x), Ya=y2(X), ..., Yn="Yn(X), (107)
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onpedesennoe (u HenpepeleHo Ougepenyupyemoe) 80 8cem
unrepsase [a, b] u yodosisergoparoujee HAUANGHOIM YCAOBUAM

y1=y(2), yz—_-ytzo), ey yn=y(g) npu x==x, (108)

20e HAYaAbHOe 3HAYEeHUEe He3AB8UCUMOL nepemeHHol Xo OOANCHO npu-
Hadaesxcare unrepsaay [a, b], xo € [a, b], a HauarbHble 3Ha4eHUs
uckomoix pyukyui yO, yO, ..., yO moxro s3adasare cosepuieHHO
npou3sobHO. '

3aMerum, uto mnpaBble uactd cucreMbl (105) omnpexpeneHsl
H HenpepbiBHB B o6sacTH R:

a<x<<b, |yi|<+oo, |Yo]<<+o00, ... |Yyn|<<+oo  (109)

U YIOBJETBOPSIIOT B 3TOH 06.1acTH ycaoBUiO JIMMIIKIA OTHOCH-
TENbHO Yi, Y2, ..., Yn, NpuueM L=K, rge

|pu(x)| <K (R, I=1,2,...,n) (110)

(cm. m. 1, npumep 7). lanee, Tak Kak obsactb R He OrpaHHueHa,
TO M3 HeNpepbiBHOCTH NpaBblx uacTed cHcrembl (105) He caenyer
UX orpaHuHyeHHocTb B R. 3aro 3Jech HeT OMAcHOCTH, YTO INocJe-
noBaTe/ibHble NPHOIHXKEHHS BbIHAYT H3 obsactd R.

[MpuHyMasi Bo BHHMaHHe 3TH 3aMeyaHHs, BBINOJHHM JOKasa-
TebCTBO TeopeMbl [lukapa nns suHeiiHON cucremnl (105), caenys
nJaHy JoKasaTenbCcTBa TeopeMbl Ilukapa IJisi HOpMaJIbHOH CHCTe-
Mbl (85) obuiero BHAAa M BHOCS COOTBETCTBYIOLHE H3MEHEHHS.

1. 3amenum 3anmauy Komwu (105)—(108) cucremoir uHTErpaJb-
HbIX ypaBHeHHH

x n
=0+ [ [ 3 pu)ytu() | dx (1)
Xo =1
(=1, 2, ..., n) -
HJIH
x
yk=y‘,?+xofcph(x, Y, Y2, .., Yn)dx (112)
(k=1, 2, ..., n).
2. CtpouM mnoc/efoBaTeJbHble NPHOJHKEHUS:
YR (%) =y,
X
y‘Z"(X)=y(2>+xf Qr (X, Yoo, g, L, yN)dx (113)

(k=1,2 ..., n).
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Tak »xe, kKak H B o0leM cjyuae, MOJAYYHM 7 MOCJIELOBATENbHOCTEM
YO, Yy (x), YA (x), ..., ym(x), ... (114)

(=1, 2, ..., n).
Bce ¢ynkunu y0™ onpenenenbl n HenpepbiBHEL BO BCeEM

HHTepBaJse [a, b] (mouemy?).

3. IloxkaxkeM, 4To nocsaenoBaTenbHocTH (114) paBHOMepHO cXo-
AATCA B MHTepBase [a, b].

Jns 3TOro paccMoOTpHUM psiIbi

YO+ [yD—y 01+ [y@—yP]+ ... +[ym—ym]+ ... (115)
(k=1,2, ..., n).

OueHum uyyeHsl 3THX psifgoB. [Noayunm

x
|¥0—9R | < )f L (x, 4O, yO, ..., y9)|dx (116)
(k=1, 2, ..., n).
3mech @r(x, YO, yO, ..., y®) ecTb QyHKUHMSA, 3aBHCALLAA TOJIHKO

OT X, ONpefe/ieHHasi U HempepbiBHAass B 3aMKHYTOM HHTepBaje
[a, b] u, caenoBaTesnbHO, OrpaHHYEHHASs] B HEM:

|on(x, 4O, yQ, ..., yO)| <M. (117)

IToatomy
Iy(li‘)—y(g)l <M’x——x0| (=1, 2, ..., n). (118)

[Tonb3ysicb 3Toii ouleHKOH M ycjaoBMeM JIMniMua, Tak Ke Kak
u B o6lueM cayyae, NOJyYUM AJs1 obiuero ujseHa psga (115) oueHky:

l X—Xo Im

| ym—ym=9 | <M (nK)m-1 por (119)
(k=1, 2, ..., n),
OTKYJa
(b—a)m
| g —ym= | <M (nK)m- ——'—) (120)

m!
(k=1,2, ..., n).

[Tostomy nocaenoBatenbHocTH (114) paBHOMepHO cxomsiTcs
PO BceM HHTepBaje [a, b], a mnpeneibHble QYHKUHH Yr(X)
(k=1, 2, ..., n) HenmpephiBHBl B 3TOM HHTEpBaie,

4. Mpenenpubie ¢yHKuuH yr(x) (B=1, 2, ..., n) ymoBaerBo-
pAIOT CHCTeMe HHTerpasbHbIX ypaBHeHu# (111) (mouemy?).

5. EDHHCTBEHHOCTh HaHIEHHOrO pelleHUs JOKa3biBaeTcs Tak
Xe, Kak H B oblieM cJaydae.
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ITonuepkHem aBe 0co6eHHOCTH TeopeMbl [Iukapa mnast Ji U He H-
HOH CHCTeMbl: a) Haya/jbHble 3HaueHHS HCKOMBIX (QYHKUHH
Y1, Y2, ..., Yo MOXKHO 3aJaBaTb NPOU3BOJIBbHO; 0) pelieHHe oOmpe-
IeJleHO BO BCEM HHTepBaJsie HENpPepbIBHOCTH KO3 (MHLHUEHTOB pr(X)
W QyHKuu# fn(x), T. e. BO BceM HHTepBaJie HeNPepPbIBHOCTH Mpa-
BbIX yacTeff cHCTeMbl Kak (YHKUMH OTHOCHTeNbHO x¥ (B TO BpeMs
Kak B oOLleM cJyyae OHO ONpefesieHO JHUIb B HHTEpBaJe
| x—x0| <h).

HOns ogHOro JHHEeHHOTO ypaBHeHHs NMEepPBOro MOPSiAKA 3TH
©0CO6EHHOCTH YyCTaHOBJeHbl B riase 1 (cM. crp. 43).

B nokasanHoi#i Teopeme [Iukapa mpeamnosaranoch, 4To (GYHKUHH
Pri(x) ¥ fr(x) HempepblBHBI B 3aMKHYTOM HHTepBase [a, b].
Ecay oHu HenpepblBHBI B MHTepBaJjax Buaa (a, b), [a, b), (a, b],
TO JJ KaXAOro M3 HHX HMeeT MeCTO aHaJ/JOTHYHas TeopeMma cylle-
CTBOBaHHSI M eJHHCTBEHHOCTH (mouemy?).

Ecan ¢yHKUMH pri(x) H fr(x) HenmpepbiBHBI NpH BCEX X, TO
cucrema (105) umeer emuHcTBeHHOe pemeHHe (107), ymomrerBo-
psitollee HauaabHbIM ycjoBuaMm (108), rae Bce HayasbHble JaHHbIE
MOXKHO 3aJaBaTh NPOHM3BOJIbHO, NPHYEM 3TO pelleHHe OymeT omnpe-
ZIeJeHO NpH Bcex X (mouemMy?). DTO HMeeT MecTo, HampHMep,
B cjayuae, Korga QYHKUMH pri(X) U fr(x) SABAAIOTCA N OJ HHO-

MaMH.
P(x)
Q(x)’
TO 3a Haua/JbHOe 3HayeHHe He3aBHCHMOH INepeMeHHOH MOXHO
Gpatb Ji060e yHCI0, NPH KOTOPOM HH OAHMH H3 3HaMeHaTeJeH He
obpauaeTcs B HyJb. JTO pelleHHe OyfeT 3aBeOMO ONpeaeseHO
(1 HenpepbiBHO IHbp¢depeHuHpyeMo) mo OauxKaiiiero BelyeCT-
BEHHOT O KOpHs ypaBHeHu#i Q(x)=0.
PaccmMoTpuM oL HOpPOAHYIO JHHeHHyio cHctemy (106):

Ecau 3TH QyHKUHH fABJAIOTCA OTHOIIEHHSIMH NOJHHOMOB

d n
_dy7h=2f’hz(x)yz (k=1, 2, ..., n),

=1

KO3 PUUHEHTBl Pp;(X) KOTOPOH ompe.eseHbl H HeNpepbiBHbI B HH-
tepBaje (a, b) (nau B mHTepBase apyroro Buaa). IlocraBum ayae-
Gble HA4AAbHbIE YCAO0BUSA

y1=0, Y2=0, ..., Ya=0 npu x=xo€ (a, b). (121)

Cucrema (106) nMeeT eAMHCTBeHHOe pelleHHe, YAOBJIETBOPSAIO-
Hlee 5THM HayajbHbIM ycnoBusaM (nouemy?). Ho ona Bcerga umeer
Hyaesoe pewerue:!

1 HysneBoe peuiene (122) Ha3biBAlOT TaKXKe OYEBUOHbLIM HJIH TPUBUALLHOLM.
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=0, y.=0, ..., y,=0, (122)

KOTOpOe, O4eBHAHO, YAOBJETBOPSAET HayaJbHbIM ycaoBusMm (121).

CiienoBaTeIbHO, e0UHCTBEHHbIM peuleHuem OOHOPOOHOU AuHel-
Hou cucremor (106), ydosaeT6oparOuUMm HYLEBOIM HAYAALHOLM YCAO-
eu;w (121), sasasnerca nyasesoe pewenue (1220

I'lpumep 9. PaceMoTpuMm cHcTeMy

— =z, — =y (123)

dra cHcTeMa HMeeT eJHHCTBeHHOe pellleHHe, YAOBJAeTBOpsiollee JIOGbIM *3agaH-
HbIM HauyaJbHbIM YCJOBHSIM, NPHYEM 3TO pelueHHe OyAeT onpelesieHO NMPHU BceX X
(noueMy?). B 4acTHOCTH, eAHHCTBEHHBLIM pelLueHHeM, yIOB/ETBOPAIOLIHM HYJ/eabiM
HayaJbHbIM YCJIOBHSIM:
y=0, 2=0 npu x=x, (124)
6yner
y=0, z=0. (125)

Haiizem metosom [lnkapa peluenue, yIOB/JETBOpSAIOLlEE HAYaNbHBIM YCaO-
BHSAM:

y=1, z=0 mnpu x=0. (126)
CooTBeTCTBYIOLIEH CHCTEMOM HHTEerpajbHbIX ypaBHeHHIl OyaeTr
x x
yzl—fzdx; 2= fydx. (127)
0 0

CTpoum nocsiefnoBate/bHble NPHOJIHKEHHS:

Yo(x) = 1, 2(x)=0
x x
Yi(x)=1- fO-dx=l, z,(x)=f]-dx=x;
v
x x
. X
yz(x)=1—_j xdx=1-— —2, 2 (x) = fl -dx=x,
0 0
x 2 x o " (128)
x=l—fxdx=1———, 2 x=f(1———)dx='——-;
4s3) g () 2 T
0 0
x2 X x3
Y(x)=1— " +7 z,,(x)—x—?
x2 x4 x3 x5
X)=1——+ — (X)=x——+—3
Ys(x) o + ar 5(%) 3 B
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ITocaegoBaTenbHocTH
Yo(%), Y1(x), y2(%), ... ; 20(x), 21(x), 22(%), ... (129)
cxoaaTcs npu Bcex x. IlpedenbHble QyHKUHH y(X) =cos X, z(x)=sin x ob6pa3yioT
HCKOMO€ pelleHHe.
IMpumep 10. INycTs KaHa cucTeMma
dy 1 dz

= ;. — =Y. 130
dx x+lz dx y (130)

Kakoe HauajabHOe 3HayeHHe Xo MOXKHO 3aJaBaTb, YTOGbl pelleHHe CYLIeCTEO-
BaJO M OblJIO €IMHCTBEHHBIM? B KaKoM HHTepBase onpeie/eHO 3TO pelleHue?

Cornacho Teopeme [lukapa, MoxHo G6paTb Jw06oe xo# —1. Ecin xo<—1,
TO pelleHHe C JIOObIMH HayaJbHBIMH 3HaUeHHSIMH HCKOMbIX (YHKUuMH Oyner 3aBe-
JIOMO CYLIeCTBOBaTb B MHTepBaje (—oo, —1). Ecau ke xo>—1, To ono Gyner
onpeaeseHo B HHTepBasle (—1, +o00). .

Hafinem BTOpoe npubGiHKeHHe K pelIEHHIO, YAOBMETBOPAIOUIEMY HayajbHbIM
YCJOBHAM:

y=2, z2=3 nupun x=0. (131)
[Monyuum:

x x
z
y=2+f dx, z=3+fydx;
0 0

x+1

yo(x)Ez, 20()6)53;

-3
yi(x)=2+f—-——dx=2+31n (x+1),

x+1

0

X
2y(v) =3+ f2dx=3+2x;

0

3+2
x+1

x

X

Y2 (x) =2+ f dx=2+2x+1n (x+1),
0

22(%) =3+ f[2+31n (x+1)]1dx=3—x+3(x+1) In (x+1).
0
5. nyCTb JaHO YypaBHEHHE n-ro nopsaka, paapemeHHoe OTHO-

CHUTEJbHO HpOl/ISBOIIHOI';l ’

ym=f(x, y, ¥, ..., y*), (132)
i TIOCTaBJIeHbl HauajbHbIE YCJOBHSA:

Yy=yo, Y=Yy ..., Yo U=yr=H mpu x==x. (133)

Kakve HauvasibHble JaHHble MOXHO. 3aflaBaTh, KaKHM YCJIOBHAM
JNOJDKHA YNOBJECTBOPATh INpaBas yacTb ypaBHeHHs (132), utoObl
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pellieHHe C 3THMH Haya/bHbIMH AaHHBIMH 33aBelOMO CYLI1eCTBOBAJO
H Obl10O efMHCTBEHHO, B KakOM HHTepBaJie M3MeHeHus X OHO Oyjer
onpeneseHo?
Uro6rl OTBeTHTb Ha 3TH BONPOCH, 3aMeHHM ypaBHenue (132)
PaBHOCHJIBHOH eMy HOpMaJsbHOH CHCTeMOH n-ro nopsiiika.
Ilonaras (cornacho m. 12 ra. IV)

®
y=uy1, Y=y ..., YrV=yny, (134)

npuaeM K HOpMaJ’leOfl CHCTEeME

dyi
“ax =
dy» .
dx 9%
(135)
dyn-i .
dx — Iny
dy
d): =f(x» Y, Yo - .., yn)
C HayaJbHbBIMH YCJOBHAMU:
Y1="yo, Y2=Y{, ..., Y=y npu x=x,. (136)

3anaua Koun (132) —(133) paBHOcHIbHA 3agave Kown (135)—
(136), cyuiecTBoBaHHe M €AMHCTBEHHOCTb pellleHHsI KOTOpOH rapa-
tTupyiorcs Teopemoil Ilukapa (m. 3).

Bce npasble yacru cucremnl (135), kpome nocaenHedt, 3aBeJoMO
yIOBJETBOPAIOT YCJOBHIO 3TOH TeopeMbl INpH JIIOGBIX HauaJbHbBIX
yC/II0BHSAX, B TOM uYucje H Tpu ycaoBusax (136). Ilonuunum npasyio
YacTb NocJe/lHero M3 ypaBHeHu# (135) cooTBercTByIOLUM ycCJ0-
pusim. [lpexnosoxxum, uto f(x, y1, Y2, ..., Yn) ONpeldeseHa B 06-
aacta R:

x| <a, |m—yy| <b

(a>0, 6>0, k=1, 2, ..., n) (137)
H yIOBJETBOpPsieT B Hell ABYM YCJIOBHSIM:
1) f(x, Y1, Y2, ..., Yn) HempepbiBHA H, C/leIOBaTENbHO, Orpa-
HHYeHa:

If(xs Yy, Y2y ..., ynl <M (M>0)9 (138)
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2) f(x, Y1, Y2, ..., yn) yHOBIETBOpPsieT ycjaoBHIO Jlunuiuua
OTHOCHTE/IbHO BCeX apryMeHTOB, KpOMe MepBOro \
If(x’ Y, Yo, ..., yn)—f(X, Yy, Yoy ... gﬂ)lg
n
<L 1=l (139)
i=1
rae L>O, a (X, .l;i’ ;2» ceey ;n) H (X, E/—h ;2» ceey ;11) — Jto6ble

TOYkH obsactH R.

Toraa B o6sactu R 6yayT BbinoJiHeHB! ycaoBHA TeopeMbl [Tnkapa
aaa Bced cucrembl (135), u 3amaua Kowwu (135)—(136) Oynmer
HMeTb eHHCTBEHHOEe pelleHHe

n1=y1(x), Ya=y2(%), ..., Yn=yn(x), (140)
onpeneieHHOEe B HHTEpBaJie
| x—xXo| <h, (141)
rae
h=min (a b (142)
(* Tmax Tl Tl -, T9al, 40))
(nouemy?).

BosBpamasce Kk 3agaye Kownu (132)—(133), nonyuum caegyio-
Iyl0 TeOpeMy CYIUeCTBOBaHHS M €IHHCTBEHHOCTH /A YpaBHe-
Hua (132).

Teopema I[Iukapa. Ecau npasas 4acto ypasuenus (132)
onpedeneta 8 obaactu R:

| x—%o| <@, |y—yo| <b, |y'—y;|<b, ...

|y —ynh | <o (143)
u ydosaersopser 8 Heii 08YM YCAOBUAM:
1) f(x, y, ¥, ..., y»V) Henpepvisna u, caedosaresvno, vepa-
Huuena:
[f(x, y, ¢, ..., YD) <M (M>0); (144)
2) f(x, y, ¥, ..., y»V) ydosaersopser ycaosuro Jlunwuya
OoTHOCUTEAbHO Y, Y, ..., ym—D):
A B [ CA A AN L) S
n—14
<L DJ|yw—y») (145)

k=0
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ede L>0, yO=y, a(x, ¢, ¢, ..., g™ u (x, '; ?, L ?(n—i)) _
ar06bte Touku obractu R, ro ypasnenue (132) umeer edurncreennoe
pewerue

y=y(x), (146)

yoosaersopawouee HawarbHoim ycaosuam (133), onpederenroe
8 uMTepsasre

| x—xo| <h, (147)
20e

b
m:x (Iy’lv ly”|1 sy ly(n—-i)l, M))

h=min (a, (148)

\
Ycaosue Jlunmuuna (145) Gymer 3aBeOMO BBINOJHEHO, eCJH
npaBasi yacTb ypaBHeHnHs (132) nMeeT orpaHHuYeHHble YaCTHbIE MPO-
H3BOJHbIe N0 BCEM apryMeHTaM, KpoMe X:

s

3y <K (k=0,1, 2, ..., n—1), (149)

npuuem L=K. [Tostomy nokasanHas Tteopema [Iukapa Bieuer 3a
co6oii cnpaBeanuBocTb Teopembl Ilukapa B ynpouieHHOH (opMyJu-
poBke, maHHoi B raase III, rme ycnosue (145) 3ameHeHo Gousee
rpy6uiM ycaosuem (149).

Mpumep 11. PacomoTpuM ypaBHeHHe

3
y//= _2__y2 (150)

dTo ypaBHeHHe HMeeT eJHHCTBeHHOe pelleHHe y=y(X), yAOBIeTBOpAIOLLlee
Haua/lbHbIM YCJIOBHAM:

Yy=yo, Y'=y, mpu x=xo, (151)

TAe YHCIa Xo, Yo H y’0 MOXKHO 3ajaBaTh NMPOH3BOJAbHO (nouemy?). Ho omo,

Boo6ule roBops, He GyleT onpenedeHo npu Bcex Xx. Hanpumep, pewenuem c na-
Ya/bHBIMH YCJIOBHAMH:
y=4, y'=-—8 npu x=1I (152)
oyner
4

= (153)

10 peleHHe onpejesneHo Toabko B HHTepBale (0, +o0o). Ono o6nagaer cBoii-
CTBOM Y—»00 NpH X—-0, HECMOTPS Ha TO, YTO NpaBasf 4acTb ypPaBHEHHs Hempe-
pbIBHA ‘OTHOCHTEJIbHO X MPH BCeX 3HAYEHHAX X. JAa N HHe M HBI X ypaBHEHH,
Kak Mbl YBHIHMM HHXKe, TaKOro fiBJeHHA ObITb He MOXKET.
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6. PaccmoTpuM JHHeEHHOE YypaBHEHHe

YW 4p1 () YO pa () YA+ L Fpat (X) Y
+pu (X) y=F(%). (154)

Ecau f(x)=0, to ypaBueHue (154) npuHumaer BuJ

Y p1 (x) yrI4pa(x) y A4 L P (X) Y+
+pn(x)y=0 (155)
W Ha3biBaeTCs 0OHOPOOHbiM. B NMPOTHBHOM cjlyyae OHO Ha3blBaeTcs
HEOOHOPOOHbIM.
Ins ypaBHenus (154) HMeeT MecTo cJjepdylollas TeopeMa Cy-
1leCTBOBAHUS M €AMHCTBEHHOCTH pellleHHs 3agaud Korun.
Teopema I[Iukapa. Ecau kosppuyuentor pr(x) u @yHk-
uus f(x) onpedenenvr u HenpepovidHol 8 untepsase [a, b], To ypas-
tienue (154) umeer eOuHcT8eHHOe peuieHue

y=y(x), (156)
onpedenernoe 80 8cem uurepsase [a, b] u ydosaergopawoujee Ha-
YQANbHOIM YCAOBUAM:

y=vbo, Y=Yy, ..., yrV=yr=Y npu x=x,,  (157)

ede xo € [a, b], a uucaa yo, yj, ..., Y=Y moxno 3adasatre npo-
U38046HO.
HeficTBuTenbHO, nNpHBOAS YypaBHeHHe (154) k HopMmaabHOH
CHCTeMe n-ro NMOpAAKa, MOJYYHM JHHEeHHYI CHCTEMY
dyi

— - =Y,

dx

(158)

- = —p1(X) Yyn—P2(X) Yn—1— . .. —Pu-1(X) Y2—
—pn (%) ys+F (x).

Peuwennio ypaBHennsa (154) ¢ HavajabHbiMM ycaoBusMu (157)
COOTBETCTBYET pellleHHe cucTeMbl (158), ymoBaersopsdiollee Hayalb-
HBIM YCJIOBHSM:

Y1=Yo, Y=Yy, ..., Ya=yO " npu x=x. (159)
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Cucrema (158) ynosserBopsieT ycjoBHsAM Teopembl [lukapa
(mouemy?). ITosToMy OHa HMeeT eAMHCTBEHHOe pelleHHE, YAOBJe-
TBOpsIOIllee HayaJbHbIM YycaoBuaM (159), npuuem 3To peuieHue
OyZmer onpeleseHO BO BceM HHTepBaJde [a, b]. A Torma u ypasHe-
Hue (154) MMeeT eIHMHCTBeHHOE pelleHHe, YIOBJETBOpsIOLlee Ha-
yajbHbBIM ycaoBHsiIM (157) U onpeneneHHoe BO BCeM HHTepBaJe
[a, b].

Teopema Ilukapa nngs NUMHeHHOTrO YypaBHEHHS HMeeT Te
JKe JBe 0COOeHHOCTH, 4TOo M Teopema [lukapa ansi snuHefHO# cH-
CTeMbl: a) TMOJHBIA INPOH3BOJ BbIOOpPAa HayaJbHbIX 3HAYeHHH
Yo, y'o, Cey yg)"—i), 6) cyulecTBoBaHHe pelueHHsi 3ajgaud Kowu BO
BCEM HHTEpBaJjie HeNpepbiBHOCTH KO3PGHUUHEHTOB pr(X) U YHKIUH
f(x). OHa, Tak e KaK W B cjyyae JHHEHHOH CHCTEMBI, IEPEHOCHTCS
Ha uHTepBaJjbl Bupa (a, b), [a, b), (a, b]. Ecau pu(x) u f(x)
HelpephiBHBl B HHTepBaje (—oo, 400), TO BCe Haya/lbHble JaHHBbIE
MOXHO 3a/laBaTb MPOU3BOJIbHO, ¥ pellleHHe CylIecTByeT MpH BCeX X.

M3 teopemnl ITnkapa caenyer, uto ecin pr(x) u f(x) sBasiorcs

ITOJJHMHOMAaMH HJIH OTHOUIeHHSAMH INOJHHOMOB

P(x)
: , TO B [€PBOM
Q(x)

cyyae pelieHHe ¢ JIOObIMH HayaJbHBIMH JaHHBIMH CYLIECTBYeT
IpH BCeX X, a BO BTOPOM HayasbHOe 3HaueHHe Xo He NOJKHO obpa-
1aTh B HyJb HH OIMH H3 3HaMeHaTeseH, H pellleHHe ONpejeJeHO
10 O6anKafero BeUleCTBEHHOT O 3HAauyeHHs X, IPH KOTOPOM
3HameHatenn Q(x) obpalialoTcs B HYJIb.

PaccmMoTpiM OJZHOpDOZHOeE JHMHEHHOe ypaBHeHHe

Y 4py () ynY+4pa(x) YD+ L Fpua () Y+
+pn (%) y=0, (160)
K03¢HIHEeHTH KOTOPOro HenpepuiBHbI B HHTepBasae (a, b) (uau
B MHTepBajie IPyroro BHAA).

OnHoponHoe JuHeliHoe ypaBHeHHe (160) Bcerma umeer Hy s e-
BOe pelleHue:

y=0. (161)

Ecau koagppuyuentor ypasnenus (160) nenpepoisuol 8 untep-
sase (a, b), To eOUHCTBEHHbIM peuleHueMm, YOOBAETBOPAOWUM HYyAe-
EbIM HAYANLHOIM YCAOBUAM

y=0, y=0, ..., y»H=0 npu x=x,€(a, b),
seanerca Hyasegoe peuwenue (161) (mouemy?).

lNpumep 12, PaccMoTpuM ypaBHeHHe
y”+x2y=0. (162)
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Besikoe pelieHHe 3TOr0 ypaBHeHHsi oONpejeJeHO NpH Bcex x (mouemy?).
B kBaapaTypax 3TO ypaBHeHHe He HHTerpupyercs, H60 MOACTAHOBKOM

’

=z

y
OHO NPHBOAHTCS K CreuHalbHOMY YypaBHeHHIO PHKKaTH
2 +22=—x? (163)

KOTOpOe He HHTerpupyercs B KBajpaTypax.
Hafinem BTOpOe mpHOJHKeHHEe K pelleHHIo ypaBHemm (162), yaosnetsopsio-
1IeMy Haya/bHbIM YCJIOBHAM:

y=1, y’=0 npu x=0. (164)
IToaaras
y=y1, Y'=4s, (165)
npuBeleM ypaBHeHHe (162) K HopmaJ/bHOH cHcTeMe
dy, dy,
=ys; = —x2y,. 166
dx v dx v (166)

Mbl goskHbBI HaiiTH BTOpOe NPHGJMIKEHHe K PEILIeHHIO 3TOil CHCTeMBI, YAOBJe-
TBOPSAIOLEMY HayaJbHbIM YCJIOBHAM:

y1i=1, y.=0 npu x=0. (167)

3amenum 3apauy Kowwm (166) —(167) cooTBeTcTBylOLleld CHCTeMOfi HHTe-
rpajibHbIX ypaBHEHHH

x X
=14+ fyzdx; Yo=— fxzy,dxA (168)
0 ]
Hanee noaysum
(0) (0)
x)=1, Y2 (%)=
x x )
e
e (x>=1+f0~dx=1. v (x)=—fx2-1dx=——;
4 3 (169)
X 3 4 d 3
(2) X X (2) X
x=1—f—dx=l——-, x—-fxz-ldx=——.
yo) 3 12 ) 3
0 0
CnegoBaTtenbHO, BTOPbIM TPHOJMIKEHHEM K HCKOMOMY pelleHHI0 6yaer
XI'
=]—-—. 170
y= 2 (170)

3ro ectb npubauxenHoe peueHue 3anaun Komm (162)—(164). Ono 3aBemomo
yIOBJIETBOPSieT HauaJbHbIM ycaoBHAM (164) (mouemy?). Mol MOXKeM MNOJb30BaTbCS
3TUM NpUO/IHXKEHHBIM pelleHHeM NpuW Bcex X, u6O rnocienoBaTelbHble INPUGJH-
MKEHUsI CXONATCH NpPH BCeX X.
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§ 2. 3BABUCHMOCTb PEHIEHHSA 3ATAYH KOHIM OT HAYAJIBHBIX
JAHHBIX. NIOHATHUE OB YCTONMYNBOCTH PEIUEHUA (IBUKEHHNA)

7. [Tyctb naHoO ypaBHeHHe

=50, (M

npaBasl yacTb KOTOPOTO 3aBHCHT OT HapameTpa A. PemieHus 3Toro
ypaBHeHHs ToxXe OyAayT 3aBuceTb OT A. KakoB xapakrep 3Toi 3aBu-
CHMOCTH?

Teopewma. [Ipednoroscum, uro npasas wacre ypasHenus (1)
onpedeseHa KaK (PYHKYUR OT X U Y 8 NPAmMoyzorbHuke R:

|x—Xo| <a, |y—yo| <b (a>0, 6>0) (2)
U KaK ynKyus napamerpa A 8 uxHrepsane
MDA A@ (3)

u yoesaersopser 08Ym YCAOBUAM:
1) f(x, y, A) Henpepoi8Ha OTHOCUTEAbHO X, y, A 8 obaacTu (2),
(3) u, caedosaresvro, o2panuvena 8 Heu:

[F(x, 9, 2) | <M, (4)

ede (x, y) — aobas To4Ka u3 npamoyeosvruka R, A — aroboe uucaso
u3 unrepsara (3), a M — nocrosHHOe NOAOKUTENbHOE HUCAO, He
3asucawee oT A,

2) f(x, y, L) yOosaersopser ycaosuto Jlunwuya OTHOCUTENLHO Y
8 obaacru (2), (3), 7. e.

1F (%, 9 W) —F (% 9 M| <L|y—y|. (5)

ede (x, y) u (x, y) — arobble TOuku u3 obaactu R, A — aroboe
uucao u3 unrepsasa (3), a L — nocroaHHoe nOAOHMUTEAbHOE 4UCAO,
He 3asucawee OT A.

Tozda ypasHenue (1) umeer eOuncTB8eHHOe pelierue:

y=y(x, &), (6)
yoosaeT8opAIOULe HAHANOHbIM YCAOBUAM
Yy=UYyo npu x==Xx. (7)

310 pewenue onpedeaeno (u Henpepbl8HO Oupepernyupyemo) Kak
yHKyua oT X 8 unTepsase

| x—x0 | <h, (8)
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eae
h_—ll i (a ——) 9
: ’ M ’ ( )

u HenpepuieHo Kak ynKkyus napamerpa A 8 unrepsase (3) pasro-
MEPHO OTHOCUTEAbHO He3a8UCUMOL nepemeHHol x u3 uxnrepsasa (8),
T. e. no awbomy e>0 ratdderca takoe §>0, uro npu | AL|<<§
6yoer 8bINOAHATHCA HEPABEHCTBO

|y (x, A+AM) —y(x, V)| <e (10)

00HOBpeMEHHO OAfL 8cex X u3 unTepsasa (8).

Joxa3aTesnbCTBO aHAJOTHYHO JOKa3aTesbCTBY reopeMbl ITukapa
(n. 2), cneayer TONBKO BHECTH COOTBETCTBYIOLIHE H3MEHEHHS, Bbl-
3BaHHble Ha/JHYHEM Iapamerpa A.

1. 3amenum 3amauy Komwu (1) —(7) vHTerpanbHbIM ypaBHeHHEM

y=yo+vf F(x, y, A)dx. (11)

2. Bynem pewmath ypaBHeHHe (11) meromom IIukapa. Crpoum
nocjenoBaTe/bHble MPHOJINKEHHS:

Yo(x, L) =1,
yi(X, 7‘)=y0+ff(xv Yo, }")dxr
(12)

un (s, 1) =t [ 13, g, R

B pesysabraTe nmonyuuM GeCKOHEUHYIO MOC/A€L0BATENbHOCTh QYHK-
HuH

yO: yi(xv 7")1 !/2()57 }’)7 sy yn‘(x’ }\')1 .o (13)

Bce ¢yHKUMH yn (X, A) ompejenenbl U HelpPepbIBHBI OTHOCH-
TeJbHO X H A B 06J1aCTH

| x—x0| <h, MOSAA® (14)
M He BbIXOAAT MPH 3THX 3HAYEHHSIX X M A U3 objacTh R, T. e.
| Yn(x, M) —yo| <b mpu | x—xo| <h, MISAA® (15)
(royemy?).
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3. Tlokaxkem, uTo mocaegoBaTesbHOCTh (13) paBHOMEpPHO CXO-
JIIMTCSI OTHOCHTeJNbHO X M A B obsactu (14). C 3Toli penbio pac-
CMOTPHUM PSL,

Yo+-[y1 (%, M) —yol +[y2(x, A)—ys(x, M)+ ... +
+1Yn (%, &) —yn-1(x, A)]4 ... (16)

Ero ob6uiuii ujileH HMeeT OUEHKY

hn
Iyn (x, A) —yn_i(x, }\)} < MLn— -

(17)
cnpaBelUBYIO A7 BceX X U A u3 obnactu (14). I[MTosromy psig (16)
CXOIUTCS PaBHOMEDHO OTHOCHTEGJBHO X MU A B 3TOH 006/1aCTH.

O603HauyuM cyMmMmy psaa (16) uau, 4To TC 2Ke, NpeaeSbHYIO
¢yHKuMIO nocaenoBatenbHoctd (13) uepes y(x, A). Tak Kak ujeHbl
psana (16) HempepblBHbI OTHOCHTeNBHO X H A B obGsactH (14) u
psan (16) cxoautrcs B 3TOH 06/1aCTH pPaBHOMEPHO OTHOCHTEJIBHO
X WA, TO y(X, A) HenpepblBHA OTHOCHTEJbHO X H A B obmactu (14).

4. dynkuus y=y(x, A) He BBIXOOUT H3 o6GJsacTH R mnpu 3Ha-
YeHHsIX ¥ U A H3 obsactu (14) U yHOBJIETBOpPSiET HHTETrPaJbHOMY
ypaBHenuio (11). Yrto6bl ybenutbcss B 3TOM, AOCTATOYHO NepelTH
K mpeseay B HepaBeHcTBe (15) M B paBeHCTBe, onpefensiiouleM
n-e npubnuKeHne Yn(x, A).

5. EpvHcTBeHHOCTh pewieHua (6) OoKa3blBaeTcss TaK Ke, Kak
u B TeopeMe [luxapa.

OTMmeTHM, 4TO B ciyyae JHHEeHHOTO YypaBHEHHS

!/"H’(x, 7.)_[/:(]()(, }") (18)

peweHye (6) OyaeT HENMpepblBHO OTHOCHTEJIBHO X M A NPH BCeX
3HaYeHUAX X W A, NPH KoTopblXx p(¥, A) U g(x, A) 3amaHbl U He-
[PEPLIBHBL.

ITo HemocpenCTBEHHO cJaexyeT H3 (opMyabl [Jsi  pelleHus
3zagauu Komu (18), (7):

x x x
- f p(x, Adx f p(x, Mdx
y=e % yo+/ q(x, 1) e dx (19)
Xo

(mouemy?).

Joka3aHHasi TeopeMa O HeNpPepbIBHOR 3aBHCHMOCTH pelIeHHs
sagaun Kouwnm oT mapamerpa pacnpoCTpaHseTcsi Ha HOPMaJbHYIO
CUCTEMY 1-TO MOPSAKA

dy
—a{—;:fk(x, Ut Uns ooy Uy My oy da) (B=1,2, ..., n), (20)
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NpaBble YaCTH KOTOPOH 3aBHCAT OT JOGOro KOHEYHOro -4ucjaa na-
paMeTpoB A4, Az, ..., Am, @ TaKXKe Ha ciaydail, Korga napamerpbl
BXOASIT B HayasbHble yciaoBus. OHa pacnpocTpaHsieTcsi H Ha ypas-
HeHHe n-ro MOpsifKa, paspelieHHOe OTHOCHTEeJbHO CTaplied MpPOH3-
BOJHOH,

8. IlokaxeM, uYTo TNpH YyCJOBHsX TeopeMbl [Inkapa peuleHue
3afaun Komu HenpepblBHO 3aBHCHT OT HauaJjibHbIX [aHHBIX.

Teopewma. Ecau npasas uacte ypasuenus

Y =it 9) (21)
y0081€TBOPACT 8 npaAmoyzorbHuKke R:
| x—x| <a, [y—uo| <O (22)
oboum ycaosuam reopemol Iukapa, T0 pewenue
y=y(x, x* y*), (23)
yoosaeTgopaOwee HAYAAbHOIM YCAOBUAM
y=y* npu x=x*, (24)

ABAAETCA HenpepouleHOU (YHKYuel OT X U HAYAAbHLIX OaHHbLX X*, y*,
K020a X U3MeHAeTCA 8 UHTepsaie

h

| x—%o| < -5 (25)

a Touka (x*, y*) aemur 8 obractu R*:

b
| 2 —x0| <o, | y*—t0] < 5 (26)
ede

h=mi (a b ) 0< h 27
=min|g, 37 ) 0<o< - (27)

ITpu stom pewenue (23) 6yder Henpepvl8HO KaKk (PYHKYus Ha-
uaabHblx OanHblx x*, y* 8 obaactu (26) pasHomepHo oTHOCUTEAb-
HO X u3 uHnTepsasa (25), T. e. no awbomy £¢>0 Halidercs Takoe
8>0, uro npu |Ax*| <8, |Ay*| <<8 O6yder s6binoaHATbCA He-
PaBeHCT80

ly(x; x*+Ax*, y*+Ay*)—y(x; x*, y*)| <e (28)

00HOBpEMEHHO OA 8cex X u3 unrepsara (25).

OcHoBHasi uaess NMPHBOLUMOrO HMXKe [J0Ka3aTeJbCTBA 3TOH Teo-
peMbl COCTOHT B 3aMeHe ypaBHeHHs (21) HOBHIM ypaBHeHHeM,
B KOTOpOe HayajbHble TaHHble x*, y* BXOMAT B KauectTse Mmap a-
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MeTpoOB, U HCNOJb30BAHUH TE€OPEMbl O HENPepPbIBHOH 3aBHCHMOCTH
pellieHHs! OT MapaMeTpOB. -
Cnenaem B ypaBHeHMH (21) 3aMeHy MNepeMeHHbIX:

x—x*=E, y—y*=n. (29)
Torma ypasHenue (21) npumer BHA
d
72= (E+x* nty*) =N n x% y*), (30)
a BMeCTO HauaJbHBIX YCJOBHH (24) mosyyum
n=0 npu £=0. (31)

[TokaxkeM, uto ypaBHeHHe (30), B KOTOpOe BeJHUHHBI x*, y*
BXOJSIT B KayeCcTBe MapaMeTp OB, HMeeT eIHHCTBEHHOE pelie-
HUe, YIOBJeTBOpsAOilee HayaJbHbIM ycaoBuaAM (31), u uto 3TO
pellleHHe HenpepbiBHO 3aBHCHUT OT X* H y*.

JeficTBUTeNbHO, NpaBas 4acTb ypaBHeHus (30) ynoBaeTBopsieT
ycaoBusim Teopembi Ilukapa B obsact, onpefeneHHOll HepaBeH-
CTBaMH

|§+x*—xo| <a, [n+y*—uo| <5, (32)
KOTOpble 6YyAYyT 3aBEAOMO BLINOJHEHBI, €CIH
a b
<5 In<5 (33)
H.
* a * b
|5 < 5 |9 mh| < o (34)

Otciona crienyer, 4To npasasi yacTb ypaBHeHus (30) ymoBJeTBo-
psieT yCJ0BHAM TEOPeMbl O HENPePhIBHOH 3aBHCHMOCTH pelleHHs
or napamerpoB. Ilostomy ypaBHeHue (30) HMeeT eIHHCTBEHHOE
pelieHune ’

n=n(§; x* y*), (35)

yAOBJIeTBOpfIOllee HauajbHbiM ycaoBuaM (31). 1o peulenue ompe-
JefeH0 Kak (GyHKUHS OT § B HHTepBaJje

h
|§] <—2— (36)

¥ Kak ¢(yHxkuus ot mapamerpoB x*, y* B obsactu (34). Peiuenne
(35) sBasieTcs HempepblBHOM ¢yHKUMed & W mapameTpoB x*, y*
B obsactu (36), (34).
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Bosspauasace B ¢opmyse (35) K crapbiM NMepeMeHHbIM X H Y,
NOJYYHM .

y=y*+n(x—x*; x*, y*). (37)

OTo ecTh pellleHHe ypaBHeHHs (21), ymoBieTBopsitolee HayajbHbIM
VCJIOBHSIM (24) W noToMmy coBrnapgaiollee ¢ peluieHHem (23), Tak uTto

y=yrn(x—x* x* y*) =y(x; x%, y¥). (38)
Pewrenne (38) uau, uTo TO Ke, peiieHue (23) ompedesneHO Kak
GyHKUMA HayaslbHOTO 3HaueHHs y* B 06JacTH

| = | < — (39)

b
2
M Kak QYHKUMA X M X* NpH 3HAUeHHSX X ¥ Xx*, yNOB/IETBOPSAIOLINX
HepaBeHCTBY
* n r
| x—x*| < T (49)

BbiTeKaloleMy H3 HepaBeHcTBa (36). HepaBenctBo (40) 6yner 3a-
BEJOMO BbINOJHEHO, €CJH

|x—xo’ < %—w, ]x*—xol <o. (41)

Tak kak pemenne (35) ypaBHeHua (30) HenmpepbiBHO OTHOCH-
TeibRO E, x* U y* B obaactu (36), (34), To pewenne (23) ypas-
HeHus (21) HenmpepblBHO OTHOCHTEe/bHO X, x* M y* B obaactu (25),
(26). Teopema mokasaHa.

3aMmeTuM, YTO ecM HayasJbHOe 3HaueHHe x* He3aBHCHUMOH mepe-
MeHHON X He H3MeHSTb, cuutas x*=Xxo(0=0), To pemenune (23)
Gyner HempepblBHOH (GYHKUHeH HayaJbHOTO 3HauyeHHs Y* HCKOMOW
GyskunH y B o6nactH (39) paBHOMEPHO OTHOCHTE/LHO X M3 HHTep-
Basia

h
| x—%0| < TR (42)

B cayuae JnHeHHOro ypaBHeHHS
y+p(x)y=q(x) (43)

peitene (23) OyaerT HenpepblBHOH GYHKLHMeH OT X H HayasbHbIX
HaHHBIX x*, y* npu BceX x M x* U3 HHTepBaja HeNpPepbIBHOCTH
koadduunenta p(x) M npasoit yacTH -¢(x). ITO HENOCPEACTBEHHO
ClefyeT M3 TOro, uto pelieHHe (23) B 3TOM cJyyae MOXKHO 3a-
nucatb B BHAE
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x
p(x)dx

- T p(x)dx 5
y=e ** y*—|—fq(x) ex* dx (44)

(nouemy?).

JlokasaHHasi TeopeéMa pacNpOCTPaHSeTCss Ha HOPMaJjbHYH CH-
CTeMy n-rO NOpsJKa H Ha ypaBHEHHe n-ro NOPsAKA, paspelieHHOe
OTHOCHTeJIbHO CTapllel MpPOH3BOLHOM.

9. PaccmoTpHM HOpMaJsibHYIO CHCTEMY BHAA

dX1
— =X1(t, x4y, X3, ..., Xn),
dt i( 1y 2y y n)
dX2
——= =Xo(t, X1, X2, ..., Xn),
df 2( 1 2 n) (45)
dx,
=Xn(t, X1, X2, ..., Xn),
dt n( 1 2 n)
rae t— BpeMsi, a X{, Xz, ..., Xn — KOODAHHATBH TCUKH (a3oBOro
npoctpaHcTBa (X1, X2, ..., Xp).

[Tpu BbmMoaHeHuH ycnoBuil Teopembl [lnkapa pewenue (ABH-
XeHHe)

xy=x1(l), xe=xa2(t), ..., Xn=xn(l), (46)
onpejeasemoe cHcremoi (45) W HayaJbHbIMH YCJOBHSIMH:

x=x0, Xp=x0, ..., xp=xO npu t=h, (47)

) xO ©

HeMpepbIBHO Kak (YHKUHS HauyanbHbIX AaHHBIX XQ, xO, ..., xO

(B HeKOTOpOH 06J1aCTH HX H3MEHEHHS) PABHOMEPHO OTHOCHTENbHO
H3 HEKOTOPOT0O KOHEeYHOT O HHTepBaja H3MEHEHHS BpPEMEHH.
(Mbl Hucnosb3yeM 37ecb ciayyaldl TeopeMbl O HempepbIBHOH 3aBHCH-
MOCTH pelleHHs] OT HayaJbHbIX NAaHHBIX, KOTLA HauyaJbHOe 3HaueHHe
HE3aBHCHMOH llepeMeHHOH He H3MeHseTcs.)

B Tex cayyasx, Koria HempepbiBHas 3aBHCHMOCTb peLIEHHS
(ABHXEHHA) OT HAauyaabHbIX 3HAUYEHHH HCKOMBIX (YHKUHH HMeeT
MEeCTO paBHOMEPHO OTHOCHTeNbHO [ Ha BCeM MNOJyGEeCKOHEeYHOM
UHTepBaJjie H3MeHeHHs [({=ly)), roBOpAT, 4TO pelleHHe (ABHXKe-
Hue) (46) obnamaer CBOHCTBOM YCTOUHUBOCTU TPH t——-t oo,

[TpeanosioxuM, yTo mpaBble YacTH cHcTeMbl (45) o6pautalorcs
B Touke x1==0, xp=0, ..., x,=0 B Hys b NpH Bcex paccMaTpHBae-
MBIX 3HaueHHSIX BpeMeHH f({=fy). Torna cucrema (46) onpenensier
HyJdeBOe pelleHHe:

x1=0, x,=0, ..., x,=0. (48)
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DTo pelleHHe yNOBJAETBOPSIET H y/neBbl M HayalbHbIM YCJIOBHAM:
x3=0, x2=0, ..., x,=0 npu t=t. (49)

Peulenne (48) Mbl GyneM Ha3blBaTb HEBO3MYUEHHbIM DPeULeHUEM,

a COOTBETCTBYIOLee eMy ABHXKEHHE — HEeB03MYU,eHHbIM OBUNCEHUEM.
Besikoe pemenne (46), ynoBiaeTBopsiioliee HauaabHBIM YCJI0-

BHAM (47), rae XxoTs Obl OAHO M3 HayaJbHbIX JaHHBIX x(;”, x<2°>,

x©@ ornuyHO OT Hyns, OyneM Ha3blBaTb BO3MYUIEHHLIM peule-

HueM, COOTBETCTBYIOILlee €My [BHIKEHHEe — B03MYUCHHbIM O8udiCe-
HueMm, a 4ucJaa x(;’), x<z°>, ce, xflf‘—eoamyu;eﬂuﬂmu.

[MpeanosoxuM, yTo paccMaTpHBaeMble BO3MYIIEHHble pelleHHs
onpejeseHbl NMPH BCex 3HaueHHAX (<io.

Onpenenenune 1. HeBosmylleHHOe pellleHHe (ABHXKeHHe)
(48) HasmiBaeTcss ycroduuseim 8 cmobicae Jlanynosa npu t—-oo,
KOTJa Bce BO3MYILIeHHble pelleHHs (46), COOTBeTCTByOLIHE HOCTa-
TOYHO MaubiM Bo3myweHusm x0, x@, ..., xO, Gynyr npu Bcex
3HaYeHHAX {Z==fy HaXOAHTbCA B CKOJIb YTOAHO MaJlOH OKPeCTHOCTH
3TOr0 HEBO3MYILEHHOTO pelleHHs, T. €. N0 J11060My I[0J0XHTe/b-
HoMy uyucay € >0 MOXHO HaHTH TakKoe MO0JOXHTenbHOe 4Hcao § >0,
4YTO H3 HEPaBEHCTB

| X0 <8, [x0] <8, ..., |XO| <8 (50)

CJIeAYyIOT HEpaBEHCTBA
|x(t)|<e, |x(f)] <e, ..., [xa(f)] <e (51)

fIpH Bcex {=/o.

[lagum reoMeTpHYecKoe H MeXaHHYecKOe HCTOJIKOBaHHE 3TOro
onpefesieNHs B caydae n=2.

[lycte maHa cucrtema

dx dy
— =X x 2 =Yt x, y),
T & x 9), =Y x Y (52)
rie
X(t, 0, 0)=0, Y(¢, 0, 0)=0 npu t=t,. (53)

3jech ¢t — BpeMs,, a ¥ H Yy — KOOpPAHHATHl TOYKH Ha (pa3oBOil mio-
CKOCTH (X, Y).
YcTOHYHBOCTh ABHMKEHHS

x=0, y=0, (54)
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T. €. COCTOSIHHUSl IOKO#, onpelensieMoro cucreMod (52), osHauaer,
YTO KaKoi Obl KBaJgpaT CO CTOPOHOH 2e C LIEHTPOM B HayaJjie KOOPHAHU-
HaT — TOYKe NOKOSl — HU B3dTh, BCeraa HaWAeTcs TaKOH BJIOXKEH-
Hbli B Hero KBajgpaT CO CTOpPOHOH 2§

(puc. 39), uTO BCe BO3MYIlleHHble [BH- “{

JKeHUsl, HayuHawouwuecs (npu (=t) 28—

BHYTPH BTOpOro kKBajapara, OyayT ocra- =28

BaTbCSl BHYTPH NepBOro KBajpaTa INpH —

BCeX 3HAueHHAX t=lo. ya:}
Onpepneaenue 2.. Ecan xors 6bl S W T

onsi ogHoro €0 He CYIeCTBYyeT COOT- AN )

BercTBylollero 6>0, To peuieHue (48) N

Ha3bIBAETCSA HeYCTOUUUBLIM, '

Onpexgenenuc 3. Peuwenne (48)
Ha3blBaeTCsl ACUMNTOTUHECKU YCTOUUU- Puc. 39
8bIM, €CJIH OHO YCTOHYHBO U, KpOMeE TOro,
BCe BO3MYILEHHble peleHHs (46), COOTBeTCTBYIOLLHE AOCTATOYHO
MaJblM BO3MYILEHHAM, 00/1a1al0T CBOHCTBOM

x1(8)—>0, x2(t)—>0, ..., xn(f)—0 npu f—>-o0. (55)

Oasi cucrembl (52) acUMNTOTHYECKAst YCTOHMYMBOCTb ABHXKEHHUS
(54) o3Hayaer, 4TO BCe MBHXKEHHSl, HAUHHAIOWMeC MpH (=l
BHYTPH KBajpara CO CTOPDOHOH 2§, He TOJBKO OCTalOTCs BHYTPH
KBajipaTa CO CTOPOHOH 2e, HO H CTPEMATCHA K COCTOSIHHIO MOKOs (54)
npu t—-4-oo.

Onpenenenune 4. Ecaum HeBo3MmyuleHHoe = pelieHne (48)
HeyCTOHYHBO, HO MO JI060MY IOJIOXKHTEIbHOMY YHCITY €>>0 MOXHO
HalTH Takoe MOJIOXHTeRbHOe Yucao 60, YyTO NpPH BO3MYILIEHHSAX,
NOJYHHEHHBIX HEKOTOPbIM YCJOBHSIM BHIA

f(x@, x9, ..., x®)=0 uan [(xQ, 20, ..., @) =0, (56)

rae f(0, 0, ..., 0)=0, nu3 HepaBenctB (50) caenylT HepaBeH-
ctBa (5l) npu Bcex =%, TO TakKoe HEBO3MYILEHHOEe pelleHHe
Ha3bIBAETCH YCAOBHO YCTOUHUBLIM.

Cyautb 0 Hajauyud (OTCYTCTBHM) YCTOHYMBOCTH IMpOLle BCEro
B TexX CJyyasix, KOrjla H3BeCTHO ofllee pelLieHHe, OCOGEHHO ec/iH
oHo 3axaHo B ¢opme Koiuwu.

Mpumep 1. PaccMorpum cucreMy

dx dy 57
—=—y, — =X
dt y dt G7)
[lpumeM 3mech u B Aanbueitunx npumepax fo=0.
Pewenne (nBuxKeHHE)
x=0, y=0, (58)

onpejeJssemMmoe 3TOMH CHCTeMOﬁ, )’CTOIUNHBO, HO He aCHMNTOTHYCCKH.
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HeiicTButeabto u3 obuiero peulenuss B ¢opme Kown (cm. ra. IV, § 1, npu-
mep 4)
x=Xxgcost—yosint = x(t); y=xosint+yocost=y(f), (59)

rae xo=x(0), yo=y(0), crenyer, 4To Bce BO3MYlleHHble pelueHHs (T. e. peLleHHs
c JOoGbIMH HauasJbHLIMH AaHHBIMH Xo, Yo) ONpefeseHbl npu Bcex >0, u ecan
Xo M Yo NOCTATOYHO Majbl, TO X H y OYAyT CKONb YroAHO MaJbl npu Bcex >0,
T. e. 1m0 Jio6omy €>0 MoxHO Haiith Takoe 8>0, yToGHl M3

[ x| <8, |yo]| <8 (60)
c/len0Bano
| x(t) | <e, |y(t) | <e npu Becex ¢3>0. (61)
Y
¥
b—28»—7
|
Zo | tua z
y:’ \ z 0
1
Puc. 40. Puc. 41.

[
JocratouHo B3fiTh 0= —2- CrenoBatenbHo, peiieHne (58) ycroiuuso. Acumnro-

THYECKOH YCTOHYMBOCTH HeT, H60 BO3MylLleHHble pellleHHs, OuYeBHIHO, He o06.ja-
Jlal0T CBOHCTBOM
x()—0, y#) >0 npu > +oo. (62)

Bo3mylueHnble aBuxenusa (59), HauuHawowmecs (npu f=0) BHyTpU KBagpara
co cropoHoii 20 (20=¢), ocratorcs npu Bcex (>0 BHYTpM KBaapaTa Co CTOPO-
HOH 2e, HO He CTPeMATCA K COCTOsIHHIO nokos (58) npu f— +oco. TpaekTopHuaMu
BO3MYLIEHHBIX ABH)KeHHH (59) sBasioTcA OKpyxKHOCTH (puc. 40)

x2+y2=x§ +y§. (63)

€ €
Ecan [ x| <—, | Yol <—2, TO PafHyChl 3THX OKPYXKHOCTEH MeHblue &.

OTciofa Mbl CHOBAa BHMIMM, YTO ABHXKeHMs (59), HauMHalOlHecs BHYTpPU KBajapaTa
co cropoHoil 20, ocraloTcs mpu Bcex f{> 0 BHYTPH KBaapaTa co CTOPOHOH 2g,
HO He CTpPeMATCS K COCTOSIHMIO mokos (58) mpu &> 4+ oo.
MNMpumep 2. na cucreMbl
dx dy

—_—=—x —=-=2 64
at dt v (©4)
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HyJIeBOe pelleHHe
x=0, y=0 (65)

6ynerT acHMNTOTHYECKH YCTOHYMBLIM.
B camoM nene, BO3MYLUEHHble peLIeHHs HMEIOT BHI

x=xpe~!, y=yee-2t (66)

OTKyAd BMAHO, uTO peuieHue (65) ycroiunBo (6=e). Kpome Toro, Bce BO3MY-
LieHHble peuieHHs (66) obGaanaloT CBOHCTBOM

x(t) >0, y(t)—>0 npu {—>+4oc. (67)
TpaekTopHsiMu BO3MYILEHHBIX ABHXKeHHH (66) saBaslOTCA nosynapa6ossl

y%xz (x#0) (68)
0

i noayocu KoopauHat (puc. 41)
y=0 (x#*0), x=0 (y+0). (69)

3aech Bce [BHXKEHHSl, HauuHaplidecs B KBaapaTe co CTOpoHoi 20 (28=2e¢),
He TOJbKO OCTAlOTcA BHYTPH KBajpaTa CO CTOPOHOH 2g, HO W CTPeMATCA K CO-
CTOsiHHIO nokos (65) npu ¢ +oo.

Mpumep 3. INycts nano ypasHeHue

dx dy .
Ft— =X, E=2y. (10)
3nech HyJaeBoe pelleHHe
x=0, y=0, (71)
CYeBH]HO, HEyCTOMYHBO, W60 M3 BHAA OOLIEro pelleHHs
x=Xee!, Yy=yoe (72)

SICHO, 4YTO Kakue Gbl MaJble BO3MYUIEHHA Xo, Yo HH B3ATHL, -Mbl i€ MOXEM obec-
MNeYyuTb BbITOJHEHHE HEepaBeHCTB

| x(t) | <e, |y(t)|<e upu Bcex t>0.

TpaekTopHsiMH BO3MYLUEHHbIX [ABH)XKeHHH OyAyT Te »xe noJynapaGoJnl (68)
1 nojyocu KoopauHat (69) (puc. 42), uTo u B NpelbiAylleM MpHMepe, HO ABH-
JKEHHsI IPOHCXOAAT B 0OPAaTHOM HanpaBJ/leHHH, H OHH, OYEBHIHO, NOKHAAIOT .0GOM
KBajipaT Co CTOPOHOH 2& B KakoM Obl MajOM KBajpaTe cO CTOPOHOH 28 oHuM Hu
HaYHHAaJHCD.

3amerum, uto pewenHe (71) Oyner acHMOTOTHYECKH YCTOHYUMBO NpH f— —oc.
B nomoG6HBIX ciyyasx roOBOpST, uTo peuleHHe (71) abcoaw0THO HeycTolivuso.

Npumep 4. PaccMoTpuM cucTeMy

dx dy
==X —— =Y. 73
dt Todt (73)
Penienne (ABHXKeHHE)

. x=0, y=0, (74)
onpenensieMoe 3TOM CHCTeMOIl, HeycTOHuHBO. DTO BbITEKaeT W3 BHIA BO3MYLUEH-
HBIX JBHXXEHHH

x=xee~*, y=yoe! (75)
(nouemy?).
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Ho ecan orpaHuuuTbes paccMOTpeHHeM BO3MYILEHHBIX IBHMKEHHH YacTHOTO
BHaa ' -

x=x0e"t, y=0. (76)
T. €. NOAYHHHTL BO3MYLUEHHE Yo YCJOBHIO
Yo=0, (77)

To mis Jo6oro £>0 Haligerca 6>0.
MoxHo nosnoxutb 8=e. [Tostomy peienue (74) yCNOBHO YCTOIUHMBO.
OGpaTtHMcsl K TpaekTopuaM naBHxeHHi (75) u (76). TpaektopusmMu aBIKe-
Huft (75) sBasioTcs (paBHOGOYHBIE) runep6OJbI

XY= XoYo (78)
fl moJiyoci KoopauHat (puc. 43)
y=0 (x+0), x=0 (y+0) (79)

Bce aBikenusi, Kpome naBuxeHull (76), mnokuapaiot Jo6oH KBagpaT €O CTO-
poHoOi#l 2¢, B KakoMm Obl MajOM KBaipaTe CO CTOPOHOH 20 OHM HHM HaYHHAJKC,
TaK YTO Mbl CHOBa yGexjaemcs, 4To ABHXKeHHe (74) HeycToHYuBO.

———T

N

Puc. 42 Puc 43

Tpaektopuamu ABHxkeHui (76) cayxar nonyocu ocu Ox. ITil ABHXKeHUs
ocTalTcs B KBajpare CO CTODOHOH 2e, eclM OHH HauHHAlOTCA B KBajgparte coO
cropoHoii 20 (20=2e), uyTo M obecneynBaeT YCTAHOBJIEHHYIO Bbillle YCJIOBHYIO
YCTOMYMBOCTb ABHKeHHS (74).

B 3TromM nyskTe Mbl XOTeNIH AaTb TOJbKO MNOHATHE 06 YCTOHYHBOCTH KaK
0 HEKOTOPOM CHenHaJbHOM CBoHcTBe peleHus. HekoTopble npH3Haku yCTOHYH-
BOCTH U HeycTofiunBocTH GyayT maHul mosaHee (cM. ra. VII, n. 24, 25).

10. PaccMoTrpum ypaBHeHHe

d
Fi/c =f(x, y). (80)
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[okaxeM, 4TO eciH NpaBas 4acTb 3TOrO YpaBHEHHS He TOJBKO
yIOBJIETBOPSET YCAOBHUSIM TeopeMbl [1HKapa, HO U HenpepbIBHO AHG-
(depeHuHpyeMa OTHOCHTEJbHO Y, TO peuieHde 3amaun Komnu
6ydeT He TONBKO HENMpepbIBHOW, HO H HeNnmpepHBHO.AHO ¢e-
peHuupyemoid ¢yHkuuein (o60MX) HayaJbHbIX AaHHBIX.

Teopewma. Ecau ¢pynxyus f(x, y) yoosaersopsaer 8 npamo-
yeoavHuke R:

[ x—xo| <@, |y—yo| <b (a>0, 6>0)

cboum ycarosuam teopems. ITukapa u, kKpome Toe20, umeer Henpe-

0
PBLBHYIO 4ACTHYIO NPOU3BOOHYIO 55’ TO peulexue
y=y(x; x* y*), (81)
y0osaeTBOpAIOUEE HAYANLHOIM YCAOBUAM
y=y* npu x=x*, (82)

ABAAETCA HenpepuiBHO Oupgepernyupyemol pynxyued or x u Ha-
4aAbHbIX OaHHbIX X*, Yy*, Koeda X u3meHseTca 8 unrepsaie

h
=0 | < 5 —o, (83)
a touka (x*, y*) aexmcur 8 obaactu R*:
|t —ro| <o, |y*—10] < 4 (84)
20e
h=min (a i) < L3 (85
= M) SO )

OrpaHHuHMCSi [OKa3aTeJbCTBOM CYILECTBOBaHHS (H HeNpephiB-
o
HOCTH) YacTHOH NpPOH3BOAHOH 5%.
Hanum y* npdapaimeHne AY* HacTONbKO MaJjoe, UTOObI TOYKa
(x*, y*+Ay*) He BbiXxogMNa H3 R, H NOCTPOHUM pelleHHe

y=y(x; x*, y*+Ay*), (86)
YAOBJETBOPsIOllee HAaYa/bHbIM YCJOBHAM:
y=y*+Ay* npu x=x*. (87)

Paccmorpum ¢yHKiHIO

y—y
u= Ag* (88)
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Hoxaxem, 4ro 3ra (yHKUMS HMeeT mnpefen npu Ay*—0 u urto
9y
oy*’
x, x* y* B obmactu (83), (84).
CocraBuM Oud¢epeHIHanbHOe YypaBHeHHe I GYHKUMH U
Haxonum

3TOT npepeft, T. e.

AIBJSIeTCS] HeNpepbiBHOH (yHKUHeH OT

du 1 d@—y)

de ~ Ay* dx

(89)

IMoncrasisa pewenus (81) u (86) B ypaBHeHue (80) u BhiunTas
MOU/JIEHHO NMepBOe TOXKAECTBO H3 BTOPOTO, MOJYYHUM

dY=Y) _t 7)—
=l 9 —f(x ). (90)
[Ipeobpasyem npaByio 4acTb:

‘ f(x, Y)—F(x, y)

y—y

unn (Mcnonb3ys ¢opMysny KOHeUHbIX NpupalleHuit Jlarpanxka)

fx, u)—F(x, y)= (y—v) (91)

Fx, ) =F(x, 9)=Fy [x, y+08(y—y) ] (4—y) (0<0<1). (92)
[TosToMy paBeHcTBo (89) MOXKHO 3amucaTh Tak:

du
— = *
ix p(x, Ay¥)u, (93)

rae QyHKUHs
f(xv g) _f(xv y)
y—y

3aBHCHT TOJbBKO OT ¥ M Ay* ubo y u y onpepensitores op-
mysiamu (81) u (86) u 3aBucaT or x, x* y* Ay*. Ho touka
(x*, y*) duxkcuposaHa.

W3 (88) B cuay HauanbHbix ycaoBu#t (82) u (87) caemyer, uto
GyHukuus u obpaulaercs B eAMHHLY NpH X=x%

Takum ob6pasom, ¢yHkuus (88) ecTb pelreHHe OXHOPOZHOIC
JHUHelHOTO ypaBHeHHs (93) ¢ HayaJAbHbIMH YCJIOBHSIMH:

p(x, Ay*) = =[x, y+0(y—y)]  (94)

u=1 npu x=x*. (95)
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Kosdbduuuent p(x, Ay*) B ypaBHenuu (93) He-
npepbBHO 3aBHCHT OT HE€3aBHCHMOH mnepeMeH-
HOH x M mapamerpa Ay* Korma Xx HU3MeHseTCH
B uHTepBaJe (83), a |[Ay*| nocTtaTouHoO MaJao.

UYro6el yGeAuTbCS B 3TOM, BO3bMeM Jio6Gyilo Touky (X, Ay*)
H3 yKasaHHOH 06J1aCTH U pPacCMOTPHM [Ba BO3MOXHBIX Cjay4dasi.

1. B Touke (;c', Ky*) PasHOCTb y—y He paBHa HYJIO. B stom
c/yuyae HenpepbiBHOCTb (pyHKuuH p (¥, Ay*) B 3TOH TOYKe CJedyeT
U3 GopMyJibl

p(x' AIJ*)= f(x’ y)_f(x1 y) . (96)

y—y

\

60 4YHCAMTeNb W 3HaMeHaTesb HempepbiBHB B Touke (X, Ay*).
[TocaenHee BbiTeKaeT M3 TOro, YTO Y €CTb HelpepbiBHAs (YHKIHA

OT X NpPH X=X; Y eCTb HenpepbiBHA (QYHKLUHR OTHOCHTEIbHO
X u Ay* npu x=x u Ay*=QAy* (B cu1y TeopeMbl O HenpepbIBHOH

3aBHCHMOCTH pelIeHHsl OT Haya/bHbIX NAHHBIX); ¥ H Y HE BHIXOAAT
u3 obaactu R, B KoTopo#t ¢yHKuus f(Xx, y) HempepblBHa OTHOCH-
TeJIbHO CBOHX apryMeHTOB, a TOrAa (COryiacHO TeopeMe O Hempe-
PBIBHOCTH cJ10XKHOH ¢yHKuuH) f(X, y) HempepbiBHa OTHOCHTENBHO X

npH x=17, a f(x, g) HenpepblBHA OTHOCHTeNbHO ¥ M Ay* npu x=},
Ay*=§y*.

2. B Touke (;, Xy*) pasHOCTb Y—y paBHa HyJI0. B 3ToM
cjayyae Mbl He MOX€M, OYeBHIHO, BOCMOJb30BaThCs Gopmyaoht (96).
Bocnonb3dyemcst BTOpbiM npencraBieHHeM (QyHKUHH p(%, Ay*)
[em. (94)]:

p(x, Ay*)=Ffy [x, y+0(y—y)]. (97)
Hnmeem

p(x, By*)=Fy [x, y(@)]. (98)
Ecau (x, Ay*)—»(;, Ky*), T0 H y—y—0, U BCJEACTBHEe npeanoJo:

JKX€HHOH HeNnpepbIBHOCTH YaCTHON MNPOH3BOAHOM 5, Haxomuwm
Y

Fy L%, y4+08(u—y) 1Ty [%, y(@)], (99)
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p(x, 8y*)—p(x, By*), (100)

a 3TO M O3HayaeT, 4To OQyHKUHA p(x, Ay*) HempepoiBHa B TOYKE
(x, By*). i}

B uwactHocTH, ¢yHKuMA p(x, Ay*) HenpepbniBHa H mpu Ay*=0,

npuuem .
p(X, O)=f'y(x’ y)' (]01)

Tak kak ypaBHeHne (93) uuHefiHoe W ero Ko3(pGHIHEHT
p(x, Ay*) HenmpeprIBHO 3aBHCHT OT HE3aBHCHMOH MepeMEeHHOH X

npu | x—x | < — —® H OT napamerpa Ay* npu AOCTaTOYHO MaJjOM

| Ay*| u, B wacTHooTH, npH Ay*=0, TO OHO HMeeT eJHHCTBEHHOe
peleHue

u=u(x; x* 1, Ay*), (102)

VAOBJETBOPsIOllee HauajbHbIM ycjaoBusaM (95) u comepxauee Ay*
B KauecTBe mapamerpa. CorjacHo TeopeMe O HelNpepbiBHOH 3aBH-
CHMOCTH pelleHHsi OT MapaMeTpoB [Js cJydyas JHHeHHOro ypaB-
HeH#d, 3TO pellleHHe eCTb HenmpepbBHas pyHKUHUSA oT Ay*
B Ttouke Ay*=0. Bcaencrsue storo cyuiectByeT npeien ¢yHk-

unn (88) nmpu Ay*—0, a 370 U 03HayaeT, 4TO CyLIeCTBYeT dy!i .
0
HokaxeMm Tenepb, YTO dyy* HerpepbiBHA OTHOCHTEJbHO X H Ha-

yaJbHLIX HaHHBIX X*, y* B obsactu (83), (84). Huas storo 3ame-
THM, 4TO (QYHKLHA

%
= ayy* (103)
ABJACTCA peELIeHHEeM YypaBHEHHS
v
2 =1, nU (104)
C Haya/JbHbIMH YCJOBHSAMH
U=1 npu x=ux* (105)

B 3TOoM nerko yGenuthbesi, nepexoas k npexeay B (93) u (95) npwm
Ay*—0.

YpaBuenne (104) nauHehHOe, mnpHYeM ero Ko3PdHUHEHT
['y(x, y) HempepbiBeH OTHOCHTEJbHO He3aBHCHMOH Me€peMeHHOH X
u napametrpoB x*, y* B obaactu (83), (84) (mouemy?). OmHo H3
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HavyaJbHbIX ZaHHbIX pemleHus (103) Toxe 3aBHCHT OT mapamerpa x*
H npHToM HenpepbiBHO. [losToMy pemenue ypaBHenus (104) c Ha-
YaabHbIMH ycjaoBHSIMH (105) HenmpepbIBHO OTHOCHTENBHO X, X*, y*
B TOH ke oGJactu (83), (84), a Tak KaK 3THM pelleHHEM Kak pas
9y
Oy*
pbiBHON (YHKIHel OT He3aBUCHMOH NepeMeHHOH X H HaudajbHbIX
oaHHbIX x*, y* B obaactu (83), (84).

[Moab3ysice ¢opmy.oit obuiero petiedna B ¢opme Kown ans
OJIHOPOJHOTrO JIHHEHHOr0 VpaBHEHHsi, MOXHO HamMcaTb SIBHOE BbI-

H ABJAdAETCA 4YacCTHas MPOHU3BOAHAaA TO OHa 6y11e'r Henpe-

paxenue pJsi

oy*’
* 4 . . * * d
c'?y ffy[m,y(x-x.y)]x
= =ex 106
5 (106)
OTKylda CHOBa BHJHM, 4YTO dyi €CTb HempepbiBHas (PYHKUHA OT

X, x* y* B ykasaHHO# 006JacTH.

MoxHO 10Ka3aTh,! 4TO 4acTHas NPOM3BOAHAA =T ABAAETCH

pemenrem Toro ke ypapHenus (104), HO ¢ JAPYyrHMH HavajbHbIMH
YCJIOBHAMH, a HMEHHO:

U=—[(x* y*) npn x=x*. (107)
ChaenoBaTesibHO,
j'cf’y [x, ylx; x*, y*)ldx
oy o
ax* =—f(x*, y*)e (108)

Mpumep 5. Hafitu nipousBoanbie OT pellleHHs YpaBHeHHS
' y'=y (109)
C HayaJbHbBIMH YCJOBHAMH

Y=yo npn x=xo (Yo +0) (110)
no Xo H Yo.
Pewennem 3agaun Kowmu (109)—(110) Oyner
1
y=- “—"—1—' (111)
X— (X0+ —)
Yo

t Cm.: MatBeen Meronn unterpupoBanus, n. 134, Crtemawos, crp.
301—302.
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[TosTomy, mosab3ysick dopmyaamu (106) u (108), nosnyuaem

x

j dx
dy x—(xo+L) 1
=¢ %o Yo = H
- [+~ (e o))
v | = xot+ —
0 yO
j' —2 dx
1
— xt
._a_y__.___yzexox ("Cu !/o) = — L
de o

[ (ot )T

0 (5]
Y Y mMbl Haifigem u3 (111).

H
Yo dxo

OTH XKe 3HayeHHus

(112)

[oka3zaHHasi TeopeMa paclnpoCTpauseTcsi Ha HOPMaJibHYl0 CH-
cTeMy 7n-ro nmopsjaka! W Ha ypaBHeHHe n-ro Nopsiika, paspeuleHHoe

OTHOCHTEJIbHO crapmeﬁ l'lpOHBBO,CLHOﬁ.

§ 3. MOKABATEIILCTBO CYIIECTBOBAHIS OBINErO PEHIEHUA

11. [loxaxeM, 4TO NMPH YCAOBHAX TeopeMmbl IInkapa cyuiecTByer

ofliiee pelleHHe.
ITycTe naHo ypaBHeHHe

Y i, ),

(1

npaBasg 4acTh KOTOpPOro yaoOBJIETBOPSAET YCJOBHSAM T€ODEMbI ﬂuxapa

B NPsSIMOYroJibHHKe R:

[ x—x0| <@, lu—yo| <b (a>0, b>0).

Torna CyleCcTByeT €AHHCTBEHHOE pelleHlie
Yy=o¢(x, xo, Yo),

yllOBJ]CTBOpﬂIOLL[(Ze HayaJibHbIM YCJOBHAM
Y=Yyo TIpH X=X

Paccmorpum o6aacth R 4 :
2

a b
[X—Xo] < o> Iy—yo’ = 5

1 CMm., Hanpumep: MartBeesB, nn 134, 135; Ctenanos,

(2)
(3)

(4)

(5)

cTp. 298—-307.
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BosbMem B 3TOii 06aacTH J106Yy10 TOUKy (X, Yo) M TOCTPOUM

o6Jgacth R 1:

2

a - b
| x—x0 | < DX 4=y | < > (6)
Tak kak R JeXHT BHyTpH R, TO CylIeCTBYeT eAMHCTBeHHOe
2
pelienHe

y=(P(xr Xo, yo)’ (7)
YEZOBJACTBOpAOLLEE HadaJbHbIM YCJ/JIOBHAM

Yy=yo TpH x=1Xo. (8)
Teopema. [lpu clerannvix npednosoxenunx gopmyara (7),

20e Yo paccmaTpusaerca KaK npoudBoAbHAs NOCTOAHHAA, NOOHUHEH-
Haa Ycao8uro
b

| Yo—Yo | < EL

daer obwee pewenue ypasvenus (1) e obaacru D:

9

h < b

]JC—Xo] = y ‘y—yO! S g (10)
codepacaweli 8HYTpU cebs To4KYy (Xo, Yo).

B camom pneje, yTBepXKJAeHHe TeOpeMbl O3HayaeT, YTO (YHK-

uua (7) HenpepbiBHO Au(pdepeHUHpPyeMa OTHOCHTEJIbHO X H UTO

OHa yJOBJIeTBOPSieT ABYM ycJoBHAM: 1) paBenctBo (7) paspeiiumo

B o6/iacTy D OTHOCHTeJIbHO MPOHM3BOJNLHOH NMOCTOAHHOH Yo; 2) (YyHK-
uns (7) siBasiercs pelleHHeM ypaBHeHHsa (1) mpu cOOTBeTCTBYIOLIHX

3HAYeHHUsAX Yo.
HaM HyXHO NpPOBEPHTb TOJILKO BLIMOJHEHHE MNEPBOTO YCJOBHS.
BosbmeM Ji10 6y TOUKy (x*, y*) u3 obnactu D u momcraBum
ee B (7). IToayuum

y*=q(x*, x0, Yo). (11)

HyxHo mokasartb, YTO 3TO ypaBHeHHE Pa3peliHMO OTHOCHTENbHO Yo.
Hnas sToro moctpouMm obaacte R*ip:
i%

‘a b
|x—x* | < |y—y [ < (12)
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Ona copepxurcs B obnactu R 4. [lostomy ypasuenne (1) umeer
e[IHHCTBEHHOe pelleHHe *

y=o(x, x*, y%), (13)
YVAOBJETBOPAIOLLee HAYaJbHBIM YCJHOBHSIM:

y=y* npu x=x* (14)

DTO pellleHHe ONpeleseHo B umepsane'
h
| x—x* | < T (15)

W He BBIXOAMT IIPM 3THX 3HAUEHHsAX X H3 obsactu R*y.
1
Tak Kak X, yLOBJETBOPSET HepaBEHCTBY

h
IXQ—X* ! < T (16)
[Bemb (x*, y*) € D!], To pemenne (13) omnpeneneHo H B TOuKe
x=xo. O603HauMM 3HaueHHe 3TOTO pEIIEeHH B TOUYKE X=X

yepes 170:
Yo=0(x0, x*, y*). (17)

Touka (Xo, Yo) npuHamnexur obsacth R* u TeM cambim o6na-
4
ct Ry.
2
[MoctpouM Tenmepb peleHHe (7) HMEHHO C TAaKUMH HayajbHbIMH

DaHHBIMH Xo H Yo. Tak Kak pemenne (13) Toxe ymoBierBOpsieT

ycaoBusM (8) [Beab OHO TPOXOAHT uepe3 TOUKY (X, Yo)!], TO
pewenns (7) u (13) coBmapmalor, W, caeloBaTeJbHO, peuieHne (7)
NPOXONUT uepe3 TOuky (x*, y*), T. e.

y*=(P(x*, xO) yO) (18)
Takum obpasom, ypaBHeHHe (7), Kak MOKa3blBalOT paBEHCTRa

(18) u (17), paspelminMO OTHOCHTEJBHO Yo.

CnenoBatenbHo, (7) ecTtb ofuee pemeHde ypaBHeHus (1)
B obaactu D.

W3 nokasaHHo# TeopeMbl ciaenyet, 4To ypasrnernue (1) npu ycao-
susx Teopemel [lukapa umeer unteepan, onpedeiscHHblli 8 OKpecT-
HOCTU Ha4aabHOU TO4YKU (Xo, Yo).
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HeficTBUTeNbHO, pa3pelasi obuiee peiieHue. (7) B o6aactu D
OTHOCHTEJIBHO Yo, MOJyYaem
!/0=(P(x0, X, y) (19‘)

dyukuusa @(xo, ¥, y) ¥ ABASETCT HHTeTpasoM ypaBHeHus (1).

Ecnn npeanoJioXuTh LONOJNHHTENBHO, YTO NpaBasi 4acTb ypaB-
HeHHsl (1) HMMeeT HenmpepbIBHYIO YaCTHYI NPOU3BOAHYIO MO Y, TO
HHTerpan ¢(xo, X, y) OyoeT HMeTb HelpepbiBHble YaCTHble MPOH3-
BOJHBIC N0 X H Yy, ubo Torma pemieHHe (7) HMeeT HelpepbIBHblE

YacTHble NPOH3BOAHbBIE MO Hava/jbHbIM AAHHBIM Xo, Yo.

12. Teopema cymecTBOBaHHS OOLLEro pelleHHs, JAOKa3aHHas
Bbille [/ OJHOTO YypaBHEeHHs, PacHpOoCTpaHsieTCs~Ha HOPMaJbHYIO
CHCTEMY n-T0 NOPsSAKa M, CleJ0BaTe]bHO, Ha ypaBHeHHe n-ro Mo-
psilKa, paspellleHHOe OTHOCHTEJNbHO CTaplieldl NPOH3BOLHOH.

Ilyctb mana HopMasbHasi cHcTeMa

d
B, i) (=L 2 ). (20)

[IpeanonoxuM, YTO npaBble YaCTH 3TOH CHCTeMbl YAOBJETBO-
psAIOT ycjoBHAM TeopeMmbl [lukapa B napasaenenunefe R:

le—xol <ao, |[Yn—yP|<b (=1, 2, ..., n). (21)

TOFIIZ] OHa PIMQeT €IHHCTBEHHOE pelleHHe »
J— 0) (0, (0 P -
yh—CPh(x, Xo, y(i)r yz)’ cey yn)) (k—la 2v ey n), (22)

YIOBJETBOPAIOlee HauabHbIM yCJIOBUAM
Y1=40, Y2=y9, ..., Y=y npu x=-xo. (23)

Teopewma. CosokynHocTs n pynkyui
yh‘—"(Pk(x: Xo, .17(10), g(g)v ey .T/(.,?))v (24)

e0e seauquHbL y(g) paccmarpusaroTca KaKk npoudgoNbHble NOCTOAH-
Hole, NOOYUHEHHble YCAOBUAM

— b
Iy(g)—y(g)| <'2— (k=1’ 2) ey n)7 (25)
daer obuee pewenue cuctemv. (20) 8 obaactu D:
h - b
|x—x0! < R ka-—y<£)| < T (k=1, 2, ..., n),* (26)

codepowaugel enytpu ceba touky (xo, YO, YO, ..., y0).



184 I'a. V. Teopemor cyuwecrsosanus

W3 3toli Teopembl caenyer, uto HopmaabHas cuctema (20)
UMeeT N He3aBUCUMbLX UHTE2pasos, OnpedeseHHblX 8 OKPeCcTHOCTU

HauaabHOU TOUKU (Xo, Yo, ¥, ..., y9).
HeficTtBuTenbHO, paspewiass (24) OTHOCHTEJNBHO
yo (k=1,2, ..., n),
nosyyaem
!7(}‘:)=cpk(x0’ X Y, Y2, - ., yn) (k=l' 2, ..., n)' (27)
Dyukuuu @n(xo, X, Y1, Y2, ..., Yn) H 0OpPa3ylOT COBOKYMNHOCTb A

He3aBHCHMbIX HHTerpasos cucreMbl (20).

Ecau npexnosoXuTh AOMOJHHTEJNbHO, YTO NpaBble YacCTH CHCTe-
mbl  (20) MMeT HelmpepblBHbie 4YaCTHble NPOM3BOAHbBIE IO Yi,
Y2, ..., Yn, TO 3TH HHTErpajbl 6yAyT HempepblBHO AudPepeHUHpye-
Mbl OTHOCHTEJIBHO X, Yi, Ya, ..., Yn (MOUEMY?).

§ 4. OCOBBIE TOYKH

13. PaccMoTpuM ypaBHeHHe
dy
=10 9). (1)

Besikylo Touky (Xo, Yo), B KOTOpOH npaBasi yacTb ypasHeHus (1)
onpejeseHa H B HEKOTOPOH OKPECTHOCTH KOTOPOH BhIMOJHEHb 00a
yciaosus Teopembl Ilukapa ans camoro ypasHenus (1) wau pas
nepeBepHYTOro ypaBHEHHsA

a1 .
dy = T(x, 9)° ("

6GyneM HasblBaTb 06bIKHOBEHHOU TO4KOU nuddepeHLHaNIbHOTO ypaB-
Henusi (1). Besikyio apyryio Touky 6yaeM HasblBaTh 0C000il.

Uepe3 OObIKHOBEHHYIO TOYKY (Xo, Yo) TMPOXOZUT OAHO, H TOJBKO
OfHO, peuleHHe Y=y (x) ypaBHeHus (1) wuan pemenne x=vy(y)
ypaBHeHus (1).

Ecau Touka (Xo, yo) ocobasi, TO B ofLieM Cayyde Heab3si rapaH-
THPOBaTh Jaxe CYIIeCTBOBaHHE pelIeHHH C HayaJbHbIMH JAHHBbIMH
Xo, Yo, HE TOBOPSI YK€ O €IHHCTBEHHOCTH.

Bonpoc o pacrnosnoxeHHH ocoOblX TOYEK H NOBEIEHHH HHTErpajib-
HbIX KPHBBIX B OKPECTHOCTH OCOOBIX TOYEK €CThb OJHH H3 OCHOBHBIX
BOMPOCOB Ka4eCcT8eHHOU Teopuu Ouppdepenyuarvrolx ypasHerud,
B KOTOPOH H3yuYaeTcs reoMeTpHuyeckas KapTHHA HHTerpaJjibHbIX KpH-
BbIX, HE3aBHCHMO OT BO3MOXKHOCTH TPOHHTETPHPOBATh YpaBHEHHE
B KOHEYHOM BHJE,
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OO6BIYHO H3yYalOT TaK Ha3blBaeMble U30AUPOBAHHbLE OCOObLE TO-
Ku, T. e. ocobSble TOUKH, B JOCTAaTOYHO MaJiOH OKPeCTHOCTH KOTOPBIX
HeT APYIUX 0COOBbIX TOYEK.

Haubosee BakHbIM THOOM OCOOGBLIX TOYEK SABJISETCS TO4YKA He-

0
onpedeneHHOCTU Tuna o 310 Takas ToukKa (Xo, Yo), B KOTOpOW
npasas yacTb ypaBHeHus (1) oOpalaercsi B HeompeLeneHHOCTb

BHAA ~o-. Hanpuwmep, nas ypaBHeHus

dy _ Y(xy) .
dx  X(x,y)
BCcAKasi Touka (Xo, Yo), B KoTopod X u Y onHOoBpemeHHO obpa-
L1aloTCcsl B HyJb, 6yneT 0co60H TOUKOH TAaKOro THOA.
B yacrHocTH, ypaBHeHHe C OJZHOPOALHOH APOOGHO-JH-
HeHHOH NpaBoi 4YacTbio

dy ax-+by (3)
dx = cx+dy’
rae a, b, ¢ u d— nocrosiHHble BellleCTBEHHblE YHCJA, NpHYEM
ad—bc0 HMeeT eNUHCTBEHHYIO H30JHPOBAHHYIO OCOOYI0 TOUYKY
0 . ,
THIA o drolt Toukoi Gyaer Hayaso KoopauHat x=0, y=0.

14. Ins HopMaJ/IbHOHM CHCTEMBl n-ro NOpsAKa

dyh

—— =fu(X, Y1, Y2, ..., Yn) (k=1,2,..., n) (4)

dx
NOHATHSI OOLIKHOBEHHOH H 0c000H TOYeK BBONSITCA aHAJOTHYHO
cayyao opgHoro ypaBHeHusi (1). Kpome Ttoro, mns aBTOHOMHO#
CHUCTEMBI

dxh

7 =Xn(X1, X2, ..., X2) (R=1,2,..., n), (5)
rne ¢{— BpeMms, a Xy, Xz, ..., Xn — KOOPIHHATH TOYKH B (Pa3oBOM
npocTpaHctee (X1, X, ..., Xn), NPEACTaBAseT HHTEpPEC paccMoTpe-

HHe TOYEK, B KOTODbIX NMpaBble YaCTH 3TOH CHCTEMbI OJHOBPEMEHHO
obpautaloTcss B HyJb. TakHe TOYKM Ha3blBAIOTCS TOYKAMH pPABHO-
secusn (nokoa) cuctemor (5). MccienoBante noselileHHsl TPaeKTOPHil
cucrteMbl (5) B OKPecTHOCTH TOYEK PaBHOBeCHs SIBISIETCS OJHOH M3
OCHOBHBIX 3aJau Ka4ecT8eHHOU Teopuu Judgepenyuaronolx ypas-
Herud. Tlpu sToM OOBIYHO MpeAnoJaraioT, YTO B OKPECTHOCTH TOYKH
pPaBHOBeCHsS BBINOJHAIOTCH ycjaoBHs TeopeMbl Ilukapa (umiu mpyroi
TeopeMbl CYLIeCTBOBAaHHS W €JHHCTBEHHOCTH), H TOYKY P aBHO-
BeCH S HasbBalOT 0coboud TOukou cucrembl (5).
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Hanpumep, LJsi cCHCTEMBI

d—x=cx+dy; iy—=ax-{—by (ad—bc+0) (6)
dt dt

CAMHCTBEHHOH TOYKOH paBHOBecHs saBjasfercs Touka x=0, y=0.

3ameTHM, 4TO OHa fIBAsieTCS 0co00# TOuko#t ypaBHeHus (3), cCOOT-

percTBytouero cucreme (6). Touky x=0, y=0 Ha3blBalOT B K a-

yecTBeHHON TeOpHH AHMPPepeHUHUAaNbHBX YyDPas-

HeHUH 0c060id TOUKOU cuctemsl (6).

15. Paccmotpum ypaBHeHnue (3). Mcciaenyem BOmpoc 0 BO3MOXK-
HOM IOBeJleHHH MHTerpaJibHblX KPHMBBIX ypaBHeHHS (3) B OKpecTHO-
cTH ocoboit ToukH x=0, y=0 B 3aBUCHMOCTH OT KO3(p(HIHEHTOB
a, b, cud.

Ins storo ypaBHeHue (3) NIpH NOMOILH HEOCOOEHHO2O AuUHEU-
HO20 npeobpa3osanus

E=oax4By; n=vyx+dy, (7)

rie a«, B, y H 6 — BelllecTBeHHble 4Hcsa, npuyeM ad—Py*~0 npu-
BOJAT K HEKOTOPbIM npocTeduium gopmam. Bug stux Gopm 3aBUCHT
OT XapaKTepa KOpHeH ypaBHeHHs

c—A d I

I a b—A =0, - ®
KOTOpOe Ha3blBAETCA XAPAKTePUCTUHECKUM YPABHEHueM IJIsi ypaB-
HeHHs1 (3), a ero KOPHH — XAPAKTePUCTUHECKUMU HUCAAMU YDPaB-
HeHHust (3).

[Tyankape nokasas, 4TO BO3MOXHbBI CJAEAYIOLHE CJAy4YaH, KaxK-
JOMY H3 KOTODbIX OTBeYaeT CBO€ paclo/IOXKeHHe HHTerpaJsbHbIX
KPHUBBIX B OKDeCTHOCTH 0OCOOOH TOUYKH.

Ecau kopHu xapakTepucTu4eckoeo YpasHeHus Ay U Ay pasau4mbl,
70 ypasuenue (3) npusodurca K 8udy

dn Mm

— 0 9

dg Mg ©)
[pu 3TOM pas/uualoT yeThipe CJayuas.

l. Ay HnA2—BewlecCTBeHHB H OAHOTO 3HakKka. [lycTe
A>%,>0. Toraa uHTerpaJbHLIMH KDHBbIMH ypaBHeHHs (9) OymyT

Ay

n=ClE[* (§0); &=0 (n+0). (10)

Bce oun npumbikaloT kK ocoboit Touke =0, n=0, npuuem wuuTe-
rpaJjibHble KpHBble
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Ay

n=C|E|™ (£+0) (1
npuMbiKalOT K Touke =0, n=0, kacascb B He# ocu O, ubo

>0 npu E—~0 (12)

(nouetry?). TMonyocu ocu On: E=0 (n0) NpPHMBIKAOT K 0COGOIk
rouke £=0, n=0 co cBouM HanpaBieHHeM KacareabHoH. Ocobas
tTouka £=0, n==0 Takoro THna HaswiBaercs y3.om (puc. 44). Tax

n

o

AN
S

Puc. 44. Puc. 45.

Kak B OKPeCTHOCTH oco6oii ToukH x=0, y=0 ypaBHeHHus (3)
BCJEACTBHE HeOCOOGeHHOCTH JHHeliHOrO npeobpasoBanusa (7)
Mbl OyleM HMeTb Ty € KayeCTBeHHYI KapTHHY pac-
MOJIOXKEHHs HHTErpaJbHbIX KPHUBBIX, TO 3Ta ocobasi TOYKa Hasel-
BaeTCs TaKXke Y3A0M. \

2. M M A2—BelleCTBEeHHB H HNPOTHBOMNOJOXHBEX
3HakoB. Toraa kK oco6oil Touke §=0, =0 NpPUMBIKAeT TOJIbKO
KOHeYHOEe YUHCJO HHTerpajbHbIX KDHUBBIX, @ HMEHHO YeThipe:

n=0 (§540); §=0 (n+0). (13)

Bcesikas npyrasi MHTerpasbHas KpuBasi o6jiaiaeT TeM CBOMCTBOM,
yro npu E—0 Touka (E, m), Jexamas Ha HeH, cHauaja npubGJH-
X)aercd K ocoboll Touke E=0, n=0, a 3areM HauHHaeT YyAaJaATbCH
or Hee. Ocobas Touka £=0, n=0 Takoro THma HasbIBaeTcs ceo-
aom (puc. 45). B stom cayuae ocobas Ttouka x=0, y=0 Takxe
Ha3blBaeTCa Ce0l0M.
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3. M M Ao—KOMINJEeKCHBbB e: M=p-+iq, ha=p—iq. Toraa
ypaBHeHHe (9) OydeT KOMIMJeKCHB M:

dn _ (p+ig)m
— == 14
& = (i)t (o
Kosdduumnents npeobpasoBanusa (7) MOXKHO BbIOpaTb Tak, 4TO OHO
NpHMET BHI \ i
E=oaxBy; n=ox-+py, (15)

rie o H P — KOMIIEKCHBIE YHCJIa, CONMpSUKCHHblE C YHCAAMH o H B
(nouemy?). Torna n=¢. Ilonaras
E=u-+tiv; m=u—iv, (16)

rne 4 M v—BelUe€eCTBEHHDBI € MNepeMEeHHble, IIOJYyYHM

dv v—qu
do _ pu—qu an
du pu+qu
(nouemy?). MHTrerpupys mocnenHee, HaxoouUM
- _ Parctg ®
Y ut4-v2==Ce ¢ v, (18)
[Tepexons kK NoisipHBIM KOOpAHHaTaMm no dopMmysaam
u=rcos@, v=r sing, (19)
noJayyaem
_P,
r==Ce 14 (20)

IT10 — norapupmMuyecKde CIHPaJH Ha NJAOCKOCTH (4, v). B stom
clyyae BCe HHTerpajbHble KpHBble ypaBHeHus: (17) mnpuMblKaioT
K oco6oit Touke u=0, v=0 npu ¢—-oo, ecin pg>0, u mnpu
p——o0, ecaH pg<<0 (puc. 46), HO He HMEIOT B HEH ONpeJeNeHHOro
HanpaBjeHusi. Bce HHTerpajibHble KpHBbie 06XOAAT 6GeCKOHeyHOe
4yucao pas ocobyio Touky u=0, v=0 B ONHOM H TOM XK€ Hamnpas-
JIEHHH, aCUMNTOTHUeCKH Npubiauxkasicb Kk Hell. Ta e KauecTBeHHas
KapTHHa OyJdeT HMeTb MeCTO H B OKPECTHOCTH TOUKH x=0, y=0.
Ocobast TOyKa TakKoro THIa Ha3blBaeTcsi (poKycom.

4. M M A2—UYHCTO MHHUMBE M=Iiq, Ay=—Iig. 3paechb
BMeCTO ypaBHeHHs (17) nosyuum

— =, (21)
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HnTerpa/ibHbIMH KpUBBIMH OYAYT OKDPYXKHOCTH
ut+v2=_C2 (22)

C ueHTpoM B ocoGoit Touke u=0, v=0 (puc. 47), a HHTerpaJp-
HbIMH KPHUBBIMH ypaBHeHHS (3)— 3JUIMNChl C LEHTPOM B TOYKe
x=0, y=0. B 3TOoM cayuae ocobas TOYKa Ha3blBaeTCsl YEHTPOM.

Ecau kopru xapakrepuctuueckoeo ypasrenus KpaTHole, TO Ypas-
HeHue (3), 8006ue 2o080ps, ne npusooutca Kk sudy (9). Pasznuuator
oBa cayuas.

<
<

J

'
)
&

!

Puc 46. Puc. 47.

1. YpaBHeHnue (3) npH NOMOLUM MOACTAHOBKH

b—c
E=axt ——uy n=y (23)
NPHBOAMTCA K YPaBHEHHIO BHIA
dn _ E+Am
&= .
b
rae M=Ae= % MurerpaibHbIMH KPHBBIMH OYAYyT
1
n=g(C+ o [E]) @0 =0 m=0).  (25)

Bce onn npumblkamoT k ocoboit Touke E=0, n=0, Kacasicb B Heil
ocu Om (puc. 48) (nmouemy?), Tak 4TO BCe HHTerpajbHble KPUBbIE
NPHMBIKAIOT K 0COOOH TOYKE ¢ OJAHHMM H TeM XKe HanpaBie-
HHeM KacaTejbHol. Ocobasi Touka TaKOrO THNA HAa3blBaeTcsl Bbi-
PONCOCHHbIM Y3A0M.,
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2. YpaBHeHue (3) umeer Buj

dy _y
il (26)
HHTerpaiibHbIMH KPHBBIMH GyRyT: ’
y=Cx (x#0); x=0 (y=0). (27)

Bce onn mpumMbkaiT K ocoboit Touke x=0, y=0, npuuem
Ka’XJas 43 HHX UMeeT CB O e HanpaBJeHHe KacaTeNbHOH B 3TOH

/s

VAR

7

Puc. 48 Puc 49

teuke (puc. 49). OcobGasi TOUKa TAKOro THNA HasbiBaeTcsi Oukpu-
TUYECKUM Y3AOM.

Jas aBTOHOMHOH cucTeMbl (6), coOTBeTCTByWOLIeH ypaBHe-
Huio (3), Touka paBHOBecHs (mokosi) x=0, y=0 Ha3blBaercs
y340M, ce0A0M, POKYcOM WM YEHTPOM, ecliH AN ypaBHeHHs (3)
Touka x=0, y=0 saABAsAeTcs COOTBETCTBEHHO Yy3/IOM, CeAJOM, (o-
KycoM Han ueHtpom. Ilpu s3ToM TOuka paBHOBecHA cucTeMbl (6)
Has3blBaeTCsl YCTOUNUBOU HWIIH HEeYCcTOU4usold B 3aBUCHMOCTH OT TOTO,
Gyser HyJeBoe peuleHHe cHCTeMbl (6) yCTOMYMBBIM HJIHM  HeT.
IlenTp Bcerga sBAsieTC YCTOHUYHBOMH 0CO00H TOYKOH (HO
He aCHUMITOTHYECKH), CeNJ 0 HeyCTOHUYHBO, a y3en u ¢o-
KyC JH60 aCHMNTOTHYECKH YCTOHYuBBHI, JH00 abGCONIOTHO HEyCTOMH-
yuBbl (MoyeMy?).

Mpumep 1. Onpeneauts THO ocoboit Touku x=0, y=0 naa ypaBHeHus
dy 2x—y

= . 28
dx x—y (28)
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XapakTepHCTHUECKOE YypaBHeHHe
l 1-A -1
2 —1-A

Il
o

(29)

)

HMEeeT UYMCTO MHHMBble KOPH# Ay ,=i. Ocobasa Ttouka x=0, y=0 ecTb UEHTp.
Ilas cooTBeTCTBYIONIeH aBTOHOMHOH CHCTEMBI

Y _, (30)
— =x—y; — =2x—
at T y

Haya. 10 KOoOpaHHAT 6yﬂ.eT TOYKOH paBHOBECHA THINA LEHTP.

16. Bonpoc o TtHne oco6oit ToukH x=0, y=0 nas ypaBHeHHS

dy _ ax+by+o(xy) 31
dx ~ extdytp ()’

rae (0, 0) = (0, 0) =0, B HEKOTOPBIX C/y4asX MOXKET pelaTbCsi
0 yKopoueHHomy ypaerneruro (3):

dy  ax+by

dx — cx4dy’

Oka3sbiBaeTcsi, UTO eCcAu @ U P UMEIOT Henpepol8Hble YACTHble PouUs-
800Hble 8 OKpecTHOCTU Touku x=0, y=0, u

im @10y W]+ ]y
lal+1yl—>0 (x| 41y D>

=0 (a>0), (32)

10 rouka x=0, y=0 6yder O0ra ypasHnenus (31) ocoboi TOuKO
TORO %e Tuna, 4T0 u 041 ypasHenus (3), ecau TOAbKO 041 nocaeo-
Heeo YpaBHEeHUS OHA He ABAAETCA UEHTPOM.

Ecau se Oas yxopouennoeco ypashenus (3) ocobas Touka
x=0, y=0 asaserca yeHnTpom, 10 0an nOAHO20 YypasHerus (31)
OHQ He 06a3aTenbHO 6YOeT YeHTPOM.

[Tyankape u JlanyHoB moxasanu, uTo 04s YypasHenus

dy  —x+Q(x,y)
dx ~ y+P(x,y) ’ (33)

ede P u Q — noauxomsl, He coldepicaujue c80600HbIX U AUHELHbLX
YAEHOB, UAU (PYHKYUU, PASAOHEHUS KOTOPbLX 8 pAdblL NO CTenewam
X U Y HAUUHAIOTCA 4YAEHAMU He Huje 8TOPO20 u3Mepexus, ocobas
rouka x=0, y=0 nooer 6oiTo (8 3asucumocru or svi6opa P u Q)
KaK YEeHTPOM, TaK u (hOKYycom, 8 TO 8pems KAK OAf YKOPOUEHHO2O
ypasHenus



192 Ia. V. Teopemer cywecreosarus

Z == (34)

Touxa x=0, y=0 6yder 0co60L TOUKOL Tuna YeuTp.

B cBA3n ¢ 3TUM BO3HUKaeT npoGJieMa YCTAHOBJEHHUS aHaJIUTH-
YeCcKOro KpHTepHs [Jf OTJHYHA LeHTpa oT (okyca. Irta mnpobiema
Ha3biBaeTcss npobaemod yentpa u gokyca.

§ 5. TEOPEMA KollHl O CYHIECTBOBAi-IP[PI N EJUHCTBEHHOCTHA
roJIOMOP®HOI0 PEHNIEHUA 3AJAYN KOHIN

17. Pewmenne 3agaun Kouu, nocraBisiemoe Tteopemoii Ilukapa,
HenpepbBHO M AHUPpPepeHUHUPYEeMO B OKPECTHOCTH
| Xx—Xo| <<h HaAuaJlbHOTO 3HAYEHHS Xo HE3aBHCUMOH IepeMeHHOH X.
B sTom naparpade OymeT (nmpu AONOJHHTENbHOM YCJOBHHM) [OKa-
3aHO CYLHeCTBOBaHHMEe pelleHHs 3afauyd KowH, NpeACTaBUMOro
B HEKOTOPOH OKPeCTHOCTH |X—Xo| <{p TOUKH X==Xo B BHAe CTe-
MEeHHOro pflla MO CTeNeHsAM Pa3HOCTH X—Xo. Takoe pelleHHe Ha3bl-
BAETCS 20A0MOpPHbIM 8 YKa3aHHOU 0baacTu,

Boo6uie ¢yukuus f(x) HasbiBaeTcss 2040MOPPHOL 8 OKpecT-
HOCTU | X—Xo| <<p TO4KU X==Xy, €CJH OHa NpeACTaBUMa B 3TOH
OKPECTHOCTH CTeNleHHBIM PSLOM IO CTeNMeHsIM pa3HOCTH X—Xo, T. €.

oo

Fr) = an(x—xa)k, ()

k=0

I'ie PsiA COpaBa CXORMTCHA NHpH | X—Xxo| <p.

AnajiorvuHo onpepgessiercsi rosoMopdHas GyHKIHS £ He3aBHCH-
MbIX HepeMeHHbIX. DyHKuus (X1, X3, ..., Xn) HasbiBaeTca 2040-
MOpPHOU pyHKYuUeli 8 OKPECTHOCTU

'xi—x‘io)l <p1, | Xpg—Xx) l <pz, ..., |Xn—xO , <pn (2)
TOYKU xi_x(f), xz=x‘2°>, R xn=x7‘1“>, ecsin
oo
flx1, x2, ..., Xp)= ‘ @ - (xi_.xgmm.x
my, My, ..., mn=0
X (p—xQ)ma . (xp—xO)n, (3)

rae psp cnpaBa cxogutcd B obaactu (2).
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1
Mpumep 1. dOyukunu —l—_x In (1+x), (14+x)™ rojoMopdHb B OKPECTHOCTH

| x| <1 toukn x=0, H60 AJA HHX HMEIOT MECTO H3BECTHbIE Da3JIOKEHH::

=14+x+x24+...+x"+ ...,

1—x
In (140 =r— 4 =2y n-1 2
n X)=X——4+———4+...+(— =4 ...,
2 3 4 (=1 n
m(m—1) *

(I+x)ym=14+mx+ 2'——x2—i—...+,
m(m—1) ... [m—(n—1)]

n!

X"+ ...,

npHueM psabl cnpasa cXoaATcs npm | x| <l.

1
fNpumep 2. Oynkuus W)— ABAseTcs  roJoMopdHOi  yHKuHed
—x) (1-y
B okpectHoctd |¥| <1, |y| <1l Toukn x=0, y=0, nbo

e X e

m=0 h, m=0

npuyeM psx cnpaBa cxoautcs B obnactu | x| <1, |y| <L
®ynkuus f(x) HasbiBaeTc yeaow, eciM OHAa TOJOMOPQHAa B OKPECTHOCTH
| x—%o| <+oo moGoii TOUKM X=Xo, T. e. f(X) mpeicTaBMMa B BUJe

f(x)= ﬁ: ap(x—xo)*, (6)

k=0

npuueM 3a Xo MOXKHO B3fTb JIO60O€ UYHC/IO, M Psifi CIpPaBa CXONMTCS NPH BCeX X.

Mpumep 3. ToauHoM OT x sABASETCA, OYEBHAHO, UEJIOH (YHKIHeH OT X.
DyHKLHH e*, sin X, COS X TaKxKe fABJAIOTCA LeJbiMH, H6O OHH DPa3naraloTcs B PAAbI
No creneHAM X—Xo (Xo— m06oe YHCIO), CXOAfILIMECA TNPH BCeX 3HAYEHHAX X.
B vyactHocTH, npu Xo=0 nMeeM pa3yioxkeHHs:

x2 xn
e*=14+x+—+...+—+ ...,

2! n!

x3? x5 x2n+1
sinX=x——+—— ...+ (-D)"—————+ ..., 7

3! 5! (=D @n+1)! ™

xz xk x2n
cosx=l——+——...+(-1" + ...,

21 4! =D (2n)!

npuyeM pSABI CnpaBa CXOAATCA NMPU BCEX X.

Ias BcAKOH rosoMopdHOM (YHKLHH CYyLecTByeT TakK Ha3biBae-
Masi MaxopadnTa, T. e. GPyHKUMSA, NPeACTaBHMas CTENEHHbIM PsLOM
C NMOJOXHTEeAbHBIMH 'KOIPOHUHEHTAMH, NPEBOCXOAAILHMH
26C010THbIe BeJNUYHHL KO3 (OHIHEHTOB Pa3joXKeHHs HaHHOH (yHK-
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uun. IMycte f(x) rosomMopdHa B okpecTHOCTH | x| <<p TOukH x=0,
T. €. HMeeT MECTO pasJioxkKeHHe

F = axt (x| <p). (8)
h=0

_Torna €e MaxXopaHTa HMeEEeT BH[J

F(x)= 2 Apxh, 9)
k=0
rae Ap>0u
’ ax I gAh, (10)

‘npuyeM psan cnpaBa B (9) CXOOUTCH B HEKOTOPOH OKPeCTHOCTH
Toukn x=0.
B xauecTBe MakOopaHTH BCeria MOXHO B3STb

oo

Fi()= ) |an| 2+ (11)

k=0

(nouemy?). Ho cymecrByer u Gosee ynobHasi IJisl IPHJIOXKEHHH
MaxKopaHTa B BHOe 3JeMeHTapHOH ¢yskuuu. Yrobel mo-
CTPOUTb TaKyl0 Ma)KopaHTy, BosbMeM uucao p’, 0<lp’<p u pac-

CMOTPUM PSA
D lal o™ (12)
h=0

Dror pan cxoaurca (mouemy?). O6o3HauuB ero cymmy uepes M:

Zlahlp”‘=M, (13)
R=—0
HalgeM
Iak|p,k<M1 (14)
OTKyAA
|ah‘| < :)WTEA;{. (15)

Tloctpoum psin ¢ Ko3pduuneHtamu Ag:

)= ;"h xh, (16)

k=0
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DTOT pAlL HMeeT NMOJOXHTEeJaAbHbBl e Kodpduuuento. Tak kak
(o]
k=0

Y

To psig (16) cxomutcs mpu | x| <<p’, u B cuay (15) ero cymma

(D(x)=—Mx—— (18)
1— =

4

P

X

M . R M
=M D () = T npu x| <p, (D)

4

SIBJSIETCSI MaXKOpaHTo#l s f(x).
DJleMeHTapHOH MaXKOpPaHTOH AJs1 (PYyHKLUHH HECKOJbKHX Iepe-
MEHHBIX

flxs, X2, ..., Xp)= E a, m om, xmxme XM, (19)

rae pspa crnpaBa CXOOHTCHA B obnactu

[ ] <pn [%2] <pz, ..., | *n| <pn, (20)
Hanpumep, 6yner
M
CD(xi, X2, .., xn)= y (21)
X1 X2 Xn
(-2 (1=2) .. (1= )
01 02 On
rae | x| <pj, mpuuem 0<<p}, <pn (k=1. 2, ..., n), a M —cym-
Ma psaa
2 | B ... | PO o P (22)
my, My, ..., m,=0
18. IlycTb maHo ypaBHeHHe
dy
H MOCTaBJieHbl Haya/ibHble YCJIOBHS:
Y=yo TNpH X==Xp. (24)

Teopema Kowu Ecau npasas uacte ypasuenus (23)
20A0MOPPHA 8 OKPECTHOCTU HAYAAbHOU TOYKU (Xo, Yo), @ UMEHHO
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\ oo

F(x 9) =, tmn (x—x0)™(y—40) ™, (25)
m, n=0
npuuem pad cnpasa cxoourcsa 8 obaactu
| x—xo| <p, |y—y0| <7, (26)
TO CYyuecT8yeT eOUHCTBEHHOE peulenue
y=y(x) ' (27)

ypasrnenus (23), ydosisergopatowee HavaroHoim ycrosusm (24), u
20A0MOpGHOE 8 OKPECTHOCTU HAHANbHOLO 3HAYEHUA He3a8UCUMOL
nepemenHol, 1. e. pewernue (27) npedcrasumo 8 8ude

oo

y= 2 cr(x—xo0)*, (28)

h=0
ede psad cnpasa cxooutcs 8 06aacTu

4
T

| x—x0 | <p1<<p, P£=P’( 1—e M ) (29)

npuven 0<p’<<p, 0<<r'<<r, a M — HekoTOpOE noOAOKHUTENLHOE
Hucao.

JokasaTeabCcTBO. 3aMeTHM MNpexJe BCEro, YTo Cyllecr-
BOBaHHe H eJUHCTBEHHOCTb pelleHHsi 3agaud Komwu (23)—(24)
caepyer yxe u3 TeopeMmb Ilukapa, o6a ycnoBusi KOTOpOH mpH
BLIMOJIHEHUH YCJOBHS TeopeMbl  Komu 3aBefOMO BBINOJHEHbI (MO-
uemy?). Kpome Toro, pemenne (27) uMeeT HempephIBHYIO MPOHU3-
BoAHYW0 Jio6Goro nopsigka (mouemy?). OkasbiBaercs, YTO MpH CHe-
JIAHHOM TPEANOJIOXKEHHH OTHOCHTENbHO TroJOMOPGHOCTH NpaBoil
yacTH ypaBHeHHs (23) pewenue 3agaun Kown (23)—(24) He Toqb-
KO HMeeT HeNpepbIBHYI0 MPOWU3BOAHYI0 JaKWGOTro nopsaka, HO
H TOJOMODP()HO B HEKOTOPOH OKPECTHOCTH HauyaJbHOrO 3Ha-
YeHHs] He3aBHCHMO# nepeMeHHOH. B 3TOM COCTOHT OCHOBHOe copep-
KaHde TeopeMmbl Kouu.

Ilpexne ueM u3jnaraTh AOKa3zaTeabCTBo TeopeMmbl Komw, cmena-
eM OJHO YNpOllleHHe, a HMeHHO, OyleM CUHTaThb HayajbHble JaHHbIe
HyneBbIMH: Xo=0, yo=0, 4TO, KOHeuyHO, He yMmaJseT OOIIHOCTH,
160 3TO Bcerfa MOXKHO JOOHUTbC OYEBHIHON 3aMeHOH MepeMEeHHBIX:

E=x—x0, N=Y—Yo (30)
Urak, nycTb JaHO ypaBHEHHe
dy

L =fx v) 31)
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M NOCTaBJI€Hbl Ha4YaJbHble YCJIOBHSA

y=0 npu x=0. (32)
JlokaxeM, 4TO ecau
F(, 9) =, amuxmym, (33)
m, n=0

NpHYEM Pl CpaBa CXOAMTCH B 06sacTH

x| <p, lyl<r, (34)
TO ypaBHeHHe (31) HMMeeT eIHHCTBEHHOe pelIeHHe
y=y(x) (35)

C HayaJbHBIMH YCJ0OBHAMH (32), M 3TO pelleHHe NOpPEACTABHMO
B OKPECTHOCTH TOYKH X=0 B BHJe

y= 2 ckxh, (36)
k=0

Ife psll cipaBa CXOAUTCA B 06sacTH ‘
[ x| <ps<<p. (37)

Pa3obbeM 10Ka3aTeJbCTBO Ha ABe ydctd. CHavana HOKaxeM
cyllecTBOBaHHe (opMaJbHOro pemieHus Buaa (36), T. e. mokaxem,
yTO0 KO3(PHUHEHTH Cr MOXKHO OnpeleniTb (U NPHUTOM €IMHCTBEH-
HblM o6pa3om) Tak, uto psanx (36) dopmajsbHO YHOBJIETBOPSIET
ypaBHeHHio (31), T. e. o6paiiaer ero B TOXIECTBO, €CJH CYMTATh,
YTO omnepauuyu nousneHHoro audoepenunposanus psaga (36) u non-
CTaHOBKH ero B psafx (33), KOTopble IIPH 3TOM NPUAETCS BLINOJHSATD,
3aKOHHBI, 3arteM MOKaxeM, 4To psAa (36) cxomurcs, a TOrha ero
MOXKHO MOuieHHO AHddepeHUMpPOBAaTH M MOACTABJATL B YypaBHe-
e (31). CrnemoBaTesbHO, OH fIBJsIETCS] HE TOJIBKO (DOpPMaJsibHbIM,
HO W HCTHHHBIM pemieHneM ypaBHenus (31).

1. Haiizem dopmanbHoe pemenue Bupa (36) merodom Heonpe-
denennblx Koagpuyuentos, T. €. moactarasas psx (36) B ypasHe-
Hue (31) u npupaBHHBas KO3(pGHLUHUEHTH NPH OAHHAKOBBLIX CTele-
HSIX X B JIeBOH M NPaBOH 4acTAX NMOJYYEHHOTO paBeHCTBA.

IoncraBasas psag (36) B ypaBHeHue (31) W 3aMeHsis npu 3TOM
IipaByl0 YacTb pasnoxeHHeMm (33), Noayyum

oo 0o 0o n
k‘:_,"kchxh—’= > amnxm( éckxh) . (38)

‘m, n=>0
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[TpupaBHsieM KO3 GHUHEHTH MNPH OAHHAKOBBIX CTEMEHAX X
B JIeBOA M NpaBOM YacTAX 3TOr0 PaBEHCTBA, PACMONOXKHB MPaBYIO
4acTb B BUJe pAla MO CTEeNMeHAM X,

CBo6onHble 4/eHbl AONYYaloTCsl caeBa npu k=1, a cnpaBa npu
m=n=0. IlpupaBHuBas HX, HaXOdUM

1. cy=ap. (39)
Uto6bl HaWTH KOo3((HUHEHTH NPH NepBOH CTeMeHH X, HYXHO

NMOJMIOXKUTb cneBa R=2. B mnpaBoil yacTH monayyuM [Ba 4JeHa,
coJepxalllve X B nepBoi creneHH: npu m=1, n=0, 4T0 KaeT ayX,

oo
n npu m=0, n=1, eciu B psige > cirx* yaepxarTb uJeH, COAep-
h=1

JKAalUMA TNepBylO CTeNeHb X, B pe3yJjbTaTe 4Yero NOJyUHM QoiCiX.
ITostomy, npupaBHuBas B (38) kKo3dduuHeHTH npu MepBOH CTe-
IleHu x, HalleM

2 . ca=ayo-}-aoscs. (40)
[MpupaBHuBas ko3dduuHeHTH npH x2, OyAeM HMeTb
3- cs=azo+auci+a02c§ +00162 (41)
U T. I
[TpupaBHuBasi Ko3pGHUHEHTH NpH X*~1, moaydum
k-ch=Pr_s(ar, €1, C2 ..., Ch-). (42)

3necb Pr_y eCTh NOJMHHOM OTHOCHTEIbHO CBOMX apryMeHTOB,
T. €. OTHOCHTE/JbHO HEKOTOPHIX KO3(GHLHMEHTOB pPa3/OXKeHHs npa-
BO# yacTH ypaBHeHHs (31) M OTHOCHTEJNBHO ¢y, C3, ..., Ch—y, TPUUYEM
K03 (QULHEHTbl 3TOrO MOJHMHOMA CYTb lieJible MOJ OX HTEeJJbHBble
yucsa, ubo, cobupasi B npaBoil yactd paBeHcTBa (38) ko3dduuHeH-
THl TIPU OXHOM M TOH XKe CTEHNEeHH X, IPUXOMHUTCS BBINOJHATH TOJbKO
onepauHH CJOXKEHHs, YMHOXEHHS U BO3BeJeHHs B creneHb. Hampu-
Mmep, o6a ko3dpduuuenta nosuHoma Pi=ai+0apiCy paBHbI elHHHUILE.
H3 paBeHcTBa (42) Haxomgum
- Pr4
=

Tax kKak ¢y yxKe Ha#ljeH, ¢;=Qag, TO, MOAbL3ydAcb (opmyJon (43),
onpenenuM Moc/Ael0BaTeNbHO BCe Apyrue KoddduuueHTs psana (36).
[Toayuum

(43)

_ Gp+aut Gp+aude
2 2 ’

2=
(44)

Py
2
P, 1 Q10+ Q0100

3= 3= —3—[ A20-+Q1100+ 0205 + Aot —T—] l
e.

uT A, T



© § 5. Teopema Kowu 199

cr=Rr(an), 1 (45)

rie Ry, ecTb MOJTHHOM OT CBOMX apryMeHTOB C M OJI O X H-
TeJbHB MH KO3pOHIHMEHTaMH. '

Taxum obpasom, Bce ko3¢pduuuentol psana (36) onpenensiorcs
€IMHCTBEeHHBIM 00pa3oM, U, cjefoBaTe/bHO, ypaBHeHUe (31) moxer
HMeTb TOJbKO OHO rojoMop(dHOe pellieHHe C 3aJaHHBIMH HadvaJib-
HbIMH HaHHbIMH. (Brnpouem, 3To cienyer yxe M3 eNHHCTBEHHOCTH
petnenns 3amauu Komn, obecneuenHoil Teopemoii Ilukapa.)

2. JlokaxeMm Tenepb cXOAHMOCTb psifa (36).

[ns1 sTOro MOCTpPOMM 3aBENOMO CXOISIIIMHCA PSill, KOTOPHIA Gl
661 MakopaHTHHM aas psaga (36). C 3Toi uenbio BO3bMeM
MaXKOpaHTy AJs NpaBoH yacTH JaHHOTO ypaBHeHHs (31) B Buze

M

(1= )0=%)

(lx|<p’, Y| <r; 0<p’<<p, 0<r'<rn;

(s}

M= 3 [am]|omrn) (46)

m, n=

H TIOCTPOHM BCIIOMOraTe/JibHOe ypaBHEHHE

dY M
= (47)

“(=00-7)

KOTOpOEe HAa3blBAeTCA MANOPAHTHbIM YpaBHEHuem JJsi YpaBHe-
nusa (31). INpaBas yacth ypaBHeHuss (47) rosomopdHa B OKpect-
Hoctu | x| <p’, | Y| <<r’ toukm x=0, Y=0. Ee pasnoxenne no
CTEeHeHsIM X M Y MMeeT BHJ -

(-2)(-1) = 2 () (7) =

O M
= > (x| <o (Y] <), )
m, n=0
npuyeM
M

plmrlxn
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Bynaem uckaTh pelneHHe Ma)KOpaHTHOTO ypaBHeHus (47) c TeMu
JKe HaYaJbHBIMH YCJOBHSIMH, YTO H HCKOMOe peLieHHe JaHHOIO
ypasuenus (31), 1. e.

Y=0 npu x=0. (50)

Takoe peienne cyuiecTByeT H eauHcTBeHHo (mouemy?). Haihpem
ero.
Hnterpupys ypaBHenue (47), mosyuaem

—%(l—%)2=—Mp’l‘n( 1—%) +C. (51)

IMosnaras x=0, Y=0, Hailgem

IMoacrasnsas sto 3Hauenne € B (51) u ymHOXas o6e 4acTH
2
Ha — —, MOMY4HM

(1—L)2=2M‘)'»1n( 1—pi,)+1. (52)

r r

Paspewnm 3T0 ypaBHeHHe OTHOCHTEJBHO Y:

1—1,=i]/ 14 2Me ln(l—x—,).
r P

rl

(53)

M3 nByx 3HAKOB mepe] KOPHEM Mbl MOXKeM B CHJy HadajbHbIX
ycaoBuit (50) B3AThb TOMIBKO 3HAK maioc. BeiGpaB 310T 3HaK, moay-
YHM HMCKOMOeE pellleHHe ypaBHeHHs (47) B Buie :

Y=r'(1—]/1+2MP' ln(l—pi,)). (54)

rl

TMokaxeM, 4TO 3TO pelleHHe TOJNOMODP GHO B HEKOTOPOW
okpecTHOCTH TOYKH Xx==0. [leficTBHTEe/NbHO, MOJOXHM

M ’
L ln(l—:—,). (55)

rl
1
®yukuus ¥ 14a, 6yayun pasno#t (14a)?2, pasaaraercs B Ou-
HOMHAJIbHBIH PAL 1O CTENeHsiM o, CXOAsHica npH | e |<<1. B cBoio
cuepenb o pasjaraercs B PAX MO CTeNEHAM X, CXOAAWMHUCA NpPH

X o
lx| <p’, Tak xax ln(l—-——,) pasjaraercsi B JOrapupMHYeCKH#
! o
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' X X
PS4 NO CTeNeHAM — —;, CXOASLIHHCS NpH l_FI < 1. CnepoBa-
o}

TeJbHO, pelieHHe (54) pasnoXKHMO B PsA MO CTENEHSIM X
oo
Y= Echxh, (56)
k=1

CXoasiMiCs Npu BCeX 3HAYEeHHAX X, AJas KOTOPbIX BbIIOJHAKTCA
OJHOBPEMEHHO o6a HepaBeHCTBa

oM’
[x] <¢', | r,p 1n<1—p—x,)l<1. (57)

Onpenenum obmacte cxomumocTH psina (56). Ilpu stom Mbl
MOXE€M OrpaHHYHTbC PaCCMOTPEHHEM TOJBKO M OJ OX HT € J b-
Hbl X 3HayeHHH X, YAOBJETBOPSAIOLINX HepaBeHcTBam (57), u6o
€C/IH M3BECTHO, YTO DS NO CTEHEHAM X CXORHTCH NpPH X=Xxp50),
TO OH abCOMIOTHO CXOAHTCH H NPH BCAKOM 3HAYEHHH X, yIOBJIETBO-:
PAIOIHM HepaBeHCTBY |X| << | Xo|.

Hrak, 6ynem cuntarth, yto 0<<x<<p’. Torma BTOpOEe H3 Hepa-
BeHCTB (57) mpuMeT BHJ

—2—"4-‘1-111(1—~%) <l (58)

rl

(nouemy?). Pemias ero OTHOCHTeNBHO X, HaXOAHM

.

in 1—-i)>——r'—, 1— 2 > i 59
(1-%) > g 1% (59)
oTKyla

0<x<p'(1—e— 2Mp’ ) , (60)

CaepnoBarenbHo, psa (56) cxoautcs npu

%] <ol am) =, (61)

JlokaxkeM, 4TO 3TOT pfAA SBASAETC MAaXOPAaHTHBM HIf
pana (36). B camom pnene, Mbl Morau Obl HaxoAHTb Ko3pduuHeH-

THI Ch paaa (56) meromoMm HeompejeJeHHbIX Ko3(h(HUHEHTOB, MOA-
craBassa (56) B (47). Ilpu atom Mbl moayuusau Obl, UTO

=R (Aw), (62)
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rae R, ToT e moauHOM, yTO U B (45), a Ay, — K03 HLHEHTH
pasyioKeHHs NpaBOH YaCTH Ma*KOPAHTHOTO ypaBHeHus (47).
CpaBHuBas ¢opmyanl (45) u (62), Bugum, uto

Len| <cn (63)

B camom pene, Tak Kak QYHKUHH Rp eCTb MOJHHOMBI C 0O-
JOXHTEJbHBMH KOS5(PPHIHEHTAMHU OT CBOMX apryMeH-

TOB, TO KO3((HIHEHTB Cp TMOJOXUTEJbHbl H B CHJIY HepaBeHCTBA
(49) npeBocxomsT abCOMIOTHble BeaMuHHbI K03 duuueHToB cp. H3
HepaBeHCTB (63) cienyer, uto pad (56) ABa%eTCA MANOPAHTHOLIM
padom 0ra pada (36). Ilostomy psp (36) cxomurcss mo KpaiHe#
Mepe B obsactu (61).

ManoxeHHbI Bbllle METON JAOKa3aTeabCTBa CXOLHMOCTH psda
(36) npH MOMOILH NOCTPOeHHs] MaKOpaHTHOro pfAga (56) nmpuHam-
gexutr Kowu n HasbiBaeTcss MeTo0OM MAWOPAHTHbLx pAdos. [ns
IIOCTPOEHHSI MaKOPaHTHOIO psila HCIOJb30BAHO MaXKOpaHTHoe HH(-
(eperunansHoe ypaBHeHue. [Ipu 3ToM mMa)kopaHTa BbhiOpaHa TakHM
o6pa3oM, 4YTO MaKopaHTHOe AuddepeHUHATbHOEe YpaBHEHHe HHTe-
rpUpyeTcsl B 3jeMeHTapHbIX (QYHKLUHAX W HMeeT pellleHHe, YAOBJe-
TBOpSOLlee TeM XKe HauyaJbHbIM YCJIOBHSIM, YTO H HCKOMOe pelleHHe
H roJjoMop¢pHOe B OKPECTHOCTH HayaJbHOTO 3HayeHHs He3aBUCHMOil
liepeMeHHOH. 3TO pelleHHe H SIBJASETCS M a>KOpPaHTOH mjs
HCKOMOTO pelleHHs.

B mepBoii yacTH [OKa3aTeJbCTBa MPH NOCTPOeHUH GOPMaANBbHOrQ
peurennst (36) Mbl HaxoguaH Ko3(QHUUHEHTHl ¢, METOLOM HeoIlpe-
JleJieHHbIX Ko3¢duuuentoB. Ha npakTuke BbluHC/eHHS, CBSI3aHHLIE
C 3THUM METO[OM, MOT'YT NpeACTaBUThb 3aTPyIHEHHs. YKatkeM Apyroi
METOA Haxox[aeHUs KOo3((UIUHUEHTOB Cj, OCHOBAHHBIH Ha NpeACTaB-
JIEHAH HCKOMOTO pellleHHs B BHIe psifa Taiopa.

Tak kak pemenue (35) pasnaraercs B creneHHodl psig (36),
a BCAKHH CTeMeHHOH psii (BHYTPH NPOMEXYTKAa CXOAHMOCTH) €CTb
psin Tafisopa 47151 ero CyMMBI, TO Mbl MOXKeM 3alHCcaTb 3TO pelleHHe
B BUje psana Taigopa:

( ) y"" (0)

y=y0) 4y Ot L D oy O b (e

rie B CHJy HauasibHbIX ycaoBuit (32) umeem y(0) =0.
Boipaszum y’(0), y”(0), ... yepe3 3HayeHHs NPaBOH 4aCTH ypaB-
Henus (31) ¥ ee mpou3BoAHBIE B HayasnbHOH Touke x=0, y==0.

[Tomcrasasis peiueHue (64) B ypaBHeHue (31), monyyaem TOXK-
IleCTBO

=[[x y(x]. (65)
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[Tonaras smecb x=0 ¥ npuHMMas BO BHHUMaHHe, uto y(0)=0,

HaxoaHM
y' (0)=f(0, 0). (66)

ITpoauddepenurpyem obe uactu ypasHenus (31) no x, cuuras,
uTo y ecTb pewenue (64). [Tonyunm '

y'=f=+fyy, (67)

OTKyZa
y"(0) =F=(0, 0)+f4(0, 0)f(0, 0). (68)
Ilpononxkas 3TOT npouecc, HalfeM Bce KO3Gh(HUIHEHTH psaa (64)'.

Pewenne (27) ypapHenus (23) c HayaJbHBIMH YCJAOBHAMH (24)
MOXHO 3amnHcaTtbh B BHJe
— ’ — y” (x0) 2
Yy=yo+Yy (Xo) (x—x0) + 51 (x—x0)2+ ... 4

y® (xo)
+ k!

(x—x0)24 . .. (69)l

3mech Yy (xo) =f (%o, Yo), @ 3HaueHHS OCTANbHBIX MNPOHU3BOLHBIX
B TOYKE X=X, HaXOAATCH, KaK H BbIllle, NP HNOMOILH IIOC/AEL0Ba-
TesqibHOTO AH¢(PepeHnHpoBaEHs 00enx yacted ypaBHeHHs (23).

YKka3aHHbI# MeTOA HaxoX/eHHs KO3(P(PHIHEHTOB cp He Tpebyer
BbINOJIHEHHS G @aKTHYE€CKOT O pasJioxKeHUs MPaBOH YaCTH ypaB-
HeHus (23) B creneHHOH psf U oco6eHHO ynobeH, ecaud Hago HaMTH
TOJbKO HECKOJBbKO MepPBLIX YJ€HOB HCKOMOIO pelleHHs.

Mpumep 4. Hailtu uyeTbipe MepBhIX uJeHa pasJoXKeHHS pelleHHs ypaBHeHHS

y=xtty? (70)
C HauaJbHBIMH YCJIOBHAMH
y=0 npu x=0 (71)
B DAL MO CTENEHAM X.
Hmeem
" (h)
y=y' (0) x+ y2$0) X2+ ... yk—‘(o)x"+ (72)

W3 ypaBrenus (70) naxomum y’(0) =0. Huddepenunpys obe uactu ypasHe-
Hua (70), nonyuum: :

” =92x+2y- /'
y !,/ Y } (73)
Yy =2+2y"+2y-y",
otkyna y”(0)=0, y”’(0)=2. Tloatomy
2
Yy~ — %, (74)

3!
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Mpumep 5. Haiitu mnepsnle TPH uJieHa pa3JOXKeHHUS pelleHHs YpaBHeHHA

y'=x*—y* (75)
C HayaJbHBIMH YCAOBHAMU
y=2 npu x=lI (76)
B pA no cremeHaM (x—1). .
Hmeem
” (k)
y=2+y'(1) (x=1) + 4 2('1) (x—=1)2+ ... +'y k'(l) (x=1)k+ ... 77)

N3 ypasrenus (75) naxomum: y'(l)=-3, y”’=2x—-2y-.y’, y”’(1)=14. Caeno-
BaTE/bHO,
Yy=~2—-3(x—=1)+7(x—1)2 (78)

HHTepBas roloMOpPGHOCTH pelLleHHsl, LOCTABJISIEMOr0 TeOpeMOi
Kouwn, B ofuiemM ciyyae MeHblle HHTepBaja CXOAHMMOCTH TNpaBoi
YaCcTH ypaBHEHHS] OTHOCHTEJbHO He3aBHCHMOH mepeMeHHO# (p3<<p)-
3TO MOXET MMeTb MeCTO [aXe B TeX C/JAyyasix, KOraa npaBasi 4acCTb
ypaBHeHHst (23) ecTb mesnas (YHKUHA OTHOCHTENBHO X H Y.

NMpumep 6. PacoMoTpuv ypasHeHHe
y'=y (79
H MOCTaBMM HauajbHble YCJOBHSA:
y=1 npu x=0. (80)

3nech mpaBas 4acTb, OYEBHAHO, ToIOMOP(HA OTHOCHTENBHO X H y B 06O
OKDECTHOCTH HayaJbHOil ToukH x=0, y=1. MckombiM peuwlennem Gyner

y=—. (81)
1—x
Tak Kak
0o
1
y=l o= Ex’* npu x| <1, (82)
k=0
1o peuwenue (81) rosomopdro Jnmb B okpectHocTi | x| <1 Touku x=0.
3ameruM, uto petneHiie (81) omnpeneneno i HenpepbiBHO AubdepeHilpyemo

B GoJlee LIMPOKOil 06/]acTH, a MMeHHO B MHTepBaje (—oo, 1). Ho oHo mpen-
CTaBHUMO cTeneHHHM psgoM (82) (T. e. ero 3HayeHHe paBHO cyMmMMe
CTENEHHOro psna) TOJbKO HJS X, YAOBJETBOPSIIOIIHX HepaBeHcTBY | x| <l.

Hnast iuHeHOro ypaBHEHHsI HHTEPBaJ TOJOMOPQHOCTH pelLleHHs
He MeHbIlle HHTepBaja roJIoMOp(HOCTH NpPaBOH YacTH ypaBHeHHS
OTHOCHTE/IbHO HEe3aBUCHMOH MepeMeHHOH.

Teopewma. Ecau 8 aunednom ypastenuu

y+p(x)y=q(x) (83)

¢yukyuu p(x) u q(x) 2040MOpPHbL 8 OKPeCcTHOCTU |X—Xo| <p
TOYKU X=X, T. €.
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p)= S p(e—x)t 4= Saqu(x—x)t,  (84)

npudem padel cnpasa cxo0ATCa 8 obaacTu | X—xo | <p, TO Kaxoe 6ot
HUCAO Yo HU B83ATb, CYWECTBYeT eOUHCTBEHHOe peuleHue

y=y(x), (85)
y0081eTBOPSAIOUlEE HAYANLHOIM YCAOBUAM
Yy=—yo npu x===xo, (86)

u 20A0MOPHOE 1O Kpaiirel mepe 8 OKPECTHOCTU | X—xo | <<p TOuKu
X=Xy, T. €.

y="yo+ 2 cr(x—xo)*, (87)
h=1

2de pAad cnpasa cxoduTca no Kpainel mepe 8 06aacTu | X—xo| <p.
CnpaBelquBOCTb 3TOH TeOpeMbl HENOCPEACTBEHHO CJ/efyeT H3
u3BecTHoro Bupa peienus 3agayn Komu (83)—(86):

- f p(x)dx /‘x f p(x)dx
y=e * Yo+ J g(x)ex dx (88)

(nouemy?).

Mpumep 7. Haitu pazuyc cxoaumMocTd GHUHOMHAJbHOTO psifa

m(m—1)

—_—x
21
m(m—1)...[m—(n—1)]

+ X

n!

(1+x)m=1+mx+ 4.+

"+, (89)

paccmatpuBas ¢yHKUMi0O y=(l-+x)™ Kak pelleHHe COOTBETCTBYIOILEH 3azaun
Kown ans HekoTOpOro ONHOPOAHOrO JIHHEHHOro YypaBHeHHs, roJomopgHoe
B OKpecTHOCTH Toukn x=0.
Bosbmem ypaBHeHie
Yy’ +p(x)y=0 (90)

n BbiGepeM p(x) Tak, uToObl QyHKuuA y= (1+x)™ Oblia pelleHHeM 3TOro ypas-
Henus. Mmeem

m(14%) ™1+ p(x) (14x) =0, 91)
OTKYAa
X)=— — 92)
p(x) x (

CnenoBaTenbHO, HCKOMbBIM OLHOPOAHBIM JIUHEHHBbIM ypaBHEHHEM 6yne‘r

'~ y=0. 93
y Tz (93)
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Dynkuusa y=(1+x)™ obpamaerca B eaununy npu x=0. CiepoBaTesbHO, OHa
npeacrasiser coboil peiienne ypasHeHHs (93), ynpoBjeTBopsiioliee HayaJbHLIM
YCJIOBHSAIM:

y=1 npu x=0. (94)
PasbickuBasi 3TO pelleHHe B BHAe psAfia MO CTeNEHSIM X, B CHJY €IHHCTBEHHOCTH
rojomopdHoro pemeHusi 3agaud Kowmwm (93)—(94) chosa mnosaysum psan (89),
KOTOpBIl, cornacHo Teopeme Kowwu, 3aBenomo cxoautca mnpu |x| <l, u6o

m
GyHKUHA — " rojomopdHa B okpectHoctd | x| <1 Touku x=0.
+x ' '

Takum o6Gpasom, GuHOMHanbHbli psin (89) 3aBemoMo cxoauTcs B obiactd
| x| <1. Ecin m ecTb uejioe MOJOMHTENbHOE YHCJC, TO 3TOT Psill, BHIPOXKAASCH
B NOJMHOM, OYEBHIHO, CXOAMTCsi npu Bcex x. Ho npu m=—1 GuHOMHAJbHBLHA
pan obpamaercsa B NPOTpeccHio, cxosuyiocs auwb npy | x| <1. CnexosatenbHo,
pagHyc cXoauMocTH GHHOMHMaJbHOro psina (89) paBeH elduHHIle.

Kak u B paccMoTpeHHOM npumepe, AHd@epeHIHalbHble ypaBHEHHSi MOTYT
6bITb C YCNeXOM HCMOJ/b30BaHbl A/ Pa3foXKeHHs (QyHKUMI B CTeNeHHble DPSABL.
[Ipn sToM He ToabKO onpejeneHHe (OUeHKa) pajHyca CXOAMMOCTH, HO H caMmo
HaxoxjaeHHe Ko>()(HUHEHTOB CTeMeHHOro psla MOXeT oKa3aTbcsi 6ojee JIerKHM,
yeM HX HelocpeACTBEHHOe BblUHCIeHHe.

19. lokasanHas Bbie TeopeMa Kowu pacnpocTpaHsieTcs Ha
HOPMaJIbHYIO CHCTeMYy n-FO NMOpsSiAKa.
IMycte maHa cucreMa

d
%— =fh(x, Y, Y2, ..., yn) (k=l, 21 ey n) (95)
M MOCTaBJieHbl HauaJjbHble YCJIOBHSA:
Y=y, Y2=yP, ..., Yo=Yy npu x=x. (96)

Teopewmatl Ecau npasvie uwactu cucremot (95) eosomopghrot
8 OKPecTHOCTU

=X | <p [pp—yQ | <r (k=1,2, ..., n) (97)
HA4aAbHOU TOYKU (Xo, y(1°>, yg», cees YO), T e
O
fh(x) yl) yz, ) yn)= z a:?mz...m X
my, My, ..., 17ln+i n+i
X (x—x0)™ (g1—y D)™ ... (Yn—Y®) ™11 (98)

(=1, 2, ..., n),

npuuem paodel cnpasa cxodarca e obaactu (97), To cucrema (95)
umeer eOUHCTBEHHOE peuleHue

! Jloka3aTe/nbCTBO 3TOH TeopeMbl AJsi n=2 CM., HanpHMep, B KH.: MaTBeeB.
Metoapl uHTerpupoBanus, n. 147. B obiem ciyuae 1N0Ka3aTeJbCTBO MPOBOAUTCH
2HaJIorHYHO.
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Y1=y1(x), Ya=y2(x), ..., Yn=yn(x), (99)

yooeaergopaouee HawasbHolm ycaosuam (96) u e2oromopgroe
8 OKPecTHOCTU

| x—x0 | <p1<<p (100)
TOUKU X=Xy, T. €.

Yr=y0+ 20%’ (x—x0)™ (k=1,2, ..., n), (101)
m=1

20e padel cnpasa cxodarca 8 obaactu (100).

Ha npaktuke Bbiunc/ienve kosdpouunuentos psigos (101), tak xe
Kak ¥ B cjlyyae ONHOTO ypaBHEHHsi, yloOHee NpPOM3BOAMTH, 3anH-
cbiBasi 3TH psibl B BHAe psiioB Tafjopa M HCNOb3ys ypaBHeHHs
naHHOM cucTeMbl (95).

20. B cnyuae nuHeWHOH CHCTeMbl, TaK e Kak H B cayuae
ONHOro JIMHEHHOro YypaBHeHHWs, NpPH nNocTaHoBke 3ajgaud Kouwu
HauyaJbHble 3HAaYeHHs1 HCKOMbIX (YHKLUHH MOXHO 3alaBaTb JIOObIMH
¥ HHTepBaJ TOJOMOP(GHOCTH pellieHHs He MeHbllle HHTepBaJja rGJo-
MOpP(®HOCTH NpaBbIX YacTell CHCTEeMbl OTHOCHTEJbHO HE3aBHCUMOH
nepeMeHHOH.

[lycTb nava nMMHEelHasa cHCTeMa

%:g phl(X>yl+fh(X) (k:], 2’ e, n)’ (102)

riae Ko3G@HUuHeHThbl pr;(X) W QYHKUHH fr(X) rosOMOPdHEI B OKpecT-
HOCTH | X—Xo| <<p TOUKH X=Xo:

pu) =) @ d(x—m), fa(x) =) a (x—s)”
m=0 m=0
[x—x|<p (& I=1,2, ..., n)]. (103)

Teopewma. [Ipu cderannHom npednosroxenuu cucrema (102)
umeer eOUHCTBEHHOE peulexue

1=yi1(x), ya=y2(x), ..., Ya=Yn(x), (104)
yoosaeTsoparOUee HAUAALHOIM YCAOBUAM:

Y1=49, y2=y9, ..., ya=yO npu x==x, (105)

20e y<‘3), y(z‘”, ce, y<22—mo6bte 3a0anHble vucaa. IT0 peulerue

6yder 2oaomopgro no KpaiHel mepe 8 OKPECTHOCTU |X—xo| <@
TOUKU X=X, T. e.
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p=yOt W (x—x)t (k=1 2, ..., n),  (106)
m=1

ede padeL cnpasa cx00ATCA no Kpatined mepe 8 obaacTu | x—xo |<<p.

Jloka3aTenbCTBO 3TOH TeOpeMbl INPOBOAMTCS TaK »XKe, Kak H
B o6uem cayuyae! Ho 3mecb ymaercs BbiGpath 6oJjiee XOpouIyIoO,
a HMEHHO JTHHeHHYI0 (OTHOCHTENBHO HCKOMBIX (yHKUHiH) Ma-
’KOPaHTY, YTO MO3BOJIAET JOKa3aThb CXOAHMOCTb (OpPMasbHBIX PALOB
BO BceM HHTepBase | X—Xxo| <<p.

OtMmeruM, uTO ecau Bce pr(X) u fr(X) —uenble GyHKIHUY,
To W pemende (104) c noOObIMM HayaJbHBIMH JaHHBIMH OyAeT
neJon QyHkiuued.

B uactHoCTH, 3TO GyaeT HMeTb MecTO, ecau Bce Pr(x) u fr(x)—

. P(x .
nNoJHHOMBL. EciH Xe OHH HMEIOT BHI P(x) rae P(x) u Q(x)—

Qx)’

MOJHHOMBI, TO Haua/JibHble 3HaYEHHS UCKOMBbIX (DYHKUHH Takxe
MOXHO 33JaBaTh NPOH3BOJIbHO, a HayaJbHOe 3HayeHHe Xo He JNOJIXK-
HO obpauiaTh B HyJb HH OAHH H3 3HaMmeHatenel Q(x). ITpu 3tom
peureHne GyAeT 3aBeJOMO TOJOMOPGHO B OKPECTHOCTH | Xx—Xo | <p,
rJle 0 — pacCTosiHHe OT TOYKH X=x, A0 OJHKaHIIero U3 KopHe#
ypaBHenu#t Q(x)=0, Bk/JoOUYasi KOMMNJEeKCHbl e KODPHH.

21. ITycTb maHO ypaBHeHHe N-TO NMOPsJKa, pa3pelleHHOe OTHO-
CHTEJIbHO CTapliell MPOU3BOLHOM:

ym=f(x, y, ¥, ..., y=v) (107)
M NOCTaBJieHbl HayaJibHble YCJIOBHSA:
y=yo, ¥'=y7, ..., YrV=y=H mpu x=xo. (108)
Teopewma. Ecau ¢pynxyus f(x, y, y, ..., y*b) eoromopgpra
8 OKPeCTHOCTU
[ X=X |[<p, |Y—bo |<<r, |/ —yg|<<r, ..., [YD—=yP=0 |<Tr (109)
Ha4aAbHOU TOUKU (Xo, Yo, Y, - .., YY), TO OHa umeer e0uHcTEeH-
Hoe pewenue
y=y(x), (110)

yoosaergoparoujee HauasoHoim ycrosuam (108). 310 pewenue 2os0-
MOPPHO 8 OKpPeCcTHOCTU

[x—xo | <p1<<p (111)

1 Cwm., nanpumep, MaTBeeB. Meroabl HHTerpHpoBanus, m. 148.
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TO4UKU X==Xo, T. €. npedcrasumo 8 gude

/I X
y="yo+y’ (xo) (x—=x0) + (°)(x —x0)%+ ...+
Y1 (Xo) _ ,
+ '—(m— (x—xo)" i+h_2n X—Xol <<p1. (112)
JleficTBHTe/IbHO, BBOAS HeH3BeCTHble (BYHKUHH Y1, Y2, ..., Yn
no ¢opmyaam:
Y=y, ¥'=yz ..., Yo H=yy,, (113)

UpHBelleM 3ajady Komu (107)—(108) «x HaXOXJEHHIO peLIeHust
HOPMAaJbHON CHCTEMbI A-TO MOPSAKa:

d!/i
Tax T Y
dyn—
Tzi —Yn, . (114)
dyn
dx _f(x» Y, Y2 .. , yn)
C HayaJbHbIMH YC/IOBHSMH:
Y1=Yo, Y2=VYg, ..., Yn=YyPY npu x==xo. (115)
[Ipy crenaHHOM MNpPEANOJOXKEHHH OTHOCHTeJbHO GyHKRUMH f(X, ¥,
Yy, ..., Y1) npasbie yactu cucrembl (114) yaoBnerBopsIOT ycio-
pusiMm Teopembl Kown. ITosToMy oHa MMeeT efMHCTBEHHOe pelleHHe
Yy1=y1(x), Ya=y2(%), ..., Yn="0n(x), (116)

yIOBJeTBOpsifOllee HayalbHbiM ycaoBusM (115) u rosomopodnoe
B OKPECTHOCTH |X—Xo| <<p1<<p TOUKH x=xo. Tak Kak yi=y, 10,
BO3Bpallasich K ypaBHeHHI0 n-ro mopsaka (107), mMbl u moayyum
yTBepXKJleHHe TeopeMbl.

Broiuncienus xoadpounuertoB psina (112), npeacrasasiomiero
pelieHHe, MOXHO BBIIOJHATH JUOO METOAOM HeonpeJeseHHbIX
ko3¢ duuneHTos, au60 3anucoiBas peuwenne (110) B Buge psana
Tafnopa:

y"( 0)

y=yo+y’ (%0) (x—X0) + —(5——

Y (xo)
(n—1)!

(x—x0)2+ ...+

’(xo)

(x—r) =t T (o)t
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y(n+l) (XO)

(n+ 1)1

U HcnoJab3ysi ypaBHeHue (107).

22. B cnyvae THHEe W HOT O ypaBHEHHS n-TO NOPSJAKA HayaJb-
Hble 3HAaYeHHs HCKOMOH (yHKUMH H ee (n—1) nepBHIX NPOH3BOAHBIX
MOXHO 3afaBaTb [POHM3BOJBHO, W pelueHHe 3amaun Kowwm Oyazer
rojomMop(pHo no kpaiHed Mepe B 06sacTH, roIoMOpPGHOCTH NpaBoi
YaCTH YpPaBHEHHst OTHOCHTEJNbHO HEe3aBHCHMOH MepeMeHHOH.

IMycte naHo JHHelHOe ypaBHeHHe

YW +pi (%) yO4pa () YA L+
Pt (1) HPa (1) y=F (), (118)
rae Ko3GoHuHeHTH pg(X) H QyHKuHsa f(X) ronoMopdHb B OKpe-
CTHOCTH | X—Xo| <<p TOYKH X=X,.

Teopewma. llpu cOerannom npednoroscenuu ypasuerue (118)
umeer eOUHCTBEHHOE peulerue

(x—xo)"H-4 . .. (117)

y=y(x), (119)

y0084eTBOPAIOUlCE HAUAALHBIM YCAOBUAM:
y=to, Y'=y;, ..., yrV=y*H npu x=x, (120)
20e Yo, Yy ..., YY) — a0bble 3a0annble wucaa. ITo peisenue

6yoder 2010MOpPHO no KpalHel mepe 8 OKPeCTHOCTU |x—xo| <p
TOYKU X=Xy, T. €. '

y=yorty’ () (x—x0)+ L ooty
#(—x;) (¥—xo) "~ ‘—I—Z cr(x—xo)%, (121)

2de pad cnpasa cxodurcs no Kpaineii mepe 8 obaractu | x—x| <p.
HeiicTButenbHo, npuBoas ypasHenue (118) x coorBeTcTByiOUIEi
HOPMAaJIbHOH CHCTeMe, MOJYYHUM JIMHEHHYI0 CHCTeMY

dy1
ax Y
'dy.n-i
Tdx o Ym (122)
d n
_5,(_ ““'—pi(x)yn_pZ(x)yn = ...
—Pn-1(X) Ya—pn (X) Y1+f (x) .
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Bynem MckaTh pelieHHe 3TOH CHCTeMbl C HayaJbHBIMH YCJIO-
BHAMH:

Y1="Yo, Y2=VYy, .., Ya=Yy§Y mpu x=-xo. (123)

D10 peuienue, corsiacHo Teopeme Kowm anas JHHEHHOH CHCTeMBI,
CylIeCTBYeT, eIHHCTBEHHO H 3aBeJOMO T0OJOMOP(HO B OKPECTHOCTH
| x—Xo| <<p ToukHM x=xo. Bo3Bpamasce k ypaBHenuio (118), moay-
YHM yTBep:KAeHHe TeOpeMbl.

OTMeTHM, YTO ecan Bce pr(x) H f(X) CcyTh L es bl e (QYHKIHH,
TO ¥ BCsKOe pelleHHe ypaBHeHHs (118) Oymer mesnof ¢yHkuued.
Bo Bcex ocTanbHBIX Ciyyasix Heslb3sl BbIOHPATb X, IPOH3BOJILHO,
H pellleHHe MOXKET O0Ka3aTbCs TOJOMOP(HBIM JIHIIb B OKPECTHOCTH
BHIOpaHHOrO 3HaueHHs Xo. B uacTHocTH, eciam Bce pr(x) H [(x)
P(x)
Q(x)’
math B HyJb HH OQMH H3 3HaMmeHaTejell Q(x), u psax, npeacras-
JSIOLHA pelieHue, OyleT CXOAMTbCS MO KpaHHed Mepe B o6GJacTH
| x—Xo| <<p, TAe p — pacCTOSIHHE OT TOYKH X=X A0 OJHKailero
kOpHsi ypaBHeHu#l Q(x) =0, Bk/IO4asi KOMNJ E€KCHBl € KOPHHU.

CyTb OTHOLIEHHA NOJHHOMOB TO Xo He JOJI2KHO 06])21-

MNMpumep 8. PaccMoTpuM ypaBHEHHE

2
e ———y=0. 124
eret (124)
Haiigem pelueHHe, yAOBJETBOpAOlee HAYa/bHbIM YC/IOBHAM:
y=1, y’=1 npu x=0. (125)

CornacHo Teopeme [IIMKapa, HcCKOMOe pellleHHe CYLIECTBYeT M  OIpeJeseHo
no xpaiiHeii mepe B MHTepBaje (—oo, 1) (mouemy?). B cuay reopembl Kowmn
OHO ToJIOMOPGHO B OKPecTHOCTH TOYKH x¥=0, mpHyeM papuyc CXOQHMOCTH psaa,
NpeACTaBAOILEro pellleHHe, 3aBeOMO He MeHblle elnHuLbl (nouemy?). Haiinem
310 pewende. OHO MMeeT BHI

y=1+x+ 3 caxh (126)
h=2

HatineM Ko3¢dbHUHEHTH C¢p METOAOM HeompeleseHHbIX Ko3(QQHIHEHTOB.
INepenuiem ypasHeHue (124) B BuAe

(x2—2x+1)y”—2y=0. (127)
Toacrasassa B Hero psix (126), moayuum
o0 0o
(x2—=2x+1) 3/ chk(k—l)xh—2—2( I+x+ 3] cpx? ) =0. (128)
h=2 r=2

IlpupaBHuBas Hy/I0 KOo3GQHUHEHTbI NPH OAHHAKOBBIX CTENeHAX X, HaXOAHM:
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X0 0p-2.1-2=0,
xt: —2.¢;-2-14¢3-3.-2—-2=0,
X2 €3+2-1—2-¢3+3:24¢,-4-3—-2¢,=0,
2 3 4 2 (129)

X Cpke (h=1)=2:Cppqe (B+1) htcpype (B+2) (k+1)—2 =0,

PasencrBa (129) maioT BO3MOXKHOCTb ONpedeUTb MOC/AeLOBaTeNbHO BCe
K03 PHIHEHTBl Cp: .

=1, ¢cs=1, ..., =1, ... (130)
TMoacrasasis ux B pasnoxkenne (126), momyuaem
oo
1 .
y=1l+x+ E x‘"=l mpu [ x| <. (131)
—-x
h=2

Bxopsawuii cioga pax cxoautcs npu | x| <1 u mpexcrasiser co6oft pelneHue
ypaBHenus (124), ynosierBopsiolilee HauajibHbIM ycaoBusiM (125) u rosomopduoe
1

B8 okpectHocTH | x| <1 Toukn x=0. Ho ¢yHkuna y= T ABAIOILAACA CYMMOM
—x
STOro psiia, Kak HeTPyAHO yOeAHTbCs, ABJIAETCH pelieHHeM MOCTaBJeHHOH 3ajauu
Komn (124)—(125) He Tosbko B uHTepBane |X| <1, HO u B Gosee LIMPOKQM
uHrtepsane (—oo, 1)
Hrtak, nckoMbiM pemednem 3agnaun Komwu (124)—(125) saBaserca ¢yHkuus

1
y= I—x

(132)

KoTopas [/si 3HaueHHil x u3 uHTepBana |x| <l npeicTaBHMa CTENEeHHBIM DPSLOM
(131).

IMokaxeM, kKak HaiiTH kKodpduuuentn psga (126), He moab3ysch MeTOLOM
HeonpejeneHHbX Ko3dduuuentos. 3anumem paa (126) B sune

o0
. () (0
y=14+x+ E yk—f)x". (133)

R=2

Haiizem y™® (0). U3 ypasnenus (124) maxomum (monaras x=0, y=1): y”(0)=2.
Jns nanbHeHIIHMX BbIYHCIeHHA yAoOHee BOCMOJb30BaTbC ypaBHeHHeM (127).
HupdepeHunpys ero, nosyuaem

(26—2) "+ (x2=2x+1) y"'—2y'=0, (134)

otkyaa (monaras x=0, y’'=1, y”=2) naigem: y”’ (0)=6. Amnasoruuno onpe-
AeqsiloTcA Bce ocTtanbHbie YR (0).
Mpumep 9. Iano ypaBHeHUE

(x24+x+1) y"+xy’ +y=0. (135)

Kakune HayaJjbHble JaHHble MOXHO OpaTh NpH TnNocTaHOBKe 3ajgauu Kowu?
B kakoM HHTepBaje OyaeT cyilecTBoBaTh pelueHune 3ajgaud Kowu? B kakoit
OKPECTHOCTH Ha4yaJbHOrO 3HAYeHHsi X OHO OyldeT roJoMop¢HO?

3anucaB ypasHenue (135) B BHAe

x 1
"+ =0 136
24+x+1 y x2+x+1 Y (136)

4

y'+
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(1. e. caenaB Ko3QduLUHEHT NPH CTapluedi NPOH3BOAHOH PaBHBIM eJHHHIE), Mbl
noJjyyaeM JHHefiHOe ypaBHeHHe, KOI(Q(HIHMEHTB KOTOPOTO HelpepbIBHLI NpPH Bcex
3HaueHusix X. CiefoBaTesbHO, Haya/bHbie NaHHBIE Xo, Yo, y; MOXXHO BBIGHPATb

MPOU3BOJIbHO, M pewleHHe 3aaauu Kown ompeneneHo mpu Bcex x. Tak kak Kosg-
¢uunentsl ypaBHenus (136) roaomMopdHbl B OKPECTHOCTH JIOGOH TOYKH X=X,

y Yy

(®) @

Nl,s‘

° 2

|
[ XY,
=)
| o
Nlm
8
|
"
S

Puc 50. Puc 51

T0 U peleHHe ¢ Ha4vaJbHbIMH AAHHBIMH Xo, Yo, y; I'OJ'IOMOquHO B OKPECTHOCTH
TOYKH X=X,. I'Ipu onpeaeseHMH paaHyca CXOAHMOCTH psaaa

oo
y=yo+y’o(x—xo)+ E; Cr(x—Xo)*, (137)
h=2
(peACTaB/SAIOLIEr0 3TO pelleHHe B OKPECTHOCTH TOYKH X=X,, HYXKHO NDHHATb

BO BHHMAaHHEe KODHHM 3HaMeHaTejeit koadodHuueHtoB ypaBHeHHs (136) kak Beiie-
CTBEHHble, TAK M KOMNJeKcHb e Pewas ypaBHenHe

x+x+1=0, (138)
1 V3 .
HAaX0JHM x1’2=——2—:*:—2—1. [Tostomy pan (137) 3aBenomo cxoautrcs B 06-
nactu
| x—x0| <0, (139)
1 93
rje P — paccTosiHie OT TOYKH X=X, 0O TOYeK z=—7i 5 { Ha KOMIIe-

KCcHoil mJaockocTH (2) (puc. 50):

D=V(x|>+%)z+ % (140)

B uacrHoctH, npn Xo=0 noaydum e=1 (puc. 51), Tak 4TO pellieHHe C Hayajb-
HBIMH YCJOBHAMHU:

y=Yo, y'=y, npu x=0, (141)
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rae Yo M y;—.moﬁble 3ajaHHble 4YHCJa, ONpeaeseHO NP BCeX X. .S'rovpemeﬂue
3aBelOMO INpPEACTABHMO CTENEHHbIM PAAOM

oo
y="Yo+y, x+ E cix* (142)
h=2

npu | x| <1. Ias 3HaueHuil x, JexalluXx Ha TrpaHule WIM BHe MHTepBaia | x| <l,
cxoaumocTb psana (142) rteopemoit Kowmn He rapaHTHpyercs. :

23. Teopema Kommu ycraHaBiIHBaeT TOJNBKO HHJXKHIOW TP a-
HHLY [Ias paauyca CXOAHMOCTH psja, NMpeACTaBJsoOLlero pelle-
Hue. Ha gene stor pammyc mMoxeT okasatbcs Gosbuie. KpoMe Toro,
roJoMopdHoe pelleHHe MOXET CyLleCTBOBaTb M B C/yuyae HeBBINOJ-
HeHHsl yc/10BHsA Teopembl Kouin.

NMpumep 10. dna ypasHenus

\ (x2=1) y”"—=2xy’+2y=0 (143)
€ANHCTBEHHbIM pelueHHeM, YHOBJIETBOPSIOLIUM HayaJbHbIM YCJOBHSIM:
y=0, y’=1 npu x=0, (144)
oyeBHAHO, Oynmer
Yy=x. (145)

dto peweHHe rosomopdHo B J060H OKpecTHOocTH ToukMm X=0, B TO BpeMs
Kak P=1 (nouemy?).
Mpumep 11. Ilycth aaHo ypaBHeHue

2 2 )
Y'— —y'+ —y=0 (146)
x x?
W MOCTaBJIeHbl HayaJbHbIe YCJIOBHS:
y=0, y’=1 npu x=0, (147)
T. e. MLIETCH pelieHHe y=y(x), obJaajaloliee CBOHCTBOM:
y(x) >0, y'(x)>1 nmpu x—>0. (148)

Kos¢duunents ypasnenus (146), oueBnaHO, He rosoMopdHb IH B KaKOH
okpectHocTH Toukn Xx=0, Tak uTo Teopema Komm He npumenuma. OnHako cyuie-
cTByeT peitedue 3agaud Kown (146)—(147), rosomMopdHOoe B OKPECTHOCTH TOUKH
x=0. Hanpumep, Takum perienvem Oynaer

Yr1=x. (149)
D10 pewenne rojoMopdHO B JIOGOH OKpecTHOCTH Touku x=0.

Bonpoc o cyliecTBOBaHHM H CBOHCTBax pelleHHi B cjayyae He-
GHINOJIHEHHST YCJAOBUSI TeopeMbl Kouin H3ydyaercsi B aHaautu4veckod
reopuu dupgeperyuarvrolx YpasHeHud,

§ 6. 3AJJAUN

H. M. MarBeeB. C6opuuk 3amau, Ne 1113—1150.
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HHSl JHHEHHBIX YpaBHEHHH C MOCTOAHHBIMH KO3(@HHHEHTaMH.
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METOOJUYECKHE YKA3AHHIA
§ 1. OBIIIUE CBONCTBA JIMHENHBIX YPABHEHNI

1. PaccMoTpuM N HHefdHOe ypaBHeHHe 7n-TO MOPSAKA:

Y +pr ()Y +p2 () YA+ L Fpaa () Y+
+pn(x)y=f(x). (1
Hanomuum, uyto ecau f(x)=0, To ypaBHeHHe (1) mpuHHMAaeT BHA

YW 4P ()Y IHpa(X) YA P (X) Y+
+pn(x)y=0 (2)
H HasbiBaeTcsi 00HOpoOHbiM. Ecnn f(x) 50, To ypasuenne (1)
Ha3bIBaeTCsl HEOOHOPOOHBIM.
OG6osnauum JneByw yacTb ypasHeHHsi (1) uan (2) uepes L(y):

L(y) =y™+ps(x)=+p2(x)ynD4 ... +

+Pa-1(X) Y +Pn (%)Y 3)

Bcesikoit QyHKIMH Y=Yy (X), HMeIOLleH NPOH3BOAHYIO Nn-ro MOpPSAKa,

COOTBETCTBYET BIIOJIHE ONpejeseHHoe 3HaueHHe L(y), Koropoe mo-

Jgydaercss H3 y=y(X) MNyTeM BBINIOJHEHHS ONEePalHi, YKa3aHHbIX

B mpaBoil uactH ¢opmyanl (3) (AuddepeHunpoBaHue, YMHOXKeHHE

Ha QYHKUMH Pr(X) H cloxenue). Bynem HasbiBaTh L(y) aunednoin
OuppeperiyuarbHoim onepaTopom.

[Mosb3ysicb omepatopom L(y), ypasHenus (1) u (2) MOxKHO

3amicath B BHIe
L(y)=f(x) (1)

L (y)=0. (2)

OtMertuM, uTo omnepatop L(y) obGaamaer AByMs BarKHbIMH CBOH-
CTBaMH:

1) L(cy)=cL(y) (c==const),

2) L(ystyz) =L(y1)+L(42).

2. MpexnonoxuM, 4To Ko3)dHUMEHTH pr(X) M NpaBas 4acTb
f(x) nenpepbiBHbl B HHTepBase (a, b) (a=—o0, b<<too)!
Torpa (ra. V, m. 6) ypaBHeHue (1) MMeeT eAMHCTBEHHOe pelleHHe

y=y(x), (4)

t BMecTo OTKpHITOTO HHTepBajia (@, b) MOXHO B3ATb 3aMKHYTBbIil HHTep3an
(c omHOro uaM ¢ OGOHX KOHIOB).

n
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onpelesieHHOe BO BCceM HHTepBane (a, b) u ynosjeTBoOpsIOLLeE
HayaJbHBIM YCJIOBHSIM

y="yo, Y=Yy ..., Yo D=y npu x=x€ (a, b), (5)
re yucaa Yo, y’o, .+, Y§~ 3aparores npoussobHO. B uwactHOCTH,

€[IMHCTBEHHbIM pellleHHeM OAHOPOAHOro JIMHEeHHOro ypaBHeHHs (2)
C HyJeBB MH HayaJbHbIMH yCJOBHAMH

y=0, y¥=0, ..., y»NH=0 npu x=x, (6)

Oyner HyJneBOe pelleHHe
y==0. (7)

3. JluneiiHoe ypaBHeHHe (1) ocraeress JHHEHHBIM, €CIH 3aMe-
HUTb X HOBOH He3aBHCHMOH NepeMeHHON ¢ no ¢opmyne x=q(l),
rae @(f) onpeneneHa W HempepblBHO Aud¢depeHuHpyeMa n pas
B uHTepBase (fo, t1), npuuem ¢ (fo) =a, ¢(t1) =0b, ¢’ (£) %0 B (t, t1).
B stom Jierko y6eluTbCsi, BHINOJNHAS B ypaBHeHHH (1) mOACTaHOBKY
x=q(¢). IIpuy 3ToM OLHOpPOXHOeEe ypaBHEHHE OCTaeTcsi O A H G-
P O HBIM. ’

4. JluHeilHoe mnpeoOpa3oBaHHe HCKOMOH (YHKUHH Yy=a{X)z+
+B(x) Taxxe He HapyllaeT JHHEHHOCTH YypaBHEHHs, NpHYIEM
ONHOPOMLHAN JHHeHHaAss 3aMeHa HCKOMOH OQYHKUHH y=oa{x)2
COXpaHsieT OLHODOJLHOCTDb YypaBHEeHHS.

YKa3aHHbBIMH 3aMeHaMH HEe3aBHCHMOH INepeMeHHOH H HCKOMOH
(QYHKIHMH MOXKHO BOCIOJIb30BaTbCsi [AJA YIPOILEHHS JHHEHHOTO
ypaBHeHHsl, B YACTHOCTH IJIs NpHBeJeHHS ero K ypaBHEHHIO C IIO-
CTOSIHHBIMH KO3((pHIHEeHTaMH.

§ 2. OMHOPOJHOE JVWHENHOE YPABHEHHE n-ro IOPSITKA

5. PaccmoTpuM ONHOpPOAHOe JIHHEHHOe ypaBHeHHe

L(y)=y™+pi(x)y» 4 ... +pa-1(X)y'+pa(x)y=0. (1)
Bcsikoe penleHHe 3TOrO ypaBHeHHs, TaK ke Kak M JoGoe pe-
LIeHHe HEOJHOPOAHOrO ypaBHEHHs, SBJSETCS YaCTHBIM pelle-
HueM (mouemy?). Pemienuss OAHOPOAHOrO ypaBHeHHUst 06/1aal0OT cJie-
JNYIOLIMMH XapaKTepHBIMH CBOHCTBaMH.

1. Eciu yi — yacTHOe pelleHHe OAHOpPOAHOTrO ypaBHehus (1),
10 Cyy, rie C — npou3BosibHasi NOCTOsIHHAS, TOXe OyNeT pelleHHeM
3TOr0 ypaBHeHHS.

JelcTBHTENBHO, TAaK Kak

L(y)=0 (a<<x<Cb), (2)

L(Cy) =CL(y)=0, L(Cy)=0 (a<x<<b),  (3)
T. e. Cyy — pemlenne ypaBHeHus (1).

‘TO
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, 2. Ecnmn y; m y, — yacTHble pelleHusi ypaBHeHus (1), To ux
cymMMa Yi-+y» TOXKe ABASETCS PeLIeHHEM 3TOTO ypaBHEHHs.
3To clefyeT U3 TOTO, YTO

L(y14y2) =L (41) +L(y2) =0, L(y1+y2)=0 (a<<x<<b). (4)

W3 3TuX CBOUCTB pelIeHHl ClleAyeT, YTO €CIAH Y1, Y2, ..., Ym —
YacTHble pelleHHs OJHOPOAHOro JHHeHHOro ypaBHeHHs (1), To HX
JHHeHHas KoMOUHAUHUA -

Y= 2 Chyk, (5)
k=1

rae Cr — npousBo/bHbIE NMOCTOSIHHBIE, TOXKe OyLeT pelieHHeM 3TOro
ypaBHeHHs1 (nouyemy?).

Jns HaxoOeHHs BelleCTBeHHBI X pelleHHH HHOTAA HC-
NONb3yIOT KOMIMJEeKCHBl e pelleHHs. KomniekcHaa Qynkyus
OT 8eujeCT8EHHOL nepemenHol x

y=u(x)+iv(x), (6)

rie u(x) u v(x) — BelwlecTBeHHble (YHKUMH OT X, Ha3blBaeTcs
KOMNAEKCHbIM peuleHuem OLHOPOLHOTO JHHeHHOro ypaBHeHus (1),
ecau oHa obpaimaer ypaBHeHue (1) B ToxpectBo. Ilpu 3tom mnpo-
H3BOJHAas OT KOMIeKCHON pyHKuuu (6) ompenmensieTcss paBeHCTBOM

YR =u® (x) 4iv® (x) (7)

B MPEeANOJIOXKEHHH, YTO npoussoanble u® (x) u v® (x) cywecTtByrorT.
BemectBeHHass M MHHMMasi 4acTH KOMILJIEKCHOTo peiedus (6)
y1=u(x), y2=v(x) TOXe HABNAITCA pelIeHHAMH ypaBHeHus (1)
(mouemy?), Tak YTO OJHOMY KOMIJIEKCHOMY pelieHuio (6) coor-
BETCTBYIOT [IBa BellleCTBEHHbIX pelleHHS.
B npanbHefimem OyaeM paccMaTpHBaTb BONPOC O MOCTPOEHHH
o611ero peuleHuss OJHOpPOAHOro ypaBHeHus (1).

3aMeTHM, YTO eCa¥ HaHAEHO AN YACTHBIX DelleHHd Yi, Ys, ..., Yn,

TO (yHKLHSA )
n
y—_= v

y= > Cuyn (8)
h=1

TOXe ecTb peuleHde ypaBHeHus (l). Ogmnako, xotss ¢dyHkuus (8)
H 3aBHCHT OT 7 IPOH3BOJIbHBIX NIOCTOSIHHBIX, OHA He BCErla sIBJseTCs
obium pemendem ypasHenus (1). as Toro ytobnl yHKumusi (8)
O6bl1a 0OOIIMM peuleHHeM YypaBHeHMs (1), yacTHble pelleHHs Yy,
Y2, ..., Yn HAOJDKHBI yIOBJIETBOPSTb HEKOTOPOMY [OMOJHHTENbHOMY
YCJIOBHIO.
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6. dynkuun . .
yi(x)9 yz(X), SRR} yn(X), (9)

onpejejeHHble M HempepbiBHble B HHTepBase (@, b), Ha3bBalOTCHA
AUHEUHO He3a8UCUMbIMU B 3TOM HHTEpBaJje, €CJH COOTHOLIEHHE

n

2, aryn (x) =0, (10)
h=1 !
rae ar(k=1, 2, ..., n) — NOCTOAHHbIE 4YHCJa, BHINOJHSAETCHA AJSA
Bcex x u3 (@, b) TONBKO B OYEBHAHOM cCJyuyae, T. e. KOTAa Bce
ar(k=1, 2, ..., n) OZHOBpPEMEHHO PaBHBI HYJIIO. B nporusHOM

cayuyae (pyHKLum (9) wmasbiBaloTCsl AuHelinHo 3asucumoimu B (a, b).
Ecnun omna u3 dyHkuu#, (9) TOXKHZecTBEHHO paBHa HYJI0, TO
OHH JIHHEHHO 3aBUCHMBHL B (@, b) (mouemy?).
Jnst ycTaHOBJ/IEHHsI TPH3HAKOB JIMHEHHOH 3aBHCHMOCTH H He3a-
BHCHMOCTH (QYHKUHH BBelleM B paccMoTpeHHe onpedeauterb Bpou-
€K020 (8pOHCKUAH)

Y Y eee Yn
y ’ Y
w=|"t (1)
y(:t—l) .y(zn—i) .. yl’:—i)
Teopema 1. Ecau ¢pynkyuu
yi(x)’ yZ(x), Y y‘ﬂ(x) (12)
Aunedro sasucumor 8 (a, b), 7o W(x)=0 6 (a, b).
JlelicTBHTENBHO, NYCTDb ,
n
D () =0 (a<x<b), (13)
h=1
rie, HanpuMmep, an,70. Toraa
n—1
n== (14)
h=1

[ToncraBasia. yskuuio y, B W(x), noayuaem, uro W (x)=
(a<<x<<b) (mouemy?).

Teopema 2. Ecau ¢pynxyuu (12) ABAAIOTCA AUHEUHO He-
3a6ucuMbiMu  peuweHuaAMuU OOHOPOOHO20 AUHELHO20 YypasHe-
Hus (1), Kospuyuentor koropoeo Henpepoienol 8 (a, b), o W(x)
He obpawjaerca 8 HYAb HU 8 O0HOU TouKe x=Xxp u3 (a, b).
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B camom nene, nycte W (xo) =0, xo € (a, b). CocTaBuM cucremy
YPaBHEHHH:

Ciy1 (%0) +Cay2 (%0) + . . . +Canyn(x0) =0,

C1y', (%0) +Coy’, (x0) + . . . +Cany,, (X0) =0, (15)

C‘y(;u—i)(xo) +C2y(2"—‘) ()Co) 4. +Cny(::_l)(x0) =0.

drta cucrema umeer HeHyaneBoe peuwenne Cy=C0, C,=

=CY9, ..., C,=CO (nouemy?). [Toctpounm pewenne ypasHenus (1)
n
y= ) COu(x). (16)
h=1
D70 pelleHHe yIO0BNETBOPSieT HYJ €BbI M HadyaJbHbIM yCAOBHSIM
y=0, y=0, ..., y»9=0 nopu x=x, (17)

(mouemy?), a TOra B CHJY TeOpeMbl eIHHCTBEHHOCTH OHO fIBJIsieTCS
HyaeBH M (y=0), T. e. HMeeT MeCTO TOXAECTBO

n

ZC(g)yh(x) =0 (a<<x<b), (18)

k=1

rae ne sce CO (k=1, 2, ..., n) pasHbl HyJIO0, T. €. pemenus (12)
JUHENWHO 3aBHCHMB B (@ b) BONpeKH MNPENNONONKEHHIO.

M3 Teopem 1 u 2 BbITeKaeT CjaeAYIOUIMH NPH3HAK JHHEHHOH He-
3aBHCHUMOCTH N YaCTHBIX pelleHHA ypaBHeHHs (1).

Hxrna 1020 4T0bbBL N pewenuli 00HOPOGHO20 AUHELHO20 YPAaBHEeHUS
n-2o nopadka ¢ HenpepolBHbIMU KOIpPuyuenTamu 6biau AUHEUHO
He3asUCUMbL 8 UHTEpBANe HEnpepbl8HOCTU KO3p@uyuenros, Heobxo-
oumo u docTarouHo, 4TObb! UX BPOHCKUAH OblA OTAUYEH OT HYAs
80 8cex TouKax 3T0e0 unTepsaisa (mouemy?).

Ha nene pocratouno y6Gemutbes, uto W (x) He obpamaercs
B HyJb B KakoH-HHOYIb OJHOH TOuYKe X=X, H3 HHTepBaja (a, b),
u6o, ecan W (xo) %0, xo € (a, b), To W(x)==0 npu Bcex x € (a, b)
(nouemy?).

7. Has onpenenurtenss BpoHckoro n yacTHbIX pelleHHH ONHOPOX-
HOrO JIHHeHHOTO ypaBHeHHA n-ro nopsaka (l) umeer mecro cae-
nywuwasa gopmysa Ocrpoepadckozo — Jluysurrs

x
- f pi(x)dx

W(x) =W(x)e = , (19)
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BbIpakalollas ero 3HaueHue uepe3 Ko3G(HUUHUEHT NpH NPOU3BOL-
Hoi nopsaka n—I1. Ecau, B uyactHoctH, pi(x)=0, 1o W(x)=
=W/(xo(£)=const.

M3 ¢opmynst (19) BHAHO, YTO BPOHCKHAH n pellleHHH ypaBHe-
HuA (1) ob6napgaer ciaelyiOMIMMH JIBYMsi 3aMedaTesJbHbIMH CBOH-
CTBaMH.

1. Ecnu W(x) =0, xo€(a, b), To W(x)=0 npu Bcex x£(a, b).

2. Ecn W (x0) #0, x0€(a, b), o W(x)0 npu Bcex x£(a, b).

8. CoBOKYyNHOCTb 7 JIAHEHHO He3aBHCHMbIX B (@, -b) dYacTHBIX
pellleHHH OXHOPOAHOTO JIMHeHHOro ypaBHeHusi (1) HasbiBaeTcA
GyHOoamMenTarbHOU cucTemol peuleHudl.

Teopewma. Ecau koagppuyuentor ypasnenus (1) Henpepoisrol
6 untepsase (a, b), To pyHnoamenTarbHan cuctema pewerull cyuie-
crsyer.,

JeficTBUTENBHO, NOCTPOUM, MOJb3YACh n pa3 Teopemoit Ilukapa,
n pewleHHN Yy, Yo, ..., Yn, YAOBJETBOPSAIOLIMX CAEAYIOIUUM Hayajib-
HBIM YCJIOBHSIM:

y1:y1=l, y’1=0, ey y(‘{l—l):_o, I

2 =y, ,=y..., (n—l)=’

Yo Yo=0 Y, 1 ¥, 0 npn x=x0€(a, b). (20)
Yn : Yn=0, y;=0, v y;;"—i)=], l

OTu pelieHHs o06pa3yloT GyHIAMEHTANbHYIO CHCTEMY pellleHHH, Tak
kak W (xo) =10.

[MocrpoeHHas ¢yHIaMeHTalbHasi CHCTEMa pellIeHHH Ha3blBaeTcs
HOPMUPOBAHHOU B TOUKe X=X,. Takaa (yHAaMeHTa/bHas CHCTeMa
pelieHHit cyllecTByeT ToJbKo oana (mouemy?). CymectByer Gec-
YHC/IEHHOE MHOXeCTBO  JPYrHX (yHAaMeHTaJbHBIX cHCTeM. UTOGhI
y6eauTbCsl B 3TOM, [OCTAaTOYHO 3aMeHHTb B HayasbHbIX YCJI0-
pusix (20) uucao 1 n06GbIM IPYTHM YHC/JIOM, OTJIHYHBLIM OT HyJs.

3aMeTHM, YTO ecJqu Bce KO3(PdHUHeHTbl ypaBHeHHs (1) He To/b-
KO "HeNmpepbiBHbI, HO H TOJOMOP(®HB B OKPECTHOCTH |x—xo| <<p
TOYKH X==Xo, TO, NOJb3ysicb Teopemoi Kolin, MOXHO HOCTPOHTH
(yHZaMeHTaJbHYIO CHCTEMY peLleHHH, FoJOMOp(HBIX Mo KpalHed
Mepe B TOH »Ke OKPeCTHOCTH | X—xo | <<p.

9. 3Hasa ¢(yHoaMeHTaJbHYIO CHCTeMy peuleHMH ypaBHeHus (1),
MOXKHO HOCTPOHTb ero obliee pelleHHe.

Teopema. Ecau yi, ys, ..., Yn €CT6 (pynoamenrasvHas cu-
crema pewenui ypasuenus (1), To ¢opmyara

n
y= 2 CrYr, (21)
h—1
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20e Cy, Co ..., C,— npoussosvHole nocTosuMble, 0aeT 0b6wee
pewerue ypasrnernus (1) 8 obaactu

a<<x<<b, [y| <Hoo, |[Y|<+oo, ..., [y V]| <+oo. (22)
B camom pene, B oGaactu (22) umeer MECTO CyIlleCTBOBaHHE

M eINMHCTBEHHOCTb pellleHusi 3azaud Kowu ana ypasHenus (1),
¢yHkuua (21) ompenmeneHa B o6JacTH

a<<x<b, |Ci| <Hoo, |G| <Hoo, ..., |Cn| <4 (23)

M HMeeT HenpepblBHble NPOHU3BOAHBIE MO X A0 Nopsigka n. Jlerko
ybeanTbcs, uTo o6a MyHKTa ompejeseHHs OOLIero pelleHHs ypas-
HeHus n-ro nopsaka (ra. III, m. 6) 3xech BLINOMHEHH.

1. Cucrema

y= D, 24)

paspelliMa OTHOCHTEJNbHO MPOH3BOJBHBIX IIOCTOSIHHBIX B o06Jja-
cth (22) (mouemy?).

2. ®ynxuua (21) asnserca pelleHneM ypaBHeHHs (1) mpu Bcex
3HAYEHHSIX MPOU3BOJbHBIX NOCTOSIHHBIX Cy, Cs, ..., C,.

CaenoBartesnibHO, (yHKuMA (21) aBnsercs OOGIIHM pellleHHEM
ypaBHenus (1) B o6anactu (22).

Bce pemrennsi onHoponHoro ypaBHeHHsi (1) comepixkatcs B ¢op-
myne (21). YpaBaenue (1) He MoxeT uMeTb Gosiee ueM A JIHHEHHO
He3aBHCHUMBIX YACTHBIX pelieHHH.

®opmyna (21) maer BO3MOXKHOCTb pelluTh Ji06Gyio 3afnauy Kouu
C HayaJbHBIMH JaHHBIMH Xo, Yo, Yo, ..., Y~ u3 obaactu (22)
3a cyer Bbi6Opa COOTBETCTBYIOIIMX 3HAUEHHH INPOU3BOJIBHBIX I1O-
CTOSIHHBIX,
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IMoxcraBnsas 3TH Haya/abHble AaHHbIEe B (24), MONYYalOT CHCTEMY

y0=2 Cryr (%),

h=1

y,= hE Cry,, (x0), (25)
=1 ,

n
ypi= D) Cuylpn ().
h=1

dTa CcHCTeMa paspeliiMa OTHOCHTEJNbHO IIPOM3BOJIBHBLIX MOCTOSH-
Heix Cy, C, ..., C, (nouemy?). IloacraBissi HalleHHble H3 Hee
3HayeHHsl MPOM3BOJbHBIX noCTOsAHHBIX Cy=C0, C2=C<2°>,

C,=C® B oOwee peweHue (21), MoAyYyalOT HCKOMOe peLIeHHE
B BHJe

y= ZC‘,‘:)yn. (26)
he1

3710 pellieHHe OyIeT eIHHCTBEHHBIM.
Ecan ¢uxcnposate xo € (a, b), a yo, Yy, ..., Yo~ cuurath

NPOU3BOJIbHBIMH, TO BEJTHUHHBI C(f), C;"), ..., C9, Haiilennbie Bblle,

ABAAIOTCA (OJHOPOAHBIMH JHHEHHBIMH) QYHKUHAMH OT Yo,
7N y‘g’—U H ¢opmysa (26) pmact obilee pelieHHe OJHOPOAHOrO
JguHeiliHOrO ypaBHeHHs (1) B dopme Kown. B yactHocry, B cayuae,
Korga ¢yHaaMeHTasbHasi CHCTeMa Ui, Y2, ..., Yn HOPMHpOBaHZ
B TOUKe X=X, oOlee pemenve B ¢opme Kowmu npuobperaer Hau-
6oJiee MpOCTOR BHA

n
y= 2 Y5 e (YP="1yo). (27)
h=1

3ameTuM, uTO ecau Bce Kos3(pduuneHTs ypaBHeHus (1) rouo-
MOpGhHBI B OKPECTHOCTH |X—Xo| <<p TOYKH X==X;, TO, IOCTPOHB
(yHZaMEHTaJbHYIO CHCTEMY pelleHHH, roJOMOpQHBIX B 3TOH OKpe-
CTHOCTH, H, NOAb3ysick dopmyaoir (21), momyuum roaomopdHoe
o6ilee peweHne ypaBHeHus (1), onpemeneHHoe no kKpalneil mepe
B 00/1aCTH

[x—x0] <p, | 9] <+Hoo, || <Foo, ... g0 <+ (28)
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§ 3. HEOMHOPOJHOE JIMHENHOE YPABHEHUE

10. PaccmMoTpuM HeOnHOpPOJHOe JHHEHHOEe ypaBHEHHe
L{y)=ym+p1(x)ym+ ... +paa(X) Y +pa(x)y=F(x). (1)
Ecsan u3BecTHO yacTHOe pelleHHe y; ypaBHeHus (1), T. e.

L(g)=F(x) (a<<x<b), (2)
TO, BBIMOJIHAS B-ypaBHeHHH (1) nmoacTaHOBKY
Yy=41+z, (3)

Ille 2 — HOBasi HeM3BeCTHash (QYHKUUS, HAXOLUM
L(yi+2)=f(x), L(y1)+L(2)=f(x), L(2)==0. (4)

Takum o6pasom, HHTErprpoBaHHe HEOJHOPOAHOro ypaBHeHHs (1)
NPHUBOJAMTCS K HHTETPHPOBAHHIO OJHOPONHOIO ypaBHEHHS

L(z)=2m4ps(x)2D4 ... Fpra(X)2+pa(x)2=0 (5)

c TOW e JieBOH yacTblo. YpaBHeHHe (5) HasblBaeTcsi 0OHOPOOHbLIM
YpasHeHuem, COOTBETCTBYIOUWUM HEOOHOPOOHOMY ypasrenuto (1).

Ecau
=) Cia (6)
k=1

ecTb obllee peuleHHe ypaBHeHHsi (5) B o6JacTu

a<<x<b, |z| <40, |2| <400, ..., |20 | < +oo, (7i
TO ¢opmyJa
n
y=y+ D) Crn (8)
h=1
aaer ofllee pelleHHe OZHOPOJHOro ypaBHeHusi (1) B obsacrtu
a<x<b, |y| <+oo, |¥|<Hoo, ..., |y V| <40 (9)
(nouemy?).

Bce pewenns ypaBueHus (1) comepxatcs B ¢opmyne (8).
Ecau npaBas uactb f(x) ypaBHenus (1) sBaseTcss cymMMo# He-
CKOJIBKHX CJlaraeMbixX

= hnx) (10)
h=1
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M eCIH 1/l KaXKAOr0 H3 ypaBHEHHi
L(y) =fr(x) (11)
HalJleHO YacTHOe pelleHHe Y, TO HX CyMMa
m
Y= 2, Yn (12)
=1
©yNeT YacTHBIM peIlIeHHEM BCEro ypaB}ieHlm (1) (nmouemy?).
TMpumep 1. PacoMoTpuM ypaBHeHHe
Yy +y=er+x. (13)
Tak xax ypapHenus

‘ Y Hy=e* u ¥ +y=x (14)

L 1 : ,
HMMEIOT COOTBETCTBEHHO YacCTHble peLIeHHs y,=—;e’° H Y2=x, To OYHKUUA

1
Y1=7e"+x .(15)

6yner wacTHHIM pelleHHeM BCero ypaBHeHus (13).
OpnHOpoLHOe ypaBHeHHe :

2"4+2=0, (16)
COOTBETCTBYIOLIEE HEOAHOPOAHOMY YypaBHeHHIO (13), uMeer obuiee peuleHHe
2=C, cos %+ C, sin x.1 a7
[MosTomy .
y=—‘l‘2—e’=+x,+C1 cos ¥+ Cysinx (18)

6yner oOWHM pelleHHeM - ypaBHeHHS (13).

11. Eciu yacTHOe pellleHHe ypaBHeHHs (1) HalTH TpyaHO, HO
HM3BecTHa (yHAAMEHTaJbHasi CHCTeMa pelIeHHH 2y, g, ..., Zn COOT-
BETCTBYIOLIETO OJXHOPOAHOrO ypaBHeHHs (5), TO AN HaXOXKAEHHs
001ero pelleHHsi HEOLHOPOJAHOro ypaBHeHHsi (1) o6bluHO mpHMe-
HSAIOT MeTO0 6apuayuu Nnpou3BoAbHbIX NOCTOAHHbIX (MeTo0 Jlae-
pansxa), .

ATOT METOA COCTOHT B TOM, 4TO Ofllee peiieHHe ypaBHeHHs (1)
nonyyaercs u3 obuero pemedus (6) ypasHenus (5) 3aMmeHoi mnpo-

13BOJBbHBIX NocTosiHHBIX Cy, Co, ..., C, COOTBETCTBYIOIIUMH (YHK-
LHUSMH OT X, T. €. pellleHHe ypaBHeHusi (1) uiercs B BHIe
n
y= E Cr(x)zs, (19)
h:i

"t Tak KaKk 21=c0SX, 2z=sinX — QyHAaMeHTa/lbHas CHCTeMa pelleHHI
(nouemy?).
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rae Cr(x) — QyHKUHH OT X, KOTOpHIE HYXKHO BbLIGpPaTh TaK, YTOGHI
¢yukuus (19) Obia pemeHneM ypaBHeHHs (1).

. IloacraBasia (19) B (1), MOJNyYHM OJHO COOTHOLIEHHE MEKAY
uckoMbiMH GyHKUHsAMH Cr(x). ITostoMy MoxkHO BBecTH eile n—I
cootHouweHui. Caeays JlarpaHxky, GyneM BBOAMTbH 3TH COOTHOILe-
Hud, AuddepeHunpys nocnenoBatesbHo n—1 pa3 pasBeHcTBo (19)
W NpHpaBHHBAas KaXXIbli pa3 HYJI0 IPyNNy 4YJeHOB, COLepIKalllylo
1pon3BogHbie ot Cp(x):

pn(x). y=2 Ch(X)Zh,
h=1
n n s
praa(0)-| = D) Ca(x)z+ D) € (¥
h=1 h=1
0
n n
174 4 (20)
Pn—2(x)- |Y'= 2 Cr(x)2)+ Zch(x)z;,
h=1 h=1 "
n ' n
pux)- |yrv= D Cu(x)zn-4 D) €l ()20,
k=1 h=1
0
Huddepenunpys euie pas, HaxoouM
1- y(n)= Zch(x)z(;‘t)_{_ 2 C;‘ (x)z(’fll—l). (21)‘
h=1 h=1 .

TMoacraBum 3TH 3HaueHus y, Y, ..., y™b, y™ B ypaBHeHnue ().
HOas storo yMHOXHM ypaBHenusa (20), (21) coOTBeTCTBeHHO Ha
Pn(X), Prn-a(X), pn-a(x), ..., p1(x), 1, CTIOKHM MNOUNIEHHO H DpPH-
paBHsieM MOJyYeHHYI0 CyMMY NMpaBOH 4acTH ypaBHeHus (l):

n n
D CL(@)+ D) €, (=i (). (22)
h=1 h=1

Ho Bce L(2x)=0. Tlostomy

D)l (m)ap=f(x). (23)
h=1
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Takum obpasom, mas onpenenenuss Cr(x) nodyuaem caeyio-
UIHEe N COOTHOLUEHH

ZC; (x) =0,
k=1
PYACES
h=1

C e e (24)
PRACE SN
k=1

Dl (0)zpv=f(x).
k=1

Cucrema (24) paspewnma otHocuteabto C) (x) (mouemy?). Ha-
XOIHM

C () =qu(x) (k=1,2,...,n), (25)
rae ¢x(x) — HempepbiBHble ¢QyHKUMU (mnouemy?). [Toatomy
Cr(x)= [ou(x)dx+Cr (k=1, 2, ..., n). (26)

IMoacraBnsas HalineHHole 3HaueHusi Cp(x) B dopmyay (19) u BH-
Lejiisl 4jeHbl, He coJepXKalllie MPOH3BOJIbHbIX MOCTOSIHHBIX, IO-
JYYHM

y= ézhf or (%) dx—l-hé1 Chrzp. (27)

n

Drta ¢opmyaa paer obuiee peuieHHe ypaBHeHHs (1) B oGaactu (9).
[lepBoe ciaraemoe siBAsieTCSl YacTHBIM pelIeHHEM, COOTBETCTBYIO-
LIHM HYJIeBbIM 3HAYeHHAM IPOHM3BOJBHBIX MOCTOSIHHBIX.

Mpumep 2. Haiith oGuiee pelieHHe ypaBleHHSA

1
y'ty=— (28)
x

METOJOM BapHalMH NPOHU3BOJIbHBIX MOCTOSHHBIX.

Tak Kak COOTBETCTBylOLlee OLHOPOXHOe ypaBHeHHe 2”+2=0 umeer O¢YH-
JlaMeHTa/IbHYI0 CHCTeMY pelleHHuit 23=C0Ss X, Z;=S5in X, TO pelleHHe ypaBHeHHs (28)
uieM B BHIe
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<~ y=Cy(x) cos x+C,(x) sin x, (29)
rae Cy(x) n Cy(X) onpefessiioTcs M3 CHCTEMb

1
C’i (x) cos x+C; (x) sin x=0; —C” (x) sin x+C2’ (x) cos x=—. (30)
X

Pewas 5Ty cucremy OTHOCHTENbHO C'l (x), C’2 (X) W uHTerpHpys, HaxoaHM

sin x ' Cos X
Ci(x)=— " dx+C,, Cg(x)=f p; dx+C,. (31)

[Toacrasnss 3tu 3nHauenusi B (29), nmoayuum obulee peluenne ypasleuus (28)
B BHJe

sin x cos X
= —cos xf dx+sinxf dx+Cy cos x+C, sin x. (32)
x x

§ 4. JUHENHBIE YPABHEHUA C NOCTOAHHBIMH KO3®OPUIUEHTAMH

12. PaccmoTpuM JHHeHHOe ypaBHeHHe
L(y) =ym+ayrtayn-2+ . . tapy tay=[(x), (1)

K03(GPHUUHEHTBI KOTOPOTO @y, Gz, ..., Gn CYTb NMOCTOSIHHBIE
BeulecTBeHHBbl € 4YHCIa, a mNpaBass vacTb [(x) HempepbiBHA
B HHTepBane (a, b).

Tax Kak HHTerpHpoBaHHe HEOZHOpPOAHOro ypaBHeHus (1) mnpu-
BOAHMTCA K HHTETPHPOBAHHIO COOTBETCTBYIOLLETrO OXHOPOJHOTO ypas-
HCHUSA, TO HU3YYHM CHayajsa OJHODPOJHOe ypaBHeHHe

L{y)=ym™+4aymY+4aym-d+ .. +any’ +any=0. (2)

[lokaxem, 4TO 3TO ypaBHeHHe BCerla MOXeT ObITb NPOHHTErpH-
poBaHO B 3jeMeHTapHbIX (yHkuusax. C 3TOH ULenbl0 MOCTPOUM
($yHAaMEHTaJbHYIO CHCTeMY peLIeHHH, COCTOSILYI0 H3 3JeMeHTap-
HbIX (YHKLUH.

Canenyst Ditnepy, OyleM HCKaTb pelleHHe ypaBHeHus (2) B Bume

y=e, (3)

rie A — HEKOTOpPOe MNOCTOSIHHOE YHCJIO0 (BellecTBEHHOE HJH KOM-
[JIEKCHOE), KOTOpOe HYXKHO BbIOpaTb Tak, 4ToObl GyHKuus (3)
obpalana ypaBHeHHe (2) B ToxnaecTBo. [loacraBass ¢dyHkuuw (3)
B JIEBYIO 4acCTb ypaBHeHMs (2), nmoayyaem

L(eM) =P ())etx, (4)

P(}») =AM+t 1daAm 24 | Fap_iAtan. (5)

dynkuua y=e* Gyaer pelreHneMm ypaBHeHHs (2), T. e. L(e*)=0,
€ClU A eCTb KOpPeHb ypaBHEeHHsI

P(A)=Art a1 ahn =2+ . .. +ap_Atay=0. (6)

raoe
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DTO ypaBHeHHe Ha3bIBAeTCsl XAPAKTEPUCTUHECKUM, a €r0 KOPHH —
XapakrepuctudecKumu uuciamuy ypaBHeHHs (2). XapakTepHcTHUe-
CKoe ypaBHeHHe (6) MOXHO ¢OpMa/JbHO COCTaBHTb MO YypaBHe-
HHIO (2), 3aMeHAs NPOH3BOAHYIO OT §J COOTBETCTBYIOILLEH CTeNeHbIo A,
paccmartpuBas NpH S5TOM HCKOMYIO (QYHKUHIO y Kak NPOH3BOAHYIO
HyJIeBOTO MOpsAfKa OT 3TOH q)yHKupm yO=y. CprKTypa ¢dynna-
MEHTa/JbHOH CHCTeMbl pelleHHi 3aBHCHT OT BHAA KOpHeH Xapakre-
PHCTHYECKOTO YpaBHEHHS.

Paccmorpum cHauana cayvali, korja Bce KODHH Xapak-
TEePHCTHYECKOTO ypaBHEHHS pPa3JHUHB M Belle-
CTBEHHBL M, As, ..., Ay. [Toacrasasis ux B ¢dopmyay (3), noay-
YHM N pelleHHu:

Yt —em yz=e*2-’C cees yn=e7~nx. )

Otn pemenns 06pa3y10T GyHZIaMeHTaJdbHYIO cu(:Temy pe-
weHui, K60 OHH JIMHEeHO He3aBMCHMbI B HHTepBaje (—oo, —00),
TaK KaK HX BPOHCKHAH OTJHYeH OT Hyss (nouyemy?). ITostomy

y= 2 Cretxx (8)
k=i

Gyzer ofuiMM pellieHHeM ypaBHeHHs (2) B o6.acTu
—co<<x<l+0o, |y <+, Y| <too, ..., [y Y| <00, (9)

Eciin Bce KOpPHH XapaKTepHCTHYECKOTO ypas-
HeHHs pPas3JHUYHB, HO CPeAH HHX HMEIOTCSH KOM-
nmJAeKCHBl e, TO TOCHeAHHE BXOHSAT CONPSIXKEHHBIMH NapaMHu
(nouemy?). Ilckaxem, YTO KaxXHoil Tako#l nape COOTBETCTBYIOT
IBa BELIECTBEHHbIX JIMHEHHO HEe3aBHCHMBIX WYaCTHBIX pelleHHSs.
IMycte M=a+ib, Ay=a—ib — nBa Takux KopHa. [loacraBass
B ¢opmyay (3) BMecTo A YHCJIO A4, MONYYHM KOMIOJEKCHOE
pellleHHe

y=ela+ibx—=eax(cos bx+i sin bx). (10)

/
Orpensia B HeM BelleCTBEHHYI0O W MHHMYIO 4acTH, HalzeM ABa
BelleCTBEHHbIX YAaCTHBLIX pPEIIEHHA

Yyr=e%* cos bx, yYyz=e** sin bx. (1)

DTH pelleHHsl JHHeHHO He3aBHCHMBI (moueMy?). ‘ConpsiKeHHOMY
KOpPHIO Ay COOTBETCTBYIOT YaCTHbie pellleHHs

e cos bx, —e%* sin bx, (117)

HO, oueBHAHO, pemienus (11) u (11’) JnHe#HO 3aBHCHMEL
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TakuM oOpa3om, mape KOMIJIEKCHBIX CONpSIKEHHbIX KOpHe# xa-
PaKTepHCTHYECKOTO YypaBHEHHS] COOTBETCTBYIOT JBa JHHeHHO He-
33aBHCHMbIX - BellleCTBEHHbIX YaCTHbIX pelueHHs (11).

Ecnu M ¥ Ay uucTO MHHMBIE, Aq 2= (b, TO BMecTOo (11) mo-/
JIyUYUM

yi=cos bx, y.=sin bx. (12)

Haips BellecTBeHHble 4YacCTHble pelleHHS, COOTBETCTBYIOLIHE
OpYTHM NapaM CONpsXKeHHbIX KOMIJIEKCHBIX KOpHeH, M YacTHble
pellieHHsl, COOTBETCTBYIOIIHEe BCeM BelLIeCTBEHHbIM KOPHAM, MOJYYHM
¢yHIaMeHTanbHYI0 CHCTeMy pelieHuit (mouemy?). JluHefiHas kowm-
OuHAUMsA 5THX pelieHHH C NMPOH3BOJbHBIMH MOCTOSIHHBIMH KO3 dH-
LIHeHTaMH jacT ofllee pelleHHe.

13. PaccmMoTpuM Tenepb caydyall, Korga cpenu KOpHed

XapaKTEPHECTHUUECKOTO ypaBHEHHUH HMelTCd
kpatHbe. Ilyctb A — kopenb kpatHoctu k. Torna
P(M) =P (M)= ... =Pk () =0, (13)

HO P® (M) 0 (novemy?). duddepenuupys toxaectso (4) m pas
no A, HaiieM

L(xmer)= ] Cy PO () xm-vers, (14)

v=0

[Monaras 3mecb A=Ay n npuHuMast Bo BHMMaHue (13), mosnyyum

L(xmet*)=0 npu m=0, I, ..., k—1. (15)
CaenoBarenbHo, QyHKUHH
eMx xeMx .., xhlghx (16)

ABJSIIOTCA pelleHHAMH ypaBHeHHs (2).

Ecau Ay BeulecTBeHHO, TG peileHust (16) BewtectBenHbl. Ecan ke
Ay KOMILIEKCHO®, Ay=0a-ib, TO eMy H CONPSKEHHOMY C HHM KOpHIO
A2=a—ib TO# Ke KpaTHOCTH k COOTBETCTBYIOT 2k BelleCTBEHHBIX
YaCTHBIX pelleHHs, No/ayyaroulHecs H3 B KOMIUIEKCHBIX peieHui (16)
OT[eJieHHeM BelleCTBEHHbIX H MHHUMBIX yacteil. OHH HMeIOT BHJ

eax cos bx, xe* cos bx, ..., xk~1esxcos bx, } (17
eex sin bx, xe%* sin bx, ..., xk—tex sin by (17)
HJIY
cos bx; xcos bx, ..., x*1cos bx,
. . et o (18)
sin bx, xsinbx, ..., x*1sin bx, .

€C/aHn M:ib, Ae= —ib.
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[TocTpouB BelilecTBEHHble YaCTHble pellleHHs, COOTBETCTBYIOLIHE
IpyrHM KpaTHbIM KOpHSIM, H TDHCOeJMHHUB K HHM BellleCTBEHHblE
YacCTHbIe pellleHHs,, COOTBETCTBYIOLIHE Pa3/iHYHbIM KOPHSM, HalifleH-
Hble 110 MpaBHJiaM, YKa3aHHbIM B M. 12, mosyuuM ¢yHIaMeHTaNbHYIO
cucteMy pewienuin (mouemy?). JluHefiHags KoMOMHAUHWsl 3THX pelie-
HHH C NMPOH3BOJbHBIMH MOCTOAHHBIMH KO3((HUHEHTaMH AacT obliee
pelleHHe ypaBHeHus (2).

14. HeonHoponHoe - suHeliHoe ypaBHeHHe (1) Bcerma Moxxer
ObITb MPOHHTErPHPOBAHO B KBAaApPATYypaX METONOM BapHalUH MpoO-
U3BOJIbHBIX MOCTOSIHHBIX.

B HeKkoTOpbIX ciyyasax ypaeTcs NpPOUHTErpHpPoBaThb 3TO ypas-
HeHHe TIpolle, Hallsl NpeABapUTENbHO OJHO €ro YacTHOe pelLleHHe.
Ykaxem cjayyaH, KOIfla 3TO 4acTHOe pelleHHe MoxKeT ObliTb Hai-
JIeHO MeTQQoM HeonpedeneHHblx KOIPPUYUEeHTO8 UCXONs U3 3apaHee
3alaHHOr0 ero BHJA.

YKa)keM BHJ 4acTHOTO pellleHHs Ajs ypaBHeHus (1), mpasas
4YacTb KOTOPOro €CTb NMPOH3BeleHHE MOJHHOMa Ha MNOKa3aTesbHYIO
dyukunwo. ITycrsb

L(y) =Pm(x)exx, (19)
rie o — MNOCTOSIHHOE YHCJO, KOTOpOe MOKeT ObiTh Kak BellecTBeH-
HBIM, TaK H KOMIJIEKCHBIM, a Pp,(X) — MOJMHOM OT X CTeNeHH m
C BELIECTBEHHbBIMH MJHM KOMIIEKCHBIMH K03 ¢duuneHtamu. Pasnu-
YaloT ABa cayyas.

L. Ecan unciio o He fABJseTCs KOPHEM XapaKTepHCTHYECKOro
ypaBHeHHs

P(») =0, (20)
To ypaBHeHHe (l9) HMMeeT uyacTHOe pellleHHe BHAa
Y1=Qm (x)e*x, (21)

rae Qm(X) — MOMHOM CTENeHH M ¢ lleoNpefeNeHHBIMH
Ko3pduuneHTaMH. ITH KOIDPHUHEHTH ONpeRe/AlOTCs MOACTAHOB-
Koit (21) B ypaBHenue (19), cokpawenvemM Ha e** W NMpHpaBHHBA-
HHeM KO3 (HUHEHTOB MNPH OAHHAKOBHIX CTEMEHAX X B JIEBOH H
npaBoii YacTaX moJaydyeHHoro pasencrBa.! Ilpu 3ToM moayuaercs
TpeyrosibHasi HeOJHOPOJHAs JIHHEHHas CHCTeMa ypaBHeHHH OTHOCH-
TeJbHO HCKOMbIX KO3(G@HUHEHTOB NOMHHOMA Qm(X), H3 KOTOpOH,
nosib3yscb TeM, 4To P(a)=0, nocienoBaTeJbHO ONpeNeNSIOTCS
Bce KOS(@HUHEHTHl NONUHOMA Qm(X¥) H TPHTOM €AHHCTBEHHBIM
o6pasom. Taknm ob6pasoM, peiieHde BHAa (21) cyliecTByeT H eQuH-
crBeHHo. Ecin mokasateab o H Ko3QQUUHEHTH noauHoMa Pp(x)
BelLLleCTBEHHBI, TO H uacTHOe pelleHHe (21) 6yaeT BelleCTBEHHBIM.

t Cm., Hanpumep, MaTBeeB. MeTtoapl uHTerpupoBanus, m. 178.
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2. Ecin a ecTb KOpPeHb XapaKTEePHUCTHUYeCKOro ypaBHenHs (20)
KPaTHOCTH k, Tak 4ToO
P(a)=P (a)= ... =P*N(a)=0, no P®(a)+#0, (22)
TO
Y1=x"Qum (x) %= (23)
Kosdduunentsr nosnHoMa Qm(X) onpelensiloTcsi Tak e, Kak U
B NepBOM cjydyae, npuueMm poab P(a) urpaer P®(a).
YpaBHeHHe C MOJHHOMHAJILHOH NPABOH YaCTHIO

L(y)=Pm(x) (24)

MOXKHO paccMaTpMBaTb KakK 4YacTHbIH cjayda#h ypaBreHus (19),
korna a=0. [losTomy ypaBHeHue (24) KMeeT HaCTHOe pelleHHe

BHAA

yt=Qm(x)’ (25)
eCcJIH HyJb He SfBJACTCA KODHEM xapamepncmqecxbro YpaBHEHHH,
HJIM BHIa

Y1=x"Qu (x), (26)

€C/IM HYJb eCTb KOpeHb KPaTHOCTH A.
Hns ypaBHeHHS

L (y) =e® [Py(x) cos bx+P,(x) sin bx], (27)

rae a ¥ b — nocTosiHHbIe BelleCTBEHHbe 4Hcaa, a Py(x) u Pa(x)—
TMOJMHOMBI OT X, NMPHYEM OJIHMH M3 HHX MOXET TOXIECTBEHHO paB-
HATbCA HYJIO, TaKXe MOXHO HaHTH YaCTHOe pelleHHe MeTOAOM
HeonpeJeJeHHbIX K03 dHIUEeHTOB.
JleHiCTBHTENBHO, MYCTb M €CTb CTapllasi U3 CTerneHeil MOJHHOMOB
Pi(x) u Py(x). Torza npu nomowu ¢dopmya diljepa
ibx —ibx ibx__ p—ibx
ﬂ———, sin bx= e_?_
2 2

npaBasi yacTb ypaBHeHHs (27) MoxeT ObITb MpelACTaBJeHa B BHIAE
CYMMBbI NPOH3BefeHHI I0Ka3aTeJbHbIX (QYHKUHH e(@+ibx y ela—ib)x
Ha MNOJHHOMBl crenmeHM m. Halimem uacTHble pellieHus, COOTBeT-
CTBYIOLMe KaxKAOMy cJaraeMoMmy. Bua 3THX YacTHBIX pelueHui
CYLLeCTBEHHO 3aBHCHT OT Toro, GyjaeT yuciao a-ib (a BMecre ¢ HUM
H YHCJO a—ib) KOpHeM XapaKTepHCTHYECKOTO YPaBHEHHS HJIH HeT.
CknaznbiBasi HalJeHHBIC YaCTHble pPelIeHHs H 3aMeHsisl M0Ka3aTeJlb-
Hble (QYHKIHH e@+ibx y e@—iblx px Bhipa)KeHHSIMH uepe3 e, cos bx
M sin bx, MoJyyuM 4YacTHOe pelleHHe ypaBHeHHs (27).

Boinosinsas ykasaHHble npeoOpas3oBalys, NMPHEEM K CJAEAYIOUIHM
pesyJbTaTam.

cos bx= (28)
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1. Ecnu uncno a-ib He siBAsieTcd KOPHEM XapaKTEePHCTHUYECKOTO
ypaBHeHHs, TO ypaBHeHHe (27) HMMeeT yacTHOe pelleHHe BHAA

y1=e [Qq(x) cos bx+Qz(x) sin bx], (29)

rae Qi(x) m Q2(X) — MONMHOMBI CTEMEHH m C Heompe[eseHHbIMH
koapdunnenramu. OHU ompefensiloTcs MoiacTaHoBKoH (29) B (27),
COKpallleHHeM Ha e% W IpHpaBHHBaHHEM KO3 HUHEHTOB IpH
cos bx u sin bx, mocse yero ocTaHeTcsi NMPHUPaBHATb KOIPPHIUHEHTb
NpPH OJMHAKOBBIX CTeNEHAX X B JIeBHIX M NPaBbIX 4acTAX MOJyYeH-
HbIX JBYX PaBeHCTB.

2. Ecan yueao a-+ib ectb KopeHb XapaKTepHCTHYECKOTO ypaB-
HeHHsl KpPaTHOCTH R, TO

y1=xke®x [Qy(x) cos bx+Q2(x) sin bx]. (30)

TMpumep 1. PaccmoTpum ypaBHeHHe

y”"—y=e* cos? x. 31)
Wiiterpnpys COOTBETCTBYIOUlee OLHOPOLHOE yPaBHeHHe, HAaXOAHM
2" —2z=0,
AM—1=0, Ap==%1; z=Cie*+Coe = (32)

UYro6bl MOJYIHTb YaCTHOE pelleHHe JaHHOTO HeOJHOPOAHOro ypaBHeHus (31),
nepenuuieM ero, u3baBasscb OT KBaapaTa KOCHHYyca, B BHAe

1 :
y'—y= —2e" (14cos 2x). (33)
Haiizem uacTHble pelleHHs YpaBHEHHH:

1 1
M _y=—e%, y"”—y=— e*cos2X. 34
ymym et = (31)

Mepsoe u3 Hux ecTb ypaBHenHe BHua (21). 3mec a=1. Ono AB.AsieTCA MPOCTbIM
KOpHeM XapaKTepucTHueckoro ypasHenus. INostomy

(=1): | yr =Axex
0- y:=Ae"+Axe"

! y’I’ =24e*+ Axe*

1 1 1
24er= ——e*, 2= —, A=—.
2 2 4

1
y1= T xex, (35)

Ins onpejeleHHss BHAA YacCTHOTO pelleHHs BTOporo M3 ypaBHenuit (34),
KOTOpOe SBJSieTCs YacTHLIM cjlyyaeM ypaBHeHHsi (27), cocraBiseM uucio a-+ib.
TlonyuaeM a+ib=1+i2. D10 uHCIO He ABJAETCA KOPHEM XapaKTEPHCTHYECKOTO
ypasHenus. [lostomy
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(=1)| y2 =e* (A cos 2x+ B sifi 2x)
0. y; =e* [(A+2B) cos 2x+ (B—24) sin 2x]
1. y;’=e’° [(—3A+4B) cos 2x— (3B+4A) sin 2x}
1
ex [(—4A+4B) cos 2x— (4A+4B) sin 2x]= Y e* cos 2x;
1 I 1
—4A+4B= —, —4A—-4B=0; A=——, B=—;
2 16 16
1
Yo= Ee" (—cos 2x+sin 2x). (36)
YactHeIM pelueHuem Bcero ypaBHeHusi (31) Gymer
I 1
Y= vy xe*+ T6 e* (—cos 2x+sin 2x). 37)
Fostomy
1 1
y= vy xe*+ o e* (—cos 2x+sin 2x) +Ciex+ Cre—* (38)
ecTb obliee peuleHHe ypaBHenus (31).
fpumep 2. TlycTh naHo ypaBHEHHE
y"+y=sinx. (39)
CooTBeTCTBYyIOHIee ONHOPOLHOE YpaBHeHHE
2"+2=0 (40)
nMeeT XxapakTepucTuueckue uuciaa Ay ,=*i. [lostomy
2=Cy cos x+C; sin x. 41)

HaiineM uacrHoe peluenune HeOoAHOpOAHOro YypaBHeHus (39). 3aecp uuciao
a+ib=( sBnsieTC NPOCTHIM KOPHEM XapaKTepPHCTHYECKOro ypaBHeHus. [loaTomy

Yy =x(A cos x+ B sin x)
y: =A cos x+ B sin x+x(—A4 sin x+ B cos x)

y;’= —2A sin x+2B cos x—x(A cos x+ B sin x)

l —2A sin x+2B cos x=sin x;

1
—2A=1, 2B=0; A=———2—; B=0;

1
=——XCOS X.
U 2

CanenoBareJibHo,

¢
y=— —2-x\cos x+Cy cos x+€y sin x

6yner o6wuM peiledveM ypaBHenus (39).

(42)

(43)
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15. Paccmorpum  nuddepeHunasbHoe ypaBHeHHe IBHIKEHHA
TOYKH 1o ocu Ox:

d2x dx
W:f(t, X, d—t), (44)
dx d2x

rae t — BpeMd, X, — COOTBETCTBEHHO MOJ02XKeHHe, CKOPOCTb

dar’ dt
H YCKOpeHHe TOYKM B MOMeHT BpeMmenu f. Ilpeanonoxum, urto
B paccMaTpuUBaeMoil o6jiacTy npaBasi yacTb ypaBHeHus (44) ynos-
JIETBOpsIeT YCJIOBHSIM TeOpeMbl CYyLeCTBOBAaHHS M €IHHCTBEHHOCTH
pelwenus 3agaud Kolu H, KpoMme TOroO,

f(t, 0, 0) =0 npu Bcex {=t. (45)

Torpa ypaBHeHue (44) ¥iMeeT HyJ eBOe peIlICHHe
=0. (46)
3TO pelleHHe YIOBJIETBOPSeT HYJ €Bbl M HauyaJbHbLIM YCJOBHAM:
dx -
x==0, E_O npu t=t (47)

JlBH)KeHHe, COOTBeTCTBYlOllee peuleHuio (46), mpeacraisieT co6oii
cocroanue nokoa (cm. ra. I, n. 2).

Bynem HasniBaTh peulenHe (46) HesoamyujeHnolm peuleruen,
a COOTBETCTBYIOLle€ €My [BHXKEHHE HEeBO3MYUW,eHHbIM OBUIMEHUEM.
Bcskoe peurense

. x=x(t) (48)
C HeHyJeBbIMH HadaJbHbIMH YCJIOBHAMH:
dx
X=Xo, ;=700 TpH t=t, (49)

rae x%-{—vzo#o, OyneM HasbiBaTb B03MYyuwjeHHoLm peweruem (08u-
JHCEHUeM), a UACTA Xo U Ug — BO3MYULEHUAMU.

HyneBoe pemenne (46) HasbiBaeTcss ycrod4usoim 8 cmbicae
Jlanynosa npu t—>--oo, eclM NO BCAKOMY TOJOXHTENBHOMY YHCIY
¢>(0 HalijeTcsi TakKoe IMOJIOXHTeJbHOe uHcao O0>(, uto U3 He-
PaBeHCTB:

| xo| <8, |vo|<<b (50)
Ceyl0T HepaBeHCTBA:
dx(t) ]
| x(1)] <e, l_di_)»l <e (51)

npu Bcex {=Tlo.
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Ecnn xota Gbl st ogHoro £>>0 He CYLLeCTBYeT COOTBETCTBYIO-
mero § >0, To peueHue (46) Ha3bIBaeTCs HEYCTOUUUBOLIM.

Peurennie (46) HasbiBaeTCsi QCUMNTOTUMECKU YCTOUYUBbLIM, €CJH
CHO YCTOHYHBO, H, KpOMe TOTO,

x(t)—0, () —0 mnpu t—>-oo. (52)

Haun6osee npocro Bonpoc 06 ycTOHYHBOCTH HCCELyeTCs B CJay-
yae, Korga ypaBHeHHe (44) eCTb OJZHOPOJHOe JIHHEHHOe ypaBHeHHe
BTOPOTO NOPSIAKA C NMOCTOSSHHBIMH KO3 GHIHeHTaMH.

[lyctb maHO ypaBHeHHe

d?x dx
—— a3 — +ax=0 53

roe a; U Gz — TNOCTOsIHHbIE BelllecrBeHHble uucaa. B atom ciayuae
06 yCTOMYHMBOCTH HyneBOro peieHdsi x=0 MOXHO CyJAHTb MO KOp-
HSIM XapaKTepHCTHUECKOTO ypaBHEHHS

A2ah+a,=0 (54)

M COOTBETCTBYWOLEMY MM BHAY OOllero peuleHdsi ypaBHeHHs1 (53).

Ecin o6a xOopHs XapaKTepHCTHYECKOTO ypaBHEHHS OTpPHIlaTe/b-
HBl MJIH HMEIOT OTPHUATE/NbHYIO BELIECTBEHHYIO 4acTh, TO HyJjeBOe
pewreHne x=0 yCTOHYMBO M NPUTOM AaCHMITOTHYECKH.

Ecav X0Tb OIHO M3 XapaKTepPHCTHYRCKHUX YHCEN MOJN0KHUTEJNbHO
HJIH UMeeT MOJIOXKUTENbHYIO BellleCTBEHHYIO YacTb, TO pelieHue x=0
HeyCTOHYHBO.

Ecsanm xapakrepucTHUecKHe YHCJa YHCTO MHHMBIE, TO peLleHHe
x =0 ycro#luMBO, HO He acCHMIITOTHYECKH.

B cayuae, Korga ofMH KOpeHb XapaKTepHCTHYECKOTO ypaBHEHHS
paBeH HYJIO, HaJUyHe YCTONYMBOCTH pemieAnss x=0 3aBHCHT OT
3HaKa BTOPOro KoOpHsi: peuieHne x=0 (HeaCHMNTOTHYECKH) yCTOH-
YMBO, €CJIM BTOPOH KOpeHb OTpHIlaTeseH, U HEeyCTOHYHBO, €CJH OH
nosioxkutesed. B paccmarpuBaemom cayuae a;=0, U yCTOHYHBOCTb.
onpejiensieTcss 3HAKOM aj.

Haxkoneu, ecnu o0a KOpHSi XapakTepHCTHYECKOTO YpaBHEHHS
paBHBl HYJIO, TaK 4TO a1=0a»=0, ¥ ypaBHenHe (53) mnpuHuMaer
BU] 4

2x
ar =0, (55)
TO peiieHHe x==(0 HeyCTOHUHBO.

16. TIpeanosnoXHM, u4TO MaTepHa/bHasi TOYKa MacChli M [BH-
xKercs 0 ocH Ox ToOX BJIMSHHEM CJELYIOWIMX CHJI:

1) BOCCcTaHaBJWBAWILEH CHJBI, CTpeMALLEHCS BEPHYTb TOYKY B
rioJIoKeHHe paBHOBecHs, —ax(a>>0);
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2) CHJIbl CONPOTUBJEHHSI Cpefbl, —-b% (6=0);

3) BHewHe#l cusbl, HampaBaeHHo# nmo ocu Ox u pasHoit F(f)
B MoMeHT BpeMeHu f. Toraa, coriacHo BTopoMy 3akoHy HreloToHa,
HaxoluM
d2x dx
m—— =—b— —ax+F(t). 56
g . —axtF (1) (56)
dto' nuddepeHuHaNnbHOe YpaBHEHHe [BHXKEHHS [aHHOH TOUKH.
Xapaxkrep ABHXKeHHH (pellleHHit), onpenensieMblX 3THM ypaBHEHHEM,
KOTOpble OOBIYHO Ha3bIBAIOTCH KO4ebaHusamu, 3aBHCHT OT Bbi6opa
Haya/JbHbIX JaHHBIX H OT COOTHOLIEHHH MEXJy CHJIaMH, NeHCTBYIO-
IMUMH Ha Touky. Jlasl ynpolueHHS 3amHuCH BBefeM OGO3HauyeHHs:

b a F(t)
_ — 2= - -
oo K= ()= (57)
Torna ypasHeHHe (56) MOXKET 6b[’I‘b 3anHcaHo B BHIe
dtz +2h ~ Hrx=[ (1), (58)
¥YpaBHenue
d?x dx
ndiid 24 —
J7 +2h — T +k2x=0, (59)

COOTBETCTBYIOIleE CJy4alo, KOTAa BHEUIHSS CHJIA- TOXKAECTBEHHO
paBHa HYJIO, Ha3blBAeTCA YpaBHEHueMm CB80600HbLX KOAeGaHuil.
Ecau f(?) %0, To ypaBHenue (58) HasbIBaeTCsi ypasueruem 6bl-
HYyxcOeHHblx Koaebanui.

H3yueHne [BHXKEHHH, onpeleiseMblX YypaBHeHHeM CBOG O I-
# bl X Kone6GaHui, CBOAHTCA K PAcCMOTPEHHIO BHAA KOpHEH Xapak-
TEPHCTHYECKOTO YpaBHEHHS

A2 2hAA-k2=0. (60)

PaccMoTpuM cHayaja KojeGaHus B cpene 6Ge3 compo-
THUBAeHHd, T. e korga h=0. YpaBHeHHe (59) npuHHMaeT BUJ

d?
dtf +R2x=0. (61)
Ero xapakrepHcTHUeCKOe ypaBHeHHE
M+k2=0 (62)

HMeeT YHCTO MHHMble KODHH A4, g=iR, U OGLUM pelleHHeM ypas-
HeHus (61) Oyxer
x=Cy cos kt+4C, sin kt (63)
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nan (mosarasi Cy=A sing, Co=A cos ¢)
x=A sin(kt+9). (64)

Takoe nBHXKEHHe Ha3bIBAETCS 4UCTO 2APMOHUHECKUM KOAeOaHuem.
Yncno A HasbiBaeTcsi amnautydoi sToro KoaebGaHusi, & — uacrorod,
¢ — Ha4aabHOU ¢pasod. 3HaueHHss A U @ onpelesilOTCS M3 Hayalb-
HBIX YCJIOBHH:

dx
X=X, —, =0 0pu t=t,. (65)
dt
Pemenne x==0, onpenensieMoe ypasHennem (61), 6yaer ycroi-
UHBbIM, HO HE aCHMNTOTHYEeCKH (moueMy?).
Ecniu koneGaHus NPOMCXOAAT B cpelle C CONPOTHBJEHHEM, TO

M, 2=—h-+ } h2—k2, (66)
OrpannuyuMcs cayyaem h2<<k? u h>0. Torpa
x=Ae—" sin (Y k2—h?t+¢). (67)

Takoe JBH)KeHHe Ha3bIBaeTcs 3artyxarnum eapmMoHU4ecCKum Koae-

b6anuem ¢ amnauryooi Aeht, uacrorod Yk*—h? u HauasbHOE
¢asod ¢. Uncso A HasbiBaeTCst HAYAALHOU aMNAUTYOOU. 3HAYEHHS
yucen A U ¢ onpenensiioTcsi U3 HauaJibHBIX YCJOBHH (65).

Pemenne x=0, onpenensiemoe ypaBHeHHeM (59), acHMNTOTH-
YyeCcKH YCTOHYHMBO (MmoyeMy?). \

PaccmoTpuM omMH 4YacTHbI ciaydyall ypaBHEHMS BbIHYXKAEHHBIX
KosieGauuii (58), Korga BHeEIIHSS CHJA SIBJASIETCS CHHYCOUJAJIbHOH
BeJMYHHOH M KosnebaHHsA nponcxonm B cpele 6e3 CONMPOTHBJIEHHSA:

dtz —|-k2x M sin ot. (68)

O6ulee pelieHHe 3TOr0 ypaBHEeHHs MpeACTaB/seT COGOH CyMmy
o6u1ero pelleHHsi COOTBETCTBYIOLLETO OJHOPOAHOTO ypaBHeHus (61)
M YaCTHOro pelileHHsi x1=x;(f) camoro ypaBHeHus (68):

x=A sin (kt+¢) +x1(t). (69)

CoOTBETCTBYIOIIME HM KOJNeOaHHSl HAa3bIBAIOTCH BbIHYMOCHHbIMU.
OHH cKJabIBalOTCA N3 cBOOOAHLIX Kosne6GaHui (64), onpenensieMbix
vpaBHeHneM (61), xoToprie Ha3HIBalTCA B paccMaTpPHBaeMOM CJy-
yae COOCTBEHHbIMU KOAEOAHUAMU TOYKM H HEKOTOPOro KoJseGaHus
x1=1x1(t), onpenensemoro ypasHennem (68). Konebanve xj=ux(t),
COOTBETCTBYIOLUEE HY.eBbl M HayaJbHbIM YCIOBHAM:
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B4 npu t=ts, (70)
dt
Ha3bIBAETCS HUCTO BbIHYNCOEHHbIM KOAeOAHUeM.

YactHoe pemeHde xj=x1(f) ypaBHeHus (68) MOXKHO HaHTH
MeTOJOM HeompejesneHHbIX Ko3¢dduuuentoB. [Ipu sToM BHA YacT-
HOTO peuleHHsl ¥1==x;({) M COOTBETCTBYIOILEro eMy KoJeGaHHs CY-
L1eCTBEHHO 3aBUCHT OT COOTHOLIEHHS MeXJy YacCTOTOH © BHeLIHeH
CHIBl M 4acTOTOH k COGCTBEHHBIX KoseGaHuil. Pasauuaror naBa

x1=0’

cayuas.
1. w=k. Torna
X1= —m sin of, (71)
4 si M . )

x=A sin(kt+¢) 4 gz Sin of; (72)

2. w==k (pesonanc). B stom cayuae

M

T t cos ki, (73)

. M
x=A sin (kt4¢)— % t cos kt. (74)

OO6iemMy peuieHHI0 (74) COOTBETCTBYIOT Koseb6aHHA C HeOT p a-
HHYEeHHO BoO3pacTallleld aMOJHTYyAOH BCIEACTBHE
Ha/JMuHsi B HeM TaK Ha3blBaeMOro B8eK08020 4/EeHA — CJ1araeMoro,
ColepaKallero MHOXHTeJNb ¢ TMPH KOCHHYCe.

17. Jlune#tnoe nuddepeHnnanbHoe ypaBHEHHe C MOCTOSHHBIMH
KO3 pHLUHEHTaMH BO MHOTHUX CJyuasX MOXeT ObITb NpPOHHTETpH-
POBAHO TaK Has3blBaeMbIM ONEPAalMOHHBIM HJIM ONepaTOPHBIM MeTo-
IIOM, KOTODbIH COCTOHT B HCIOJIb30BAaHHH ONEPalHOHHOIO HCUHC/Ie-
HHUS [J5 HaxXOXAeHHS pellleHHA 3TOro ypaBHeHHs. ITOT MeTOox
TIO3BOJISIET CBECTH MHTETPpHPOBaHHe NH(depeHUHabHOTO ypaBHEeHHUs
K BBINOJIHEHHIO HEKOTOPHIX YHCTO anre6panyecKHX onepauui, Gma-
Tofaps uyeMy OH MOJYYMJ BeCcbMa LIHPOKOE PacCHpoCTpaHeHHe.

[NpuBenem Heo6XoAHMble CBeleHHS H3 OMNEPaLHOHHOIO HCYHC-
gseHus. Ilpu stom Ham mnorpeGyercsi MOHATHe 00 oOnpeneeHHOM
BHTerpase OT KOMIIEKCHOH (DYHKLHH BellleCTBEHHOH -NlepeMeHHON f.
[Tyctp

f(t) =u(t)+iv(?), (75)

rae u(t) u v(f) — BeulecTBeHHble (YHKUHH OT [, ONpejeseHHble
B HEKOTOpOM HHTepBase (@, b), KOHEYHOM HJH GECKOHEYHOM B OJHY
Han o6e cTOpoHbl. Toraa no onpefeseHHIO MOJaraloT
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b b

b
ff(t)dt: fu(t)dt-{—i /v(t)dt. (76)
a a a
Herpyano yGeauTbcsi, YTO HHTerpasbHOe HCYHCJIEHHe AJs Belle-
CTBEHHbIX (PYHKIHH pacnpocTpaHsieTcsl Ha KOMIIEKCHble (YHKLHH
Buaa (75). Ilycte x(f) ecTb HekoTOpasi BelleCTBEHHAs HJIH KOM-
nneKcHaa (YHKIHS BellleCTBEHHOH IMepeMeHHOH [, ompejejeHHast
npu Bcex (=0.
PaccmoTrpum caepyrouyii HecoGCTBEHHbIH HMHTErpas:
+o00
o(p)= [ x(t)e-riat, (77)
0
33aBUCAIIMH OT MapaMeTpa p, KOTOPBHIH NpeacTaB/sieT COOOH KOM-
nJaeKkcHoe uyucjo, p=o-it (puc. 52). Nurerpan (77) Ha3biBaercs
unteepasrom Jlanaaca.
Ecan ¢yHnkuus x(f) HempepelBHA W yJNOB/IETBOpSeT HEPaBEHCTBY

| x(t)| <Me°t npu Bcex =0, (78)

rie M u 0o — BellleCTBeHHHle MOCTOSIHHble WYHC/IA, TO HHTErpald
Jlannaca CXOOMTCSl NMpH BCeX 3HAYEHHSIX p, BELIECTBEHHAs YacTb
KoTOopblXx Gosblie oo, Re(p) =0>>0o u, cneqoBaTe/jbHO, MpeACTaB-
JisieT co60I0 QYHKIUHIO KOMNIEKCHQH MepeMeHHOH p, ompeleseHHYIO
BO BCeX TOYKax KOMIIEKCHON IJIOCKOCTH (p), JieKaulux MpaBee
npsiMoil =0, (cM. puc. 52).

IleficTBUTENbHO, OLlEHMBasi MOABIHTETPAJNbHYI0 (YHKUHIO, Ha-
XOIHM

|x(f)ert| = |x(He-C+t | = | x(f)| et | e~ (79)
Ho r
| et |=| cos tt—isin vt |=]1, b :
| x(6)] <Mest. (80) =
[Tosromy :
| x(t)e»t | <Me-o-out,  (81) e E=
Tak kak npu 0>>0, HHTerpaJ
;- ! g
f e~(o-ontdt (82) o P

¢ .
cxomutes, TO HMHTerpaa (77)
TOXKe CXOAHUTCAA MPH O =0.

B nanbueiiiiem G6ygeM mnpep-
nosnaratb, YTO Bce (YHKIUH, Puc 52
OJ1S1 KOTOPbIX paccMaTpHBaeTcs
uHTerpana Jlannaca, HenpepblBHBI U YAOBJAETBOPAIOT ycjaoBHio (78).

i
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Paccmotpum oneparop Jlanaaca — Kapcona

o0
x(p) =p0/ x(t)e-rtdt, (83)

oTJIMYaoLHiAca OT HHTerpasa Jlanjgaca TOJbKO MHOXHUTENEM p.
OH CcTaBHT B COOTBETCTBHe C KaXAOH ¢GyHKuHeH x(f), yAOBIETBO-

psioleil ycoBHio (78), HEKOTOPYIO (QYHKILHIO X(p) OT KOMIJIEKCHOIX

nepeMeHHoH p. Bynem HasblEaTh (QYHKIHIO ;(p) usobpadxcenuem
¢yHkuun x(t), a camy ¢yskuMio x(f) — opueunarom paa yHK-

ud x(p). CooTBeTcTBHE MeXIYy OpPHTHHAJOM M H306paKeHHeM
6yZeM CHMBOJHYECKH H306pakaThb Tak:

x () <x(p) nau x(p)=>x(t), (84)

rae CTpejka HampaBjeHa OT H300paxeHus K opurusHany. Msobpa-
JKeHHe CYIeCTBYeT [Jisi BCSIKOH HenpepblBHOH ¢yHKuuu x(f), ynmo-
BJeTBOpsoULel ycaoBuw (78).

OTMeTHM HeKoTOpble CBOHCTBAa H300pasKeHHH, KOTOpble MOHA-
no6sTca Aas AajbHeHIIero H3J0XKeHHs.

1. Ecan x(¢)<x(p), o cx(t)<cx(p) (c=const).

2. Ecnn x()<x(p), y()<y(p), To x(1)+y(H)<x(p)+y(p).
3. Ecau dyHKkius x(f) uMeeT HenpepbiBHYIO NpoH3BOAHYIO X (1),

yIOBJIETBOPSIOLLYI0 BMecTe ¢ x(f) ycnosuio (78) u x(t){—)_c(p), TO

X' (t)<-px(p)—px(0). (85)
B uwactsocry, ecan x(0) =0, To
X' () <px(p), (86)

Tak uto AMdPepeHUMpOBaHHE OpHUI'HHANa COOTBETCTBYeT YyMHOXe-
HHI0O H300parkeHHsl Ha p.
JlelCcTBUTENbHO, HAXOAUM

400
¥ (p) =pf X' (t)e-rtdt, (87)

I/IHTerprﬂ no uacrtdam, NnoJy4yHMm
+o0 “+o00

% (p) =p [ et (1) l +pof x(t)e-rtdt] . (88)
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Tak kak B cuny ouenkn (81) dynkuus e—Pix(f) obpauiaercs B Hy.b
Ha BepxHeM npegfene [npu Re(p) >o00], T0O
¥ (p) =—px(0)+px(p) wan x'(¢)<px(p)—px(0).  (89)

4. Ecnu ¢yHkuus x(f) uMeer HelpepblBHble MPOU3BOJAHbIE IO
NOPSAAKA n BKJIOYUTEbHO (yAOBJIETBOpsIOLIHe BMecTe ¢ x(f) ycmo-

Buio (78)) u x(t)<x(p), TO

X (t)<prx(p) —pmx (0) —p™~ix’ (0) — ... —px»=(0).  (90)
B uacrtHocty, ecaun x(0) =x'(0) = ... =x-9(0) =0, T0
X (1)< pnx (p). (91)

Y6eaumcs, uto ¢opmyaa (90) Bepra npu n=2. Toraa
400 +o0

400
;”(p)=p0f x”(t)eprtdt=p [x'(t)e-‘Ptl +p0f x'(t)e—Ptdt]s

=p [—+' (0)+px(p) —px(0)] =p2x(p) —p2x (0) —px’ (0),  (92)
T. €.

¥ () <% (p) —p2x (0) —px’ (0). (93)

MeronoM MaTeMaTHYeCKOH HHAYKUHMH yOexnpaeMmcsi, uto ¢op-
myaa (90) cnpaBemnuBa NpH JI0GOM n.

[Npusenem tabauuy usobpaxkenuit (Taba. 1) mpocTefmnx ¢GyHK-
uuil, B CNpaBelJHUBOCTH KOTOPOH Jerko yO6eQuTbCsi HEemocpeacTBeH-
HBIMH BBLIYMCJICHHSIMH.

[Moab3ysick Tabs1. 1 W yCTaHOBJEHHbIMH Bbillle CBOHCTBAMH H30-
GpakKeHHiH, MOXKHO HalTH peuleHHe 3aaauu Kowwn ans auHefiHOro
ypaBHeHHs] C MOCTOSIHHbIMH KO3(®(HIMEHTaMH, eCJH 3TO ypaBHeHHe
OJHOPOJHOE HJIH ero npaBas 4acTb MOXKeT ObITb INpeacTaB/eHa
B BHAE CyMMbl QYHKUHH, COfepKamuxcs B Tab/HLe, HIH HX JHHeH-
HOM KOMOMHAUHH C TOCTOSIHHBIMH KO3(Q(HIHEHTaMH.

[TycTe naHO JuHelHOe ypaBHeHHe

Mfaxm—D4 | Fan X’ +anx=f(t) (x”‘): ?ﬁ), (94)

rie ai, ..., @, — NMOCTOSIHHbIe BellleCTBEHHble UHCJAA, a QYHKUHA
f(t) samana u wHenpepntBHa npu (>=0. IlocraBum Haya/nbHbIE
yCJ0BHS

x=xo, X'=x,, ..., ¥0-D=x(n=9 nppu {=0. (95)
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[Myctb x=x(¢) ecTb pewenne 3amaun Kown (94)—(95). 1o
pellleHHe cCylleCTBYeT H eAHMHCTBeHHO. [locTpoum H306pakeHue
peirennss x==x(f). C sToii Lenbl0 BO3bMeM H306parkeHHe OGEHX
yactell ypaBHeHus (94). Ilonyuaem

X® (p) + ax =D (p) + . .. +an-¥’ (p) +ank (p)=F(p).  (96)

Ta6auua 1

x(f) x(p) Re (p)
C (C=const) C Re (p) >0
n!
{™ (n — HaTtypaJ/ibHoOe) — Re (p) >0
p
ert (A — const) Re (p) >Re (1)
p—A
n'p
t» eM (n — HaTypaJabHoe, A — const) B E— Re (p) >Re (2)
(p=2)ntt
—a
eat cos bt (a u b — BewecrBennble) p(p—a) Re (p)>a
(p—a)2+b? ~
p?
cos bt (b — BeulecTBeHHOE) Re (p)>0
p2+b2
bp
eatsinbt (a m b — BeulecTBeHubIE) —_— Re (p) >a
(p—a)?+b®
bp
sin bt (b — BelecTBeHHOe) — Re (p) >0
p2+b2
2_p2 :
t cos bt (b — BelecTBeHHOE) L Re (p) >0
(p2+b2)2
bp?
tsin bt (b — Beuecrselnoe) Q*p Re (p) >0
(p?+b2)2
p?
chat (a>0) — Re (p) >a
p:—a?
shat (a=0) ap Re (p) >a
pZ_aZ

SaMeHsas H300paKeHHs NPOH3BOAHBIX HX 3HAYEHHSIMHM, COIl/1acHO
¢dopmynam (85) u (90), npuHHMas RO BHMMaHHe HayajbHble YCJO-
Busi (95), HaXOaHM
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prx(p) —prxo—prTiK,— ... —px(P-4
+au [prix (p) —prite—pnig — L —pxI] 4L+
+an—s [px(p) —pxo]+anx(p) =[(p). (97)

CobpaB ujieHbl, coiep:kauide x(p), U NepeHecs BCe OCTaJbHLIE
YJeHbl B NPaByl0 4acTb, NOJYYHM

(prdaipm=14- ... Hansp+an) x(p) =F(p) +¥(p), (98}

rae
Y (p) =prxotpr X+ HpxPI
Fai [prixo+pri 4 .. +pxPD) 4 .. Hap_apo. (99)
3aMeTHM, uTO Ko3(hUUHEHT npH Xx(p) coBmajgaer C JeBoi uya-

CTbIO XapaKTepHCTHUYEeCKOr0 ypaBHeHHMsl Has ypaBHeHHs (94). ITonb-
2ysICb NMpeXXHUM 00603HaueHHeM

P(p) =pr+aip"~'+ ... +anap+an, (100)
sanuuieM ypaBHeHue (98) B BHAe
P (p)x(p) =F(P) +¥(p). (101)

DTO ypaBHEHHe Ha3blBAETCS BCNOMO2ATEAbHbIM YPABHEHUEeM [Jist
sanaun Komn (94)—(95) uam oneparopnuim ypasHenHuem, cOOT-
BeTCTBYIOWIMM 3TOl 3agave. M3 ypaBHenusa (101) nHaxomum usobpa-
JKEHHEe HCKOMOTO pelleHHs:

x(p)= 1) +o(p) )J[;")( P (102)

BoccraHaBauBasi Mo 3TOMY H300pa*KeHHIO0 OpHTHHAJ, nonyan Hc-
KOMoOe pellleHHe X=X ({).

OtmeruM, uto gopmyaa (102) mns usobpakeHus pelleHHs NpHU-
nuMaer HaubGoJsiee NpPOCTOH BHI, €CIH pelleHHe YAOBJETBOPSeT
HyJ eBbl M HauaJbHbIM YCJOBHAM:

x=0, ¥’=0, ..., x*Y=0 npu t=0. (103)
B sToM cayuae
f(p)
P(p)

x(p) = (104)
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MNMpumep 3. PacomoTpuM ypaBHeHHe

o . t(“ dzx) (105)
x+x=sint| x= .
dez
Hajinem peulenne, ynoB/eTBOpsiOllee Haya/bHbIM YCJIOBHAM
o, Z__1 1=0 (106)
X=0, —=———11 =Vu.
dt 2 -
BosbmeM uso6paxeHuss ofenx vacTell ypaBHenus. Tak Kak
— — — 1
x”(p)=p*x (p) —p*x (0) —px’ (0) =p*x (p) + - P (107)
a usobpakeHueM ¢yHKuuH sinf sBasiercs, corsacHo Tabua. 1, dyHKuus pzl-)l-l , TO
PE (0) + — pAx ()= —2 (108)
2 p:+1
WK
- p(1—p?)
2+1) x (P)=——"T (109)
(p21) % ()= 5 o
OTKyZa .
- 1—
% (p)= pa=r%) (110)
2(p*+1)*

Mwem B T1abn. 1 usobpaxenue, coBnanaiomec C 3THM H306parKeHHEM HJIl XOTH
6bi 61M3Koe K HeMy. Buaum, uto ¢ynkuus (110) ssaserca u3obpaxenuem ¢yHK-

UMM fcost ¢ TOYHOCTbIO N0 MHOXKHTeNs ——?. [TosTOMy HCKOMBIM pelleHHeM
6yner
1
x(t)=-—-?tcost. (111)
NMpumep 4. Haiitn pelieHHe ypaBHEHHS
.. 1
X—x=—et, 112
2 (112)
ynosne:raopmomee HY/eBbIM HayaJbHbIM YCJIOBHAM:
0, 20 npu t=0
x=0, — =0 npu {=0.
py P (113)

CocraBuM BcroMoraresibHoe ypaBHeHue, moJab3ysch ¢opmyaonr (101) u
1a6a. 1. Tlonyuum

- P
2] =—
04 ) x (p) 2(r—1) (114)
OTKYyAa
x(p) _ 1
p 2(p—1)2 (p+1)

(115)
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Pa3jioxuM npaBylo uacTb Ha NpocTeiilude palHOHaJbHblEe APOGH:

x(p) 1[ 1 11 N 11
(-2 2 p=1 2 p+1l

(116)

p T4
TTostomy
- 1 1 1
x(p)=—[—'D LIS (117)
4L (p—1)2 2 p—1 2 p+1

INoab3ysich Taba. 1, noayunm
1 1 1
xt=—(tef——e'+-—e"). 118
() 2 5 5 (118)

NMpumep 5. Haittu peiwenne ypasHeHus
" —x=0, (119)
YIOB/IETBOPSIOLIee HAYANBHEIM YCAOBHAM:

x=1, x’=1, x"=1 npu {=0. (120)

X

Jlas cocTaB/eHusi BCIOMOraTeqbHOTO ypaBHeHHs Bocnogb3yeMmcsi (opMysoi

(101). B namem cayuae [(p)=0, P(p)=p*—1, $(p)=p*+p*+p. Tlostomy
BCnoMoraTteJibHblM ypaBHEeHHEeM 6yneT

(p*—1) x (p) =p*+p*+p, (121)
OTKYAa
X(p) = ——. (122)
p—1
Hckomoe pelienne
x=et. (123)

§ 5. YPABHEHNA, TPUBOAMMBIE K YPABHEHHNAM C HNOCTOSAHHLIMHU
KO3®PHINEHTAMHI ’

18. OnHHM M3 NPHEMOB, MO3BOJIAIOIIHX BO MHOTHX C/IyYasix MpH-
BECTH OJHODOJHOe JIMHEeHHOe ypaBHeHHe

Y4-py (x) YD+ ... AP (X) Y +Pn () y=0 (1)

K YpaBHEHHIO C NOCTOSTHHbIMH KO3((}HIHeHTaMH, SIBJISeTCS 3aMeHa
He3aBUCHMOH NepeMeHHOH, KoTopas, Kak OTMeuYeHO B I. 3, He Ha-
pylliaeT HH JIMHEHHOCTH, HH OJHOPORHOCTH JaHHOTO ypaBHEHHs.

H. I1. Epyrun un 1orocnaBckuii matematik T. IlefioBuu?! moka-
3a/ii, YTO €C/]H TakKoe NpHBeJEeHHe BO3MOXKHO, TO TOJBKO MpH MO-
MOLUH NOJCTaHOBKH

t=cf1%/pn (x)-dx (c=const), (2)

t MarBeeB. Meroab HHTErpHpoBaHHSA, CTP. 424.
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KoTopasi NPHBOAUT ypaBHeHHe (1) K ypaBHEHHIO C NOCTOSHHBIM
K03 (HIHEHTOM NpPH HCKOMOH (YHKIIHH.

Mpumep 1. PacoMoTpuM ypaBHeHHe
1
y'— —y'+4x*y=0. ©))
X
[ToacraHoBka (2) npHHHMaeT BHUAL

t=c f ¥ 4x2dx, 4)

oTKyna, mojarasg c¢=1, HaxoauMm (Omyckas MPOH3BOJbHYIO MOCTOSHHYIO MHTETPH-
POBaHHA) :

t=x2. (5)

Beinoansis 3TYy. NOACTAaHOBKY, HMeeM
f =y =y . . " —y” . 4x2424 . 6
yx yt x yt 2%; yx7 yt’ + yt ©®

Moxacraeass (6) B ypaBHeHHe (3), MOJyu4HM ypaBHEHHEe C MOCTOSHHBIMH KO3(du-
LIHEeHTaMH

¥, ty=0, (7
OTKyZa
y=Ccost+Cysint. (8)
CJle0BaTeNbHO, ’
y=C,y cos x2+4C; sin x2 9)

ecTb ofllee pelueHHe ypaBHeHus (3).

19. YpaBHeHue Buza
xrymdaxn—tym—04 4-a, 4xy’+a,y=0, (10)

rae ai, ..., Qn — IOCTOSIHHbIE BeLIeCTBEHHble 4YHCJa, Ha3bIBAeTCs
ypasHeruem Jiarepa.

Ecau cpenatb kosddunuedt npu y™, paBHbBIM eNHHHLE, T. €.
nepenucaTbh ypaBHeHHe JDisiepa B BHJIe

ay An— an
(n) - — y(n—1) Ly LA g
Y+ Yy Ty =T y=0, (1)

To Toyka x=0 obpamaer B OGeCKOHEUHOCTb Bce KO3PPHUHEHTHI
IIOJlyYeHHOTO ypaBHeHHs, KpoMe MepBoro. Dynem Ha3blBaTh TOYKY
x=0 ocoboii rouxoi ypaHenu#t (10) u (11). ITokaxem, uto ypas-
HeHue JMjepa Bcerga NPHUBOAHMTCS K YPaBHEHUIO C MOCTOSIHHBIMH
K03 dHIMEeHTaMH NIPH NOMOLIM COOTBETCTBYIOLLEH 3aMeHbl He3aBH-
CHUMOH NepeMeHHOH.
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IMoncranoeka (2) npu x>0 npuHHUMaeT BHJ

t=ch%dx=lpx (12)

H olyCcKkaeM [POH3BOJIbHYIO IOCTOSIHHYIO

(nonaraeM =

Y an
HHTerpHpOBaHNA ), OTKyZa
x=¢et (13)
BelpasuM npou3BOAHbIE OT Y MO X Yepe3 MPOH3BOJAHbIE OT Yy MO f:
1 /
V= =t =Y
t
4_d,
de _ dt =’ b (14)

yl,=(ypet—y e et=(y, —y;)e ™,

() —q(y, .., ym)e-nt
ym =q(y,, ..., yp)emt

Buinoansisi Tenepb B ypaBHeHnu (10) momcranosky (13), Buaum,
4TO CTeMeHH X (X==e!) B3aHMHO YHHUTOXKATCA CO CTeNeHAMH e~?,
M Mbl IOJYYHM OJHOPOJHOE JHHeHHOe ypaBHEHHE n-r0 MNOpsiaKa
C TNOCTOSIHHBIMH KO3 (HIHEHTaMHU

YW by . +bn_ sy’ +bny=0. (15)

Haiina obuiee peuwieHue ypaBHeHus (15) u 3ameHMB B HeMm !
Ha In X, npuieM K o6uieMy pelleHHIO ypaBHeHHs Jinepa B 061acTH

O<x<doo, |y| <Hoo, Y| <<Hoo, ..., |y <400,

Jlaa oTpuUUATENbHBIX 3HAueHHH X MPM TOMOIUH IMOJACTAaHOBKH
x=-—e! MOoJIyYuM TOT K€ aHAJHTHUYECKHH BHJ OOLIEro peuleHHs.
Tak Kak ¢GyHIaMeHTaJbHasi CHCTeMa pelleHHA ypaBHeHus (15)

COCTOMT H3 (PYHKUHH BHIA
eMt  eat cos bt, eat sin bt }
tmehit| fmeat cos bt, tmet sin bt,

(16)

To QyHAAMEHTaJbHasi CHCTeMa pelleHHd ypaBHeHHs Jinepa co-
CTOMT H3 QyHKUMH BHIA
xm, xe cos (b Inx), x2sin(blnx); } 7
xm . (Inx)m, x@cos(b In x).(In x)™, xosin(b In x)-(Inx)™. (17)
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YpaBHeHHe BHAA

(ax+4b)rym4-ay (ax+b)n—1yn—H4 . +
+an—1 (ax'l’b)y',‘l‘anyzo

(18)

NMPUBOAUTCA K YPaBHEHHIO C NOCTOAHHbIMH KONPQ)HU.HGHT&MH npH

NNOMOUIH NOACTAaHOBKH
| ax+4-b |=¢.
NMpumep 2. PaoccmoTpuM ypaBHeHue
' x2y” —4xy’ 4+ 6y=0.
Tlonaras x=e', HaX0AHM
6-|y=y
(—4x) - |y =y,e!
y =(y’t’2—y;) e-2t

Y,,—59, +6y=0,

x2.|y”

4
a2

oTKyna
y=C1e2‘+C2e3'.
CnenoBaTenbHo,
y=C1x2+Cyx3

ecTb ofuiee peleHue ypaBHeHnus (20).
dynaameHTanbHOi cHcTeMol pelueHdil ypaBHenus (20) Gyaer

Y1=x2, Yy=ux3

(19)

(20)

(21

(22)

(23)

(24)

3aMeTHM, 4TO OHa COCTOUT H3 GYHKUHH, KOHEeuHB X B 0co60l Touke x=0
i Naxe ToJoMOPQHBIX B OKPECTHOCTH 3TOH oco6oit Toukd. BpoHckuan peue-
Huit (24) paBen x*  On ofpamaercs B HyJb B Touke x=0. 3To He NPOTHBO-

peunT TeopHH, H6o Touka x=0 ocobas.
Mpumep 3. IlycTb KaHO ypaBHeHHe

x2y” +3xy’+y=0.
BbinoJHAs NOACTaHOBKY X=eé!, noJy4um
o ’ _
Y.ty +y=0
OTKyAa

1
=— (Ci+C:Inx).
x

dyHpaMeHTaNbHOM CHCTEMOH pelleHuli ypaBHeHus (25) 6ymer

1 Inx
Yr=—", Yo=——.
x x

3necb o6a pelueHHS CTPeMATCA K GeCKOHEYHOCTH, KOrJa X CTPEMHTCS
Touke x=0.

(25)

(26)

(27)

(28)

K 0co6oii
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NMpumep 4. [ns ypaBHeHus
Xy’ +xy’+y=0 (29)
uMeeM
x=et, y’;2+y=0, y=Cy cos t+C;sin ¢,

y=Cycos In x+C;sinln x. (39)
Heodrnopoodnoe ypasnenue Jirepa
xryMm4axn—lyn-H4 +an;1xy’+any=f(x) (31)

‘Bcerga HHTerpupyercs B KBaapartypax (mouemy?). Ecau f(x)=
=P (ln x)x%*, rge P — NOJHHOM, TO OHO HHTErPHPYeTCSI B 3JE€MEH-
TapHbIX QYHKUHAX (mouemy?).

Mpumep 5. PacoMoTpuM ypaBHeHHe

. 1
xy’+y — —y=4 (32)
x
YMHoxaf o6e yacTW Ha X, MOJYYMM HEOLHODPOAHOe ypaBHeHHe Diinepa
x2y" +xy’ —y=4x. (33)
Ilonaras x=e!, npuaeM K ypaBHEHHIO
Y’ —y=4e'. (34)
ITo ypaBHeHHe HMeeT YacTHOe pelleHHe
y1=2te’ (35)
(nouemy?). IMostomy
C
y=2tet+Ciet+Cse~t; y=2xInx+Cix+ = (36)
x

20. ¥pasrenue Yeboviuesa

(1—22) y"—xy +n2y =0 (37)
NOACTaHOBKOMH
nZ
1‘=ch — dx=arc cos x (38)
HJIH
x=cos t (39)
NPHBOAHTCA K YPABHEHHIO C NOCTOSIHHBIMH KO3(QHIHeHTaMHu
©yLtnty=0 (40)

(neuemy?). ITosTomy o6muM peumlenHeM ypaBHeHHs UeObiwesa (37)
6yner
y=~Cj cos n arc cos x+C; sin n arc cos x. (41)
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Ecnn n — uenoe, To yacTHoe peuleHue
Y1==COS n arc cos x (42)

€CTE IOJHHOM cTeneHH n (mouemy?). OH HasblBaeTcss NOAUHOMOM
HYebvuuesa u o6o3Hauaercs yeped Tp:

n==COS 1 arc cos X. (43)

[TonuHoM UYeGbiieBa mnpeactaBasier coGoi pellleHHe ypaBHEHHS
UYebbimieBa, KOHeUYHOE B 0COOBIX TOUKax X==-1.

21. [lasa mpuBeNeHHs OAHOPOAHOro JIMHeHHOro ypaBHeHus (1)
K YPaBHEHHIO C IOCTOSIHHbIMH KO3(D(pHUHEHTaMH MOXHO Hapsaay
C 3aMeHOH He3aBUCHMOH INepeMeHHOH HCMOJb30BaTb OJHOPOAHYIO
JIHHEHHYI0 3aMeHy HCKOMOH (PyHKHHH

y=ua(x)z, (44)

KOTOpasi TOX€ He HapyllaeT HH JIMHEHHOCTH, HH OXHOPOXHOCTH
ypaBHeHus (1).

Npumep 6. Ypasuenue Becceas

1
x2y” +xy'+ ( x:— vy ) y=0 (45)
npH TOMOLUH MNOACTaHOBKH
1
y=—12 (46}
"/x
NPUBOAHTCA K YPaBHEHHIO C MOCTOSHHBIMH KO3dduuHeHTaMH
2"+2=0 (47)
(n1ouemy?). Ilostomy
cos X sin x
y=C1 p— 2 — (48)
v V *

6yner oOLIMM pelueHHeM YypaBHeHHs (45).

§ 6. OTHOPOJAHBIE JIMHENHBIE YPABHEHIA BTOPOI'O IIOPATTKA
C NNEPEMEHHBIMI KO3®OUIIMEHTAMHI

22. PaccMOTpPHM OJHOPOJLHOE JIMHEHHOe ypaBHEeHHe

Y +p(x)y'+4q(x)y=0, (1)
K03 (dHUIHEHTEl KOTOPOro HelmpepuiBHBI B HHTepBase (a, b). Iloka-
»eM, YTO NMpH MOMOILH NMOJACTAHOBKHM BHAA
y=oa(x)z, (2
rae z — HOBas HeH3BecTHast QyHKUHA, ypaBHeHHe (1) MOXHO mpH-
BeCTH K BHAY, He COLepKalleMy uYJeHa C NepBOH NPOH3BOXHOHM.
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JleicTBUTENbHO, BBINOJHASA B ypaBHeHuH (1) moacraHoBky (2),
HOJIYYHM

a’z42a'2+az”"+p(a’z+az’) +qaz=0. (3)
[MpupaBuuBas Hymo cymmy KosdhduuueHTOB npu 2/, mosyuaem
2a/+pa=0, 4)
OTKyIa
_f.p_(x)_dx
a(x)=e 2 (C=1). (5)

[MoacraBasia 310 3vaueHHe o(x) B (2), MONYYHM HCKOMYIO MOA-

CTaHOBKY
— [ @
y=e f 2 2. (6)

Ilpn nomomu 3Toii moAcTaHOBKM ypaBHeHue (1) mnpeoGpasyercs
K BULY

2"+1(x)z2=0, (7)
rae
1) =— L8 P& 4o ®)

Moxer oxkasatbest, yto [ (x)=const uau /(x)= Torna

(x—a)?’
ypaBHeHue (7) HHTCrpUpyeTcss B 3JIeMeHTapHB X ¢yHK-
Huax (nouemy?), a ypaBHenHe (1) —B kBagpaTypax.

NMpumep 1. PaccmoTpuM ypasHeHue

"+ xy + (—x2 -—I ) 0
X - =0.
Yy +xy 1 5 y 9)
31ech

I(x)=—1, (10)
noaTomy NnoACTaHOBKAa

y=e Lz (11)
NpUROAHT ypaBHeHHe (9) K BHAY

2" —2=0. (12)
O6wuM peuiedueM ypasHeHus (9) OGynmer

x4

y=e & (Ciex+Cre-%). (13)
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23. YpaBHeHHe BHIA
P Y"+p ()Y +q9(x)y=0 wm [p(x)y']'+q(x)y=0, (14)

B KoTopoM Ko3(duiHeHT npu y’ ecTb NPOH3BOAHAS OT KO3ddH-
LMeHTa TNpH Yy”, HaA3bIBAeTCA CAMOCONPANEHHLIM YPABHEHUEM 6TO-
poeo nopadka. TlpuMepoM CaMOCONpPSIKEHHOTO ypaBHEHHs sIBJISIeTCH
ypaBHenue JlexkaHapa

(1—2) y"—2xy/ +n(n+1) y =0. (15)

YpaBuenue Beccens
Ry xy'+ (P —n2) y =0 (16)
He CaMOCONpPSIXKEHHOE, HO JIEFKO MPHBOAHMTCA K CaMOCOMNPSIKeHHOMY

BHAYy. s 3TOro HOCTaTOYHO YMHOXHTb 00e yacTH ero Ha P
Tonyunm-

it (o= Yoz )

[TokaxxemM, uYTO BCsKOe€ OONHOpOAHOE JUHEeHHOe
YpaBHeHHEe BTOpPpOro nopsaankKka

po(X)y”+p1(x) Yy +p2(x)y=0 (18)
MOXeT ObTb NPHBEJAEHO K CaMOCONPAKEHHOMY
BHAY.
B camom pmene, ymMHOXas obGe yacTH ypaBHeHHs (18) Ha ¢yHk-
LHIO p=p(X), HAaXOAHM
wpoy” +upsy’+ppay =0. (19)

OTo ypaBHeHMe OyleT CaMOCOMPSIXKEHHbIM, €CJIH W YAOBJIETBOPSET
YCJIOBHIO

up1==(upo)’ nau pou’+ (py—p1) n=0, (20)
oTKyna

(e1)

[Ipu Takom BhmIGOpE (pyHKuml u ypaBHeHue (19) npumer cie-
LYIOLHA CaMOCONpPSIXKeHHbIH BHIL:

[p(x)y']+q(x)y=0, (22)

rape

P1 gy Pt dx
f q) =220 T (23)

Po

px)=e
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NMpumep 2, IMpusectn ypasHenue YeGbliea

(1—=x2) y”"—xy’+n2y=0 (24)
K CaMOCONpsiXKeHHOMY BHAY.
IMTonyunm
% _dx
fi-—x2 1
w(x)= e = (25)
1—x? y1-x
CamoconpsxeHHbIM BHIOM ypaBHeHHs YeGnimeBa Gyaer
n2
1—-x2y") 4+ ———y=0. (26)
V=50 + ——,
24. Tlyctb naHO OXHOPOAHOE JIMHEHHOE ypaBHEHHE BTOPOToO
nopaaka
Ly)=y'+p(x)y'+q(x)y=0. (27)

[MokaxkeM, UTO ecAuU U3BECTHO HEHYAeB0e H4AaCTHOe peuleHue

yi=yi1(x) 3roeo ypasnenus, 1. e. yi(x)%=0 u L(y1) =0, 10 eéo

1OpAOOK MONCHO NOHU3UTL HA eOUHUYY, He HAPYUWas AUHEUHOCTU,
JleficTBUTEBHO, MoJaras

y=1ysz, (28)
rge 2 — HOBasa HEH3BeCTHasd Cl)yHKIJ.Hﬂ. Haxo4dum
qg(x)-| y=mz

p(x):| Y=y, 24y2’
1|y =y2+2y 2’ +y:2"
L(y1) 24 (24, +pys) 2 +y12”=0

HJIH
Y12+ (29 +py1) 2’ =0. (29)

Tak kKak 3TO ypaBHeHHe He COINEDPIKHT HCKOMOH (YHKIHH, TO €ro
NOPSIAOK MOHMIKAETCS Ha eNMHHIly NPH MOMOLUH MOACTaHOBKH

Z=u, (30)
rae 4 — HoBasi HeH3BecTHas ¢ysHkuus. [Tonyuaem
yau'+ (2y, +py1) u=0. (31)

Takum o6pa3oM, MOACTAHOBKA

Y=y f udx (32)
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NpHBOJAUT ypaBHeHHe (27) K OLHOPOAHOMY JHHEHHOMY ypaBHEHHIO
nepsoro nopsaka (31).
HHTerpupya ypaBHeHHe (31) HaXoAnM

— [ pdx

U= —— yz f (33)

IMonaras C=1 u noacrasasiss nojsydeHHoe peweHue u B (32), noay-
yaeM pellleHHe JaHHOTO ypaBHeHus (27):

- f p(x)dx

e
=y | —5——dx (34)
1

KOTOpOe, OUeBHIHO, JIHHEHHO HEe3aBHCHMO C YaCTHBIM pellleHHeM Yi.
O6uM peiieHHeM ypaBHeHHs (27) Oymer

y="Ciy14Coys. (35)

OtmeTHM, yto ¢dopmMysa (34) nojesHa u B Tex cayyasx, KOTAa Y
He fIBJSETCS 3JleMeHTapHOH ¢yHKuHel, u6o naeT BO3MOXKHOCTb MO
aHAJIMTHYECKOH CTPYKTYpe OJHOIO YacCTHOTO pelleHHsl yi=yi(x)=£0
1 KoadduuHeHTa p(X) yCTaHOBHTb aHAJHTHYECKYIO CTPYKTYPY BTO-
pOTO YaCTHOTO pellIeHHS.

Mpumep 3. PacemoTpuMm ypaBHenue
(xcos x—sinx) y"+xsinx.y —sinx. y=0. (36)

dTo ypaBHeHHe MMeeT, OYeBHIHO, HacTHoe peleHHe yy=x. Haiinem sTopoe
yac1Hoe pelienne no gopmyne (34). HMmeem

x sin x dx
fx cos x — sin x
dx=

X cos X—sin x
=x ———z—dx—smx Yo=sin x. (37)
x

CnenoBaTenbHo,
y=Ci1x+C;sin x. (38)

IMopsapok ypaBHeHHs (27) MOXHO NOHH3HTb Ha eQMHHLY H He
3Haf (HeHyJIeBOr0o) YaCTHOTO PeLIeHHsl €ro, ec/JH BOCMOJb30BaThCA
cnoco60M TMOHMXKEHHUS TNOpsAJKa YypaBHEHHH, OXHOPOAHBIX OTHOCH-
TeJIbHO HCKOMOH (pymmmd U ee Mpou3BOAHHIX (cM. ra. III, m. 14),
HO NpH 3TOM JIHHEHHOCTb ypaBHeHHs Oyaer HapylieHa.

ITonoxuM B ypaBHeHHH (27)

y=uyz, (39)
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raie 2z — HoBas HeuspecTHass ¢yHkuus. I[Tomyuum ypaBHenue Puk-
KaTu

- (40)
Ho ypaBHenue PukkaTin uHTerpupyercs B KBaApaTypax JIHIb
B HCKJIIOYHTeJbHBIX cJydasx. [lo3ToMy BhimosHeHHOe HOHHKEHHe
nopsifka He ofecrneyuBaeT (B OTJIHYHE OT NOHHXKEHHS IOpsifKa
B cJyyae, KOrja HM3BeCTHO ONHO YaCTHOe pellleHHe) HHTerpHpyeMo-
CTH OJHOPOJKHOrO JIMHEHHOTO YpaBHEHHs B KBaapaTypax.

Tem He MeHee mpuBeldeHHe OXHOPOLHOTO JHHEHHOTO ypaBHEHHS
BTOPOTO MOpsiiKa K ypaBHeHHi0 PHKKaTH HMeeT GoJibilioe 3HaueHHe
B TeopHH AH(pdepeHIHaJbHBIX ypaBHeHHH, HOO NaeT BO3MOXKHOCTb
CYAUTb O CBOMCTBAax pellieHHil ypaBHeHHs1 (27) MO H3BECTHbIM CBOH-
ctBaM pewleHnii ypaBHeHusi Pukkatu (40).

OG6paTtHo, Bcsikoe ypaBHeHHe Pukkartu

Yy’ =P (x)y>+Q(x)y+R(x) (41)

MOXeT ObITb NPHBEAEHO K OJHOPOAHOMY JIHHEHHOMY YpaBHEHHIO
BTOPOro MOpsiiAKa NPH NMOMOLIH NMOACTAHOBKH I

_1 Z
P(x) 2z’

z’—\_——zz——p(x) z—q(x).

y=— (42)
rge 2 — HOBAasg HEHU3BeCTHasd (byHKllHﬂ.

B camoMm nese, BuimosiHAs B ypaBHeHHH (41) moacraHoBky (42),
HaxolHuM

P(x) & 1 2"z—27 1 272
Pix) z Pl = [- P(x) ?] -
— oS HRE). (43)

YeHbl, cOfepKallye 2’2, B3AHMHO YHHYTOXKAIOTCH, H MBI NOJy4YaeM
OJIHOPOJIHOe JIHH e HOoe ypaBHeHHe BTOPOro IOPAAKa

—| ﬂp(—")— +Q(x) |7+P ()R (x)2=0. (44)

®opmyiia (42) nmaer BO3MOXKHOCTBb Jle/1aTh 3aKJIOYEHHS O CBOHCTBaX
pelleHHil ypaBHeHHs PHKKaTH 1O M3BECTHBIM CBOWCTBaM pelUEHHH
COOTBETCTBYIOLIETO ONHOPORHOTO JIMHEHHOro YypaBHEHHSi BTOPOTO
nopsinka (44).

OTMeTHM, 4TO, B YaCTHOCTH, ypaBHeHHI0O PHKKaTH B K aHOH H-
yecko# ¢opme

y'=124R(x) (45)
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COOTBETCTBYET B CHJIy MOACTAHOBKH
z’
——Z (46)
<

OJHOPOAHOE JIHHEHHOe ypaBHeHHe BTOPOro NoOpsiiKa
2"+4P(x)z=0. (47)

OO6paTHO, OJHOPOAHOMY JMHEHHOMY YypaBHEHHIO BTOPOro IoO-
pAlKa, He cOfepiKalleMy ujeHa C NMepBOH NpPOM3BOAHOH,

y"+q(x)y=0 (48)
COOTBETCTBYET B CH.}]y NOACTAHOBKH
yl
L =—z 49
y (49)
KaHOHHUYECKOe ypaBHeHHe PI{KKaTI/I
Z=2+q(x). (50)

W3 noacraHoBku (49) BHAHO, YTO €CH B OZHOPOLHOM JIMHEHHOM
ypaBHeHHH BTOporo nopsiika (48) xosdduuHeHT ¢(x) HenpepniBeH
B (a, b) u ero yacTHoe pelleHHe yi==y;(X) He obpallaercs B HYyJb
BHyTpH (@, b), TO COOTBeTCTByIOlllee eMy YaCTHOe pelleHHe
21=2,(x) ypaBHenus Pukkaru (50) Oynmer ompenesneHo M Hempe-
pPHIBHO BO BceM HHTepBaJse (@, b) H, ciefoBaTe/bHO, OrpaHHYEHO
B J1I060M 3aMKHYTOM HHTepBase [ai, by], nexaueM BHyTpH (a, b).

ﬂpumep 4, Paocmorpn:M ONHODOAHOE JinHeHHOe YPaBHEHHe BTOPOro mopsgaka

Yy’ —y=0. (51)

Emy cootBercTByer B cuay (49) ypaBHeHHe Pukkatu
2=22—1. (52)
BosnmeM yi=e*. ITo pellleHHe ONpefeJeHO INpH BCeX X M He obpaulaercs
B Hyab. IloaToMy- cooTBeTcTByOllee pelieHue ypaBHeHus (52) zj=—1 HoaXKHO

OBITb onpejesieHO IIPH BCeX X, 4YTO B JIeHCTBUTEJBHOCTH M MMEeT MecCTo.
25. Ecan k03 ¢uiHeHTH ypaBHEHHUS
Y +p(*)y'+4q(x)y=0 (53)

roJIOMOP(HBI B OKPECTHOCTH | X—Xo | <<p TOYKH X=Xo, TO, COTJIACHO
Teopeme Kourd, cyuiecTByeT eIHHCTBEHHOE pelleHHe, TOJOMOPdHOe
no KpafiHeli Mepe B TOH e OKPECTHOCTH TOYKH X=X, H YIOBJe-
TBOpSIIOLee HaYaJbHBIM YCJOBHSM

y="yo, Y'=y, npn x=x, (54)
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rape 4yucimaa Yo H y’o MOXKHO 3ajaaBaTb IPOH3BOJIbHO. 310 pelleHue
npeacrtraBuMo, TaKHM 06pa30M, B BHJ€ CTEIEHHOIro psAa

Y=t (r—x0) + ] cu(x—xa)*, (55)
h=2

cxofsillerocst mo KpaHell Mepe B 06JacTH | x—xo | <p.
OGbIYHO CTPOST GYHAAMEHTAJbHYIO CHCTEMY TOJOMOpdHBIX pe-
IWeHHA, HOPMHPOBAHHYIO B TOUKE X=Xo:

y1=1+ 2 c("l) (x—xo)k,
R=2

w (56)
Yo=Xx—Xxo+ Zcfﬁ)(x—xo)h.
h=2
Torpa ¢opmyna

y=Ciy1+Cays (57)

nact rosoMopdHoe obuiee peuleHHe ypaBHeHHs (53) B obsacTH
| x—%s| <p, |y]| <+oo, [¥]| <Aoo (58)

lNpumep 5. PaceMorpuM ypaBHeHHe

¥+ (2—4x?%) y=0. (59)

Tak kak Ko3hguuHeHT NpH y ecTb Heaas QYHKLUHUSA OT X, TO ypaBHe-
Hue (59) HMeerT pellieHHe C JMIOObBIMH HayajbHbBIMH JAHHBIMH Xo, Yo, yc", H 3TO pe-
weHne Gyger unesol GyHKUHed OT X

ITocTpouM (yHIaMeHTaNbHYI0 CHCTEMY peIlCHHH, HODMHDOBAHHYIO B TOYKe
x=0, B BHIe PALOB MO CTEMEHAM X:

< D
Yyr=1+ Zch xk,
=2 60)
2, @)
Ya=x+ EC" Xk,
R=2
Psaabnt cnpaBa 3asefoMo cxoasites npu Bcex X. OcTaercs TOJNBKO ONpPENeHTDb
K03 duuueHTs. IX MOXHO HaliTH OLHMM H3 METONOB, YKa3aHHbX B ra. V, m 2L
Tonyuum:
xb X6 x2h

=]—-x24 — — — —1)*&
pr=l-xit = o (DR

+..0
' Q)

1 3
=X — X3 — X5 — X ...
b2 3 30
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CnenoBaTeiibHoO,

C(l 2+x4 x6+ )+C( Loy Lo S ) 62
= —XPf — — — 4 ... X— =X — xS —— T .
y="a 21 3 2 3 30 70" (62)

Gyner o6iwuM peiieHHeM ypasHeHus (59).
3ameTHM, 4TO 3TO oflLiee pellleHHe MOXHO 3aNHCaTh B KOHEYHOM BHIE, TaK

KaK psj, NPeACTaBJAIOIIMI pelleHde Y, Jerko cymmupyerca. Ero cymma paBna
e—*_ Tlostomy

X '
. Yo=e~* [e2x*dx. (63)
0

Obuee pewenue (62) 3anuuercs Tak:
x
y=e-x’( Ci+C, fe“’ dx) . (64)
0

26. Ecnmu ko3¢ duumentsl ypaBHeHHs1 (53) He rosoMopGHBI HH
B KaKOH OKPEeCTHOCTH TOYKH X=X, TO TOYKA X=X Ha3blBaeTcs
0c0606 TO4KOd 3TOrO ypaBHeHHs. B ofumeM ciyyae Hesb3s rapas-
THPOBaTb CYILIeCTBOBaHHe pelleHHH, rOJOMOP(HBIX B OKPECTHOCTH
0co060H TOYKH X=Xxp. 3aTO B OKPECTHOCTH OCOGOH TOYKH X=X
BO MHOTHX CJydYasix yJdaeTcs HaHTH pellleHHe B BHIAe TaK HasblBae-
Moro 0606ujeHH020 cTeneHHozo pada

i
oo

y=(x—x)p D ca(x—x)* (c7:0), (65)

k=0

npejcraBisionlero co6off NnpoH3BedeHHE OOBIYHOTO CXOAALLErOCH
CTENEHHOT0 psila N0 CTENeHsSIM X—Xo Ha. MHOXHTeNIb (X—Xo)P,
rae p — HEKOTOpoe MOCTOsiHHOoe uucjo. Eciau p ecth mesnoe mnoJo-
JKHUTEJbHOE YHCJIO WM HYJb, TO 0606IIEHHBIA cTeneHHOH psax (65)
obpaitaercsi B OGLIYHBIH CTeNeHHOH psiJ W Mbl MOJydYyaeM pelenye,
rojomoppHoe B OKDECTHOCTH TOUKH X= Xo.

B ananuTuueckoill Teopun nuddepeHUHANbHBIX YPaBHEHHH HOKa-
3pIBaeTcs Cjepylollas TeopeMa, rapaHTHpYyIOllas CylleCTBOBaHHE
X0Tsi Obl OMHOTO YAaCTHOTO pellleHHs B BuAe OGOGIIEHHOro CTeNeH-
Horo psiza (65).

Teopema. Ecau 8 ypasuenuu (53),

y'+p(x)y'+4q(x)y=0,
Koapppuyuentor p(x) u q(x) npedcrasumot. 8 sude

S ph (x— o) S gn (x— o)

h=0 h—=—0
X)=—
P A

px)= » (66)

(x—0)?
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20e padvl 8 4ucauTeAsx CX00aTCA 8 obaacTu | x—xo| <R, npuuex
Po, Go U Gy HE PABHbL HYAHO OOHOBPEMEHHO, TO ypasHeHue (53) umeer
x0T Obt 00HO peweHue, npedcTagumoe 8 8ude 0606ujeHHO20 CTe-
nenuoeo pada (65), ede crenenHot pso, 8x00auyUli 8 nPaAsyr 4acTo,
¢xo0urca no Kpaineld mepe 8 TOU e 06aacTu | x—xo| <R, 4rO
u padet 8 uucauteanx pasaosxcerui (66).

Oco6asi Touka X==Xxo, B OKPECTHOCTH KOTOPOH KO3(p(HIHEHTbI
p(x) u g(x) mpeacraBumbl B BHAe (66), Ha3blBaeTcs B aHAJHTH-
yecKo#l TeopuH auddepeHHANbHEIX YpaBHEHHH pe2yAapHol 0coboi
TO4KOU. ‘

UHcao p HaxoauTCs U3 ypaBHEHHS

p(p—1)+pop+4go=0, (67)

KOTOpOe Ha3blBaeTcCsi onpedessroujum YypasHenuem B 0cO0OH TOuke
X=2Xp, a XK03()(QHIHEHTbl C; OTHICKHBAIOTCS METONOM HeOIpejeeH-
HBbIX KO3((HuIYEeHTOB.

OxkasbiBaeTcsi, YTO €CJH KOPHH Q4 H Pz ONpeJessIoNiero ypas-
HeHus1 (67) pa3nMuHBl M HX Pa3HOCTb He paBHa LEJOMY MOJOXH-
TEeJbHOMY 4YHCJY - (MBI CUHTaeM, YTO BellleCTBeHHasl YaCTb KOPHS p1
NPEBOCXOAHT BeLIECTBEHHYIO YacTb KOPHS pz), TO CylLIecTBYyeT fBa
JIHHEHHO He3aBHCHMBIX YaCTHBIX pelleHHs BHAa (65). B nporuBHOM
cayuyae BTOpOe YacCTHOe pelleHHe, KaK HeTPYAHO MOKa3aTb, MOJb-
3ysicb ¢GopmyJoi

- f p(x)dx
e
Yo=y1 \ ——5—dx, (68)
Yy

MOXET COAepKaTh CjaraeMoe BHAA
v-141 In (x—xo). (69)

B cayuae kpaTHbIX KOpPHeH BTOpPOe YAaCTHOe pellleHHe 3aBeJOMO Co-
LEepXKUT caaraemoe Bupa (69).

- [Ipocrefimym npumepoM ypaBeeHuss THna (53) sBasieTcss ypas-
HeHue Diiepa

x2y” +ayxy’ +asy=0. (70)
27. Paccmotpum ypasnenue Becceas
X2y +xy' + (P —n?)y=0, (71)

rfie n —NOCTOSIHHOE HeOTpHL aTeJbHOE uyHcao. 3hech x=0 —
peryaspHas ocobas touka (mouemy?). IToctpoum nBa amHei-
HO He3aBHCHMBbIX YaCTHBIX peLIeHHs] B OKPECTHOCTH 3TOit 0co6oi
TOYKH.
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OnpenensiolinM ypaBHeHHeM B 0co6oil Touke x=0 Gyaer
p2—n2=0 (72)
(nouemy?). Ero kopHu: pi=n, pe=—n.

Pemenne, cooTBeTCTByIOLlee KOPHIO py==f, NpH CleLHAJbHOM
BbIGOpe 3HaUeHHS Co MMeeT BHA !

n+2k
) @

ad 1.
y1=rn(x)=é: (=1D* k! T (n+k+1) (7

roe psi cnpaBa CXOZHTCS NpH Bcex X (mouemy?). DyHKUHA Tn(X)
Ha3biBaercsi beccenesoil ¢yurxyued nepsoeo poda n-eo nopadka.

B uactHoctH, ¢yHkuus DBeccenss mepBoro poma, T. e. nepsoe
YacTHOe pelleHHe ypaBHeHusi Beccensi mpu n=0:

xy"+y +xy=0 (74)
HMEET BHI
1 2k
To(x)= 2(_l)h(k—')2 (“;—) . (75)
k=0 :

Ecnu n He paBHO HYJIO H He SBJSAETCA LeJbIM MOJOAHTEIbHBIM
YHCJIOM, TO XOTSl Pa3HOCTb KOpHeil onpenensiouero ypasHenus (72),
paBHasi 21, MOXeT ObITb Ue/bIM YHCIOM, OONBLWIAM HYJs, BTOpOe
YyacTHOe pellleHHe ypaBHeHHsi Beccenss He Oyner coiepxkathb Inx.
OHo Gyner MMeThb BHA

> l x —n+2k
yz=r—n(x)=h2=,: (“])hkzr(—n+k+1)(?) - (76)

3ameTHM, 4TO QYHKUHSI T_n(X) B OTJIHYHE OT T,(X) He siBAfAETCA
KOHeyHoU B 0c0o6oil Touke x=0: oHa obpailaeTcs B OeCKOHEYHOCTb
npu x=0.

YacTHble pelleHHs] Y1=7Tn(X) H Y2=7T_n(X) JIHHeHHO He3aBH-
cumbl (mouemy?). Ilostomy obmnM pemenHeM ypaBHeHHs Beccens
B paccMaTpHBaeMoM ciydae Gyner

y=Ci1o(x)+Cot_n(x) (n — He wnesnoe 4YHCIO). (77)

B cjydyae Korja n e€CTb liejoe MOJOXHTEeJbHOe YHC/I0, B Kaue-
CTBE€ BTOPOro 4aCTHOI'O pelIeHHA MOXKHO B3fAATh

"1 3gecy I'(a) ecTsb ramma-dbyHKuus

1"(a)=fxa-i e~*dx (a>0).
.0
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. x \nt2k
) (—l)h(—é_) R 1 17.+hl
x
Yn(x)=é: AT [21n—2——|—2C— v=17_v2=;7]_
n—1
(n—k—1)! ( x )—“+2k
A (E) T, (78)
- g k! 2
0

rie C=0,5772157 ...— nocrosHHas Jlsrepa, a 21—=O.

v

v=1
drta ¢yHKUMA HasbiBaeTcs QyHkyuel Becceas e8ropozo poda n-eo
nopadka. Oyukuusa Y, (x), oueBugHO, oOpamiaercssi B 6€CKOHEYHOCTb
B ocoboii Touke x=0.
HHorna okaswiBaeTcs nesnecoo6pa3Hee B KayecTBe BTOPOTO 4acT-

1
HOTO pellleHHsl paccMaTpHBaTh (PYHKIHIO _n:_Y"(x)' dra ¢yHKUUA

HasbiBaerca ' gyukyued Bebepa n-zo nopsadka.
O6uwee pewenue ypasHenus bBecceas 8 cayvae, koz2da n ecTo
yeaoe NONONCUTEAbHOE YUCAO, UMEET BHI

y=Ciln (x) +Ca¥.n (x). (79)

B cayyae n=0, T. e. ana ypaBHeHHs Deccens Bugma (74),
B KauecTBe BTOPOTO YaCTHOTO pelleHHs MOXHO B3ATb

) Rk
. (—1)*k ( x )Zh X 1
Oyukuusa Yo(x), oueBuAHO, o6pamiaercss B GECKOHEYHOCTb B 0COGOIl
Touke x=0. HMnHorga Bmecto Yo(x) O6epyr byHKIHIO L Yo(x).
4

dTa GyHKUMA HasbiBaeTcs (yHKyued Bebepa nyaesozo nopadka.
Obwunm pewenuem ypasunenus becceas 6 cayvae n=0 sBnsercs

y=C1]o(JC)+CzY2(X). (81)

®yukuun Beccesss He siBasloTCSs, BOOOLIE TOBOPH, 3JeMeHTap-
HbIMH QyHKUMAMH. Ho MOXHO H0Ka3aTh, 4TO Jons1(X) H J  aniq(¥)

2 2
BbIpaxKalTCA uyepe3 3jeMEHTapHbIe (pyHKHHH. B YaCTHOCTH,

2 /2
Ji(x)= V—— sinx, J 4 (x) =V— COS X. (82
2 X -3 X )
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28. ¥Ypasnenue [laycca uau ecunepeceomerpuueckoe Oughghepen-
yuaarbHoe YpasHeHue UMeeT BHJ

x(x—=1)y"+[—v+ (14a+B) x] ¥'+aBy=0, (83)

rae o, f ¥ y — nocrosiHuble yucna. 3aecb x=0u x=1 peryas p-
H bl e ocobble TOUKH (mouemy?).

IMocTpouM JiMHEeHHO He3aBUCHMble YaCTHble pelleHHs] ypaBHeHHs
Faycca B okpecTHOCTH 0c060H TOYKH X¥=0 B NpeNNOJOXKEHHH, UYTO
Y He PaBHO HH I[€JOMY MOJIOXHTEJLHOMY YHCJY, HH HYJIO.

OnpepensoliuM ypaBHeHHeM B oco6Goil Touke x=0 Gyner

p(p—1)+vp=0 (84)

(nouemy?). Ero kopuu p3=0, po=1—y. Tak kak HX pa3HOCTb
B CHJy CIeJaHHOI'O NPEeMNOJOXeHHs OTHOCHTEeNbHO Yy He fBJfeTcs
LesblM YHCJAOM, TO 00a pelleHHs MOXKHO HaHTH B BHAe 060O6lIieH-
HbIX CTelleHHBbIX PSAMOB.

Hailigem pelueHne, cooTBeTCTByIOlee HyJeBOMY KOpHIO pi==0.
Ono siBnsieTcst OOBIYHBIM CTENEHHBIM PSAOM '

oo

p= ) axt (a0), (85)

k=0

T.e. TONOMODPGHO B OKPeCTHOCTH 0cO00H TOYKH x=0, nmpuuem
pan (85) saBenomo cxopurtcsi ‘npH | x| <1 (nouemy?). IToacraBasis
psaa (85) B ypaBHenue (83) u mpHpaBHHMBas HyJMI0 KO3(QOHUHEHTH
NpU BceX CTeMeHsX X, HaHdeM, nonaras co=1, 4TO

alot1) ... [ok (k=D ]BB+1) ... [B+(k=1)]

oh= Ry(v+1) .. [y (e=D)] (86)
CﬂeﬂOBaTeﬂbHO, HCKOMbBIM Y4aCTHbBIM peLHEHHeM 6yner
y1=F(a, B, v; x)=1+
S (ot 1) .. [at (k=1 ]B-(B+1) ... [B+(k—1)]
+,§ Ry (yF+1) .. v+ (k—1)] . (87)

Psaa cnpapa HasbiBaeTcs eunepeeomerpuseckum. OH CXOLHTCA mpH
| x| <1 (nouemy?). Ecin a=1, B=vy, 10 pan (87) oGpawaercsa
B reOMeTpHYeCKYyI0 NPOrpeccHio

F(I, B B; ) =1+ w=——, |x| <l (88)
h=1

1—x’
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MoXHO J0Ka3aTb, YTO BTOPOe YaCTHOE pelleHHe, T. €. pelleHHe,
COOTBETCTBYIOlLIlEE KOPHIO ps=1—Y, HMeeT BHJ

Yo=x"""F (a+1—v, B+1—v, 2—y; x). (89)
Bxonsuuil cloga creneHHoi psaa cxogutcs npu | x| <<l. IMostomy
popmyra
y=CiF(a, B, v; X) +Cox'VF(a+1—v, p+1—v, 2—y; x)  (90)
daer obuwee peuwenue ypasnenus Iaycca 8 obaacTu
x| <1 (x%0), |y|<+oo, |¥|<Hoo. (91)
29. K ypaBHenuo ['aycca nmpuBoAATCcs MHOrHe Apyrue nudde-

peHuHaJabHBle ypaBHeHHsA. B yacTHOCTH, K HeMy NPHBOJAHMTCH YypaB-
HeHnve Jlexanapa

(1—22) y"—2xy/+n(n41)y=0. (92)
Jas 3TOro HOCTaTOYHO NOJIOKHTD
x=1-—2z (93)
Torna
Yy =y 2 =y'L —yz( - L),
x 2 x 2
V=i
M MBI noJgydaeMm
z(z—1)y"+(—1422)y'—n(n+1)y=0. (94)
Dt1o ectb ypaBHeHHe I'aycca ¢ mapamerpamu:
a=n+1, p=—n, y=1. (95)
O6a KopHsi onpefessiiollero ypaBHeHHUs
p(p—1)+p=0 (96)

B oco6oil Touke z=0 paBHbl Hyaw. [TosToMy onHO peluenne Gymer
rojomMoppHO B OKPEeCTHOCTH TOYKH z==0, a BTOpoe Gyner o06s3a-
TelbHO cofepxaTb Inz. Ecau, B uyacTHOCTH, n — uenoe moJioxH-
TeJlbHOE YMCJO, TO THIEePreoOMeTpPUYeCKHH psl, AaOLHA NepBoe
pelleHye, o6pbiBaeTcs M NpeBpallaeTcsi B MOJ HHOM CTeNeHH A.
CaenoBaTe/bHO, NpPH n LesJ0OM, GoJblieM HyJs, OXHO W3 pelleHHH
ypaBHenus Jlexxanapa 6yaeT MOJUHOMOM OT X:

Pn(x)zF(n—l-l, —n, 1; 1;"). .(97)

OTOT MOJHHOM HAa3bIBaeTCs nOAUHOMOM Jlexcandpa.
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30. PaccMoTpuM OXHOPOAHOE JIMHEHHOE ypaBHeHHe BTOPOTO

nopsiika
Y"+p(x)y'+q(x)y=0, (98)

K03 (HIHEHTH KOTOPOro HempepblBHBI B HHTepBaJje (a, b). Besikoe
pellleHHe y=y(X) 3TOrO ypaBHEHHsI OMNpENEJEHO H MABa’KIAbl Hempe-
puIBHO AH(ddepeHnHpyeMO BO BceM HHTepBante (a, b). H3yuum
BONPOC O uHCJe HYJ el HeHYJeBOro pelieHuss y=y(x), T. €.
0 YuCJe BellleCTBeHHBIX KOPHeH ypaBHeHHs y(x) =0 ujH, 4TO TO XKe,
0 4HCJ/e TOYeK Ha uHTepBaJje (@, b), B KOTOPbIX HHTerpajbHasi KpH-
Basg y=y(x) nepecekaer ocb Ox. 3aMeTuM, YTO HeHyJieBOe pelleHHe
He MOXeT KacaTbcst ocH Ox Ha MHTepBajie HeNPepbIBHOCTH KO3(-
¢unnenroB (nouemy?). IlosTomy Bcsikuit pas, Korga pelleHue
y=y(x) obpaiiaercss B Hy/b, OHO MeHsieT 3HaK. Tak uTo yem yalle
pelleHHe oOpallaeTcsi B HyJb, TeM 4allle OHO MeHseT 3HaK —
CHNbHee KoJagebuaerTcs.

Bce Hyau s11060ro HeHyJIeBOTO pelleHHsi y=y(X) IIpH CHe/aH-
HOM MpeJNoJIOXKeHHH OTHOCHTEeJbHO HeNpepbiBHOCTH p(x) u g(xy
H3O0JHDPOBAaHBDL, T.e NI KaXKAOTO HYJs X=X, HalAeTCs Takas
OKPECTHOCTb, B KOTOPOH HeT APYruX HyJseil pelieHHs y=y(x).

B camom pene, mycTb Touka x=x* JsieXXuT BHYTpH (a, b) u
IBJSIETCST TOYKOH CryuieHuss HyJell pewenns y=y(x). Toraa
y(x*)=0, ¥’ (x*) =0 (nouemy?). [TosTomMy B CH/y eIHHCTBEHHOCTH
y=1y(X) ecTb HyJeBOe pelleHHe BONPeKH NPeANOJOXKEeHHIO.

- M3 nokasaHHOro ciefyeT, 4TO BO BCSIKOM 3aMKHYTOM HHTep-
Baje [a, B], nexamem BHYyTpH uHTepBasna (a4, b), moxer comep-
XKaTbCsl JIMMIb KOHEeYHOEe UYHCIO Hysed moéoro HeHYJIeBOTro
pellleHust Y= y(x)

B paspHefimiem 1npu u3yyeHMH Kose6aTesIbHOrO XapakTepa
pelleHuil ypaBHeHus1 (98) peub GyZeT Bcerma MATH TOJNBKO O He-
HYJeBBbl X pelleHHsX.

Pemenne y=y(x) Ha3biBaeTcs KOAeOAOWUMCS B HHTepBaJe
(a, b), ecin ono obpalaeTcss B 3TOM HHTepBaje B HyJb He MeHee
1Byx pa3. B mnporuBHOM cayuae, pemenve y=y(x) Has3bIBaercs
Hexoasebarowumcs B uHTepBane (a, b).

Ilpu u3yueHuH KoJie6aTebHOTO XapakTepa pellleH it JOCTAaTOUHO
OrpaHHYUTBCA PacCMOTpPEeHHeM ypaBHEHHMS BHAA

Yy’ +q(x)y=0, (99)
n6o ypaBHeHHe (98) mpH MOMOIUH NMOACTAHOBKH
— ‘/‘_p(_x)_dx
y=—e 2 2 (100)

NPUBOJHUTCSA K YPaBHEHHIO, He COAep:KallleMy dJjeHa C MepBOd mpo-
n3popHo#. [lpu stom Hynm ¢yHKUME y M 2 COBIAAAIOT.
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Ecan q(x) =g=const, To kose6aTeNbHbIH XapaKTep peLIeHHI
BIIOJIHE ONpefessieTcsl 3HAKOM YHcCaa ¢: npu ¢g<<0 Bce pelleHus,
He kousebJiouiecss B Jw060M uHTepBase (a, b), mpu g>0 Bce
pelieHusi KoJebsiouiecs B JOCTAaTOYHO GO/MbLIOM HHTepBaje (Mmo-
yeMy?). OTMeueHHBI NpPH3HAK HeKOJeGaTeJbHOCTH peIleHHH me-
PeHOCHTCS M Ha caydal, Korga g(x). ectb GyHKUHUS OT X.

Teopema. Ecau q(x)<<0 e (a, b), 10 8ce pewenus ypasne-
nua (99) nexoaebarowuecs.

Y y
y=Yy(7) yz5T  Y=Sin,
a /\ b . / b
of U r TN\ X 0 N
2 2
Puc 53 Puc 54

JleAcTBHTENIbHO, TNPEANOJOXKHM, UYTO CYLIECTBYeT pelleHHe
y=y(x), Kkojebnwouleecs B HHTepBase (a, b). Ilyctb x=ux u
X=Xy— €ro nocjefoBareJbHble HY/H [s1exalue B (a, b)]. He ymanss
obuHoctd, 6ymeM cuutate, yto Y(X)>0 B (X0, Xx1) (puc. 53).
Torpa Yy’ (x0) =0. Ho y’(x0) <0 (mouemy?). ITostomy y’(x0) >0.
Ananornuno y6exmaemcs, uro y’(x1) <<0. OmHako mociegHee He-
BO3MOXXHO, 60 H3 ypaBHeHusi (99) caenyer, uTO

Y’ () =—q(x) y(¥) =0 npu %H<x<x, (101)

Tak 4To Yy (X) He yGbiBaet B [Xo, Xx1].

OTmeTHM, 4TO ACKa3aHHOe YCJOBHe HeKo/neGaTeqbHOCTH pelie-
HU#l fBJSIETCS JHWIb AocTaToyHbIM. Hampumep, Bce pelueHus ypas-
HeHus Dijepa

x2y"+a2y=0, (102)
rae a?<< _1’ Hekose6Jouinecss B uHrepBane (0, oo) (mouemy?).

31. CpaBHuM KoJsebaTeqbHBIH XapakTep pelIeHHA OJHOTO H
TOro e ypaBHeHHsa. Ha npumepe ypaBHeHus

y"+y=0 (103)

MBI BHJIMM, YTO HYJH €ro JHHEHHO HEe3aBHCHMbIX YaCTHBIX pelle-
HHH Y1==COS X, Ye=sinx 83aumno paszdessawr Opye Opyea, T. €.
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MeXJy ABYMs NOC/eLOBAaTEJIbHBIMH HYJSIMH OJHOTO PElleHUS JEeXHT
B TOUHOCTM OAMH HyJb Apyroro (puc. 54). DTo CBOHCTBO pelleHHH
pacmpocTpaHsieTcsi MU Ha Cjayyad ypaBHEHHs C NepeMeHHbIMH KO-
3pduIHeHTaMH.

Teopema Illltypma. Ecau yi=yi(x) u ya=yz(x) —
AUHELHO He3asucumble 4acTHole peuwlenus ypasrenus (70), Koagph-
Guyuentsr KOTOpo20 Henpepovl8Hbt 8 unTepsase (a, b), TO mexwdy
0syma nocae00BATEAbHbIMU HYAAMU pewlerus Yi=1y(X) sexcur
POBHO O00UH HYAb peuleHus Yo=ys(x).

B camom pene, monmyctum mnpotuBHoe. IlycTb X=xo H X=x3 —
NOC/eoBaTe/bHble HYJH pelleHHsi yi=y;(x), Jexaue B HHTep-
Baje (a, b), u pelleHHe yo=y,(x) He oGpauiaercs B HyJb B (Xo, X1).
[lycts, Hanpumep, y2(x¥) >0 B (%o, X1). 3ameTum, yto yz(xo) F0,
Ya(x1) =0 (mouemy?).

PaccMOTpHM TOXAECTBO

() 7 W)
[ = 70 (104)

rie W(x) — onpenenurenp BpoHckoro pemeHuit yi=yi(X) u Y=
=y2(x). VnTerpupys ero mo uHTepBasy [Xo, X1], modyuaem

yax) 1 _ (*) 4
o] = f 7 (105)

3aech JieBasi yacTb paBHA HYJIO, a NpaBasi OTJHYHA OT Hyas (IO--
uemy?). CieqoBaTesbHO, Hallle NpeANOJOXKeHHe HeBepHOo. B uHTep-

X=Xo

Bane (Xo, Xy) MMeeTcsl XOTb OJHA TOYKA X==X, B KOTOPOH peLIeHHE
Ya=1Y>(x) obpauiaercss B HYJb.
[MokaxeM, yTo Takas Touka To/bKO ofHa. IlycTh cyuwecTByioT

IOB€ TakKHe TOUKH: X=X1 U X=Xz, NIpHUEM Xo<X1<Xa<Xi. Torna,
[IOMEHSIB POJISIMH pelleHHUs yi—yi(x) H yz—yz(x) Mbl [OJYYH-

JH Obl, YTO MEXAY HYJAMH X==X; H X==X; DeUIeHHs Y2(X) JIEHHT
XOTb OJHMH HyJb X=Xx* pemleAHs yi;=yi(X). DTOT Hy/Ib JAEHKHT
MeXIy HYJSIMH X==Xo U X==X1, YTO HEBO3MOXHO (Belb HYJH X=X,
H X=Xy NocJgefLoOBaTeJbHBbE),

CpaBuum KoseGaTe/IbHbI XapaKTep peIleHHH ABYX ypaBHEHHii:

g (x)y=0 1 2'+qs(x)2=0, (106)

Teopema cpaBHeHusn. Ecau e ypasnenusx (106) koag-
GuyuenT 8TOPO20 YpasHeHUs NPesocxO0UT KOIPPUYUEHT nepsoeo:

92(x) =q1(x), (107)
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TO Mexnldy 08YMA nOCAeB08ATEAbHBIMU HYAAMU A06020 peweHus
Y=y (x) nepsoeo ypasHerus AeHUT XOTb 00UH HYAb 4106020 petue-

Hus z=2(x) 8Topo2o ypasnenus (puc. 55), ecau TOAbKO MeNOIY
STUMU HYAAMU CYULECTBYET TOUKA, 8 KOTOPOU Ga(x) > qi(x).
JleficTBUTENIBHO, NYCTh X=Xo W X=X; — M0OC/JeJ0BaTeJbHbIe

HYJH DelleHHs y=g(x). Bynem cuurtath, uTO ;(x)>0 B (Xo, Xx1).
Torpa 1;’(xo)>0, ;’(x1)<0 (mouemy?). Ipeanonoxum, uto peie-
HHe z=z_(x) He MMeeT HyJseil B HHTepBaJje (xo, x1). IlycThb E(x) >0
B (Xo, x3). Torma z_(xo) =0, ;(x,) =0. PaccmoTpuM [Ba ToXJecTBa:

¥ () +41(x)y (x) =0,

2" (x) +q3(x)2(x) =0
YMHOXXUM HX MOYJEeHHO Ha v

} (a<x<b). (108)

;(x) " ;(v) u BblTEM (1O-
4YJ€HHO) BTOpPOe H3 IepBOro:

y'z—2"y=[g2(x) —

—qi1(x)] yz.  (109)
[MepenucaB 3TO TOXAECTBO
B BHJIe 0 GVIU

[yz—zyl'=
=[g2(x)—q1(x)] yz (110)

M HHTETPHDYS MO HHTEpBajy Puc. 55.
[xo, x1], monyuaem

72—y (0 =[ ) —a1z (1)

YTO HEBO3MOXKHO, HGO JeBasi YaCTb He IOJIOXKHUTeJNbHA, a IpaBas
nosoxuresbHa (nouemy?). Teopema nokasaHa. B momoGHbIX cay-
yasgx FOBOPAT, YTO pellieHHst BTOpOro u3 ypaBHeHu# (106) Ko e 6-
JIOTCS CHAbHee, uyeM peumedus nepsoro. (Cp. ypaBHeHHS
y’4+y=0 u 2”4+4z=0. Crenatb pUCYHKH.)

§ 7. 3BAJTAYN

MarBeeB. C6opuuk 3amau, Ne 602, 605, 607, 609, 611, 613,
617—619, 625—627, 630, 631, 635, 637, 640—642, 644, 646, 648,
650, 652, 655, 660, 661, 676—678, 699—702, 704, 716, 719, 721,
723, 726, 728, 729, 731, 732, 737, 753, 756—759, 766, 767, 786, 788,
789, 795, 797, 799, 1228—1230.




T'nasa VII

JIMHENHBIE CUCTEMbI TN®OPEPEHIINAJIBHBIX
YPABHEHUN

CONEPKAHME
§ 1. OBIIME CBOMCTBA JWHEMHBIX CHCTEM

1. OpHoponHas u HeogHopoxHas cHcTeMbl. 2. CyllecTBOBaHHe
M e[MHCTBEHHOCTb pellieHus 3agayd Kown. 3. MIHBapuaHTHOCTb JH-
HeHHOl CHCTeMbl OTHOCHTEJbHO JI060ro npeo6pa3oBaHHsi He3aBH-
cuMoil mepemeHHOH. 4. MIHBapHaHTHOCTb JIMHEHHON CHCTEMBI OTHO-
CUTeJIbHO JIMHEHHOro npeoOpa3oBaHHsS HCKOMBIX (YHKIMH.

§ 2. OTHOPOJAHAA JHNHENHAA CHCTEMA

5. CpofictBa pelieHdii. 6. JIuHefiHO He3aBHCHMble YacCTHbIE
pewenns. 7. Popmyna Ocrporpaackoro — Jinysusaas — SlkoGu.
8. dynpameHTasbHas cucreMa peuieHuii. 9. IlocTpoenune o6uiero
pellleHHss OJHOPOAHOH JIMHEHHOH CHCTeMbl NO (yHAaMeHTaJbHOM
CHCTeMe pellieHHH.

§ 3. HEOMHOPOJHAA JUHENHAA CHCTEMA

10. [IpuBeneHne HHTerpUpOBaHUS HEOAHOPOJHOH CHCTEMBI B
cayuae, KOTJa H3BeCTHO OJHO YacCTHOe pelleHHe ee, K HHTerpu-
POBaHHIO COOTBETCTBYIOLIeH OJHOPOAHOM cucTeMmbl. 11. Meron Ba-
pHALKY NPOU3BOJIbHBIX MOCTOSIHHBIX.

§ 4. JUHENHBIE CHCTEMbBI C IIOCTOAHHBIMHA KO3®OPUIMEHTAMHA

12. TlocTpoenue pyHAaMeHTaIbHOM CHCTeMbl pelleHH# U o6uiero
pellleHHs] OJHOPOAHOH JIHHEHHON CHCTEMBbl C NMOCTOSIHHBIMH K03(dHu-
HHeHTaMH MeTofoM Ofijiepa B cJjyyae pa3/]HYHbIX KOPHeH Xapak-
TepucTHYeCKOro ypaBHeHHs. 13. Cayualh HanHyHA KPaTHBIX KOpHeEH.

§ 5. MATPHIYHBINI METOJ MHTETPUPOBAHHIA OJHOPOJHBIX
JUHENHBIX CHCTEM

14. HekoTophie cBefieHHsi M3 Teopuu Matpuu. 15. 3amuch oxHoO-
pPOAHOH JHHeHHOH cHucTeMbl B MaTpHuHOH ¢opme. 16. CaoiicTBa
MaTpHyHOro ypaBHeHus. 17. CBoHcTBa HHTerpasbHOH MAaTpPHLBI.
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18. ITocTpoeHue HHTerpajbHOH MaTpHIBl B Cayyae, KOTAa MaTpHIa
K03 pHIHEHTOB KOMMYTHPYeT cO cBouM uHHTerpanom. 19. Murerpu-
poBaHHe OJHOPOAHON JIHHEHHOH CHCTEMbl C MOCTOSIHHBIMH K03(du-
UHeHTaMH B cCJjydae, KOrja Marpvua Ko3(QGHUIHEHTOB CHCTeMbI
kaHoHuueckas. 20. Cayyali, Koraa matpuua kKo3pQHUHEHTOB CH-
creMbl He KaHoHuueckasi. 21. ITpaBusio WUHTerpHpoOBaHHsS ORHOPOA-
HOH JIMHEHHOH CHCTeMBbl C NOCTOSIHHBIMH KO3 (HIHEeHTaMH MaTpHy-
HeIM MeTofloM. 22. Bua cemeficTBa pelleHHH, COOTBETCTBYIOLIHX
LaHHOMY XapaKTepHCTHUeckKomy uucay. 23. IlpuBemeHue OmHOPOL-
HOH JIMHEeHHOH CHCTeMBbl C NOCTOSIHHBIMH K03 ¢dHIHeHTaMH K KaHO-
BHYeckomy BHAY. 24. VcciemoBaHue yCTOHYHBOCTH  HYJIEBOTO
pelleHHs] OTHOPONHON JIHHEHHOH CHCTEMbl C NOCTOSIHHBIMH K03 ¢u-
UHEHTAMH N0 KOPHAM XapaKTePHCTHYECKOro ypaBHEHHS. 25. Hccrne-
LOBaHHe YCTOHYMBOCTH HYJIEBOTO DElIeHHs] aBTOHOMHOH HesTHHeRHOMH
cucreMbl no nepBomy npubanxkenuio. Teopema JIsnyHoBa.

§ 6. BATIAUM
JUTEPATYPA

OcHoBHasA

MartBeeB. Meroan uHTerpupoBanus, ra. IX, mm 197—206, 209, 210; ra. X,
. 211—215, 218, 220; ra. XI, nn. 222—226, 228, 229.

Crenanos, ra. VII, § 2.

2abcroasu, ra I, § 4, 5.

JIOHOJIHETGJIBH&H

HNdemupgosuu B. I, ra. II, § 2—9.

Epyrun H. TI. JluHeiiHble CHCTEMBI OGHIKHOBEHHBIX nudepeHnHaNbHEIX ypaB-
HeHUH ¢ nepgoumecxumn H KBa3HMepHOAHYeCKHMH Ko3dduuuentamu, MHHCK,
1963, ra. 1—

MaTBeeB. Metonn uHTerpupoBanus, nm. 207, 208, 216, 217, 219, 221.
ferpoBckuil, § 32—48

MouTparuHx, . 2, § 14 16 ra. 3, § 17 18; ra. V, crp. 210—214.

CancoHne, T. I, ra II, § 1-3.

CTeHdHOB ra. VII, §6

YUezapu ra I, § 2.

dabcroasby, ra. 1V, § 2—5.

METOAHNYECKHE YKA3AHHNA

§ 1. OBIIME CBOMCTBA JHWHEHUHBIX CHCTEM

1. PaccMOTpHM JHHEeHHY IO CHCTEMY n-To TNOPsaKa

Z_?=2pm(x)yz+fh(x) (k=12 ... m. (D)

=1
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Hanomuum, uto ecau Bce fr(x)=0, To cucrema (1) npuHHMAaeT

BH]J
n

dyn
2= > )y k=1, 2, ..., n) (2)
l=1
¥ HasblBaeTCs OOHOPOOHOU, B MPOTHBHOM Cliydyae — HEOOHOPOOHOU.
Cucremy (1) MOXHO 3anucaTh B BeKTOpHOH ¢opmel
C sT0#t uesbio GyldeM paccMaTpHBaTb pelIeHHe

y1=y1(x), ye=y2(%), ..., Yn=Yyn() (3)
KaK BEKTOp §=§{yi, Yz, .. yn}, COCTaBJISIIOIIUMH KOTOPOTO SIB-
JasioTcs GyHKuud (3):
Y1
Yo
= " |- (4)
Yn
Onpee/iHM TPOH3BOJHYIO BEKTOPA y PABEHCTBOM
Y,
_ Y,
dy :
= ©)
v,
BBeseM B paccMOTpeHHe BEKTOp f_=7{f1, for vevs fn}:
f1
f2
= )
| fr
OGo3Haunm maTpuuy KO3(@uuneHTOB cucTembl (1) uepes P:
) p11P12 ... Pin
el R )
PniPn2 ... Pan

! Hcnonb3yeMble HHXKe CBeIEHHSi W3 TEODHHM MAaTpHI Ml NpejrosiaraeM Hs-
ReCTHBIMH M3 Kypca Bbicuieli aire6pbl (cm. m. 14).
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Torma Mbl MOxkeM nepenucarb cucremy (1) B Buae!

y'1 pumz .o Pin Y1 fi
y'z | P21P22 ... P2n Y2 f2
y,n pnipnz e pnn Yn fn
HJIH
dj _ o
ax =Py+. ©)
OnnoponHas cucreMa (2) samuuieTcs Tak
dy -
7r =Py. (10)

2. IpeanonoxumM, 4tTo KO3pPUUUEHTH Pri(X) H GyHKUMsA fr(X)
HenpepblBHEl B uHTepBaje (a, b).2 Torma cucrema (1) umeer
e€IMHCTBeHHOe pelieHHe (3), onmpefeseHHOe BO BCeM HHTepBaje
(a, b) u ynoBnerBopsiollee HauaJbHbIM YCJIOBHSM:

Y=y, Yo=y9, ..., ya=yQ npu x=ux, (11)
rae xoC(a, b), a yO, yO, ..., YO moryr GbiTb 3aKaHbl MPOU3-

BOJbHO. B uacTHOCTH, eAMHCTBEHHBIM pellleHHeM OJIHOPOIHOH JH-
HeHHOM cHCTeMbl (2) ¢ HyJ eBB MH HayaJbHbBIMA YCJIOBHSMH:

=0, Y2=0,...., Ya=0 npu x=x€ (a, b) (12)
Oyner HyJeBOE€ pelieHHe
y1=0, y.=0, ..., y,=0. (13)

! Martpuua P yMHOXKaeTcsi Ha BEKTOp v, KOTOPLIH MOXHO paccMaTpHBaTh
EaK OJHOCTOJIGLOBYIO MAaTpHIy MO MpPaBHJIY

Py P12 - Pip Yy Py Y1+Pi2 Yot ... +Pyp Uy
Pat Po vv- Pon || || Y2 Poy Y1+Pa Yo+ ... +Pop Yy
PniPr - - Pan Yn pn1y1+pn2y2+ see +pnnyn

(cp. c NpaBUJIOM YMHOXEHHSI MAaTpull, yKa3aHHoe B m. 14).
2 CM. 3aMeyaHHe OTHOCHTEJbHO HHTepPBaja H3MEHEHHS He3aBHCHMOH mepe-
MEHHOH B CHOCKE Ha CTp. 237.
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B BekropHo#i ¢opme 3TH yTBepxkAeHHS (OPMYJHUPYIOTCH TaK.
Ecnn martpuua P(x) HenpepblBHa B uHTepBane (a, b), T. e.
BCe ee 3JIeMeHThl HeNpephiBHbI B 3TOM HHTEpBajie, TO ypaBHeHHE
(9) umeer eNMHCTBEHHOE pelleHHe

y=y(x), (14)

yaoBJieTBOpsAOLlee HAaYaJbHBIM yCJOBHUAM

y=y® npu x=x < (a, b), (15)
rae
y(;))
y(g)
yo=| - (16)
Yo

€CTb [POH3BO/IbHbIH 3al1aHHbIH BEeKTOP (HayaJbHBH BeKTOD).
EnuHcrBeHHbIM pelenneM ypaBHeHHs (10) ¢ Haya/jbHBIMH yCJO-
BHUAMH

y=0 npu x=x€ (a, b) (17)
6yleT Hy/neBOH BEKTCP
y=0 (a<x<b). (18)

3. Jlunelinaa cuctema ocraercsi JaHHeiiHON npH 1060l 3aMeHe
He3aBHCHMON NepeMeHHOH X.
B camom mene, mo/OXKHM

x=o(t) (<i<ty), (19)

rae ¢(%)=a, ¢({1)=>, ¢’(t) cyulecTByer, HempepblBHa H COXpa-
Hsiet 3Hak B (%o, t1). Torma

dy dydt dy dy
Gy _gya _dy 1 _ay 1 (20)

dt

IMostomy, BbinosHsis B ypasHeHHH (9) moxctanoBKy (19), Haxomum

= (Py+De (1) (21)
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HJIH
dy - -
o =P+, (22)
rae
Pi=Plo()] ¢ (1), Ti=Tlo()] ¢ (). (23)

OueBujgHo, uTo NpuH mnpeobpasoBaHuu (19) onmHopomHas cucTema
OCTaeTcst OLHOPOIHOM.

4. JluHeliHast cucTeMa OCTaeTcsl JHHEHHOH Npu Jo60M JHHEMd-
HOM Npeo6pa3soBaHHH HCKOMBIX (DYHKIHH

n
2= aih(x>yh (l=]9 27 S ] n)' (24)
h=1

Toe aix(x) HenpepniBHO nuddepeHuupyemel B HHTepBaje (a, b),

npuueM npeobpasoBaHHe (24) HeocoOGeHHOe, T. e. onpeesu-
TeJb MaTPHILbI

oq 42 ... Qin
Ol21 022 ... Q2

A= " (25)
Ont On2 ... Onn

OTJIMYEH OT Hyss BO BceM HHTepBaie (a, b).
HeiicTBuTenbHO, npeobpa3oBaHue (24) MOXKHO 3amucaTh Tak:

z2=Ay. (26)

Iloxaxkem, 4TO OHO He Hapywaer BuAa ypaBHeHHs (9). [Ipexae
BCEr0 OTMEeTHM, YTO CyLlecTByeT oOpaTHoe npeoGpasoBaHue:

y=A-1z, (27)

raie A-' — marpuua, obpatHas marpuue A(A-! cyuwectsyer, n6o
onpefenutenb MaTpuubl A otauven ot Hyas). IMostomy, audde-
penuupys (26) u npuHuMas BO BHHMaHHe ypaBHeHHe (9), mo.yyaem

dz dA - _ dy dA - S
G T YT g = g AP =
A A-1z4 APA-1z2 4+ Af 2
- +A] (28)



276 Ta. VII. Jluneiinoie cuctemot

HJIH

dz -
d—i — Az, (29)
rae
A= ﬂA ~1 4 APA-1, F,=AF. (30)

§ 2. OMHOPOAHAA JHHEHWHAA CHCTEMA

5. PaccMoTpuM OO HODOLHYIO JIHHEHHYIO CHCTEMY

L Zwmyl (k=1,2, ..., n), (1)

rae ko3¢ duuueHTs pr(X) HenmpephlBHBHI B HHTepBase (a, b).
ITokaxkeM, 4TO OHa Bcerja MMeeT n YaCTHBIX pelleHHH (BCsKoe
pellleHHe 3TOH CHCTeMbl, TaK K€ KaK H Ji00o0e pellileHHe HEOLHO-
POIHOA CHCTEMBI, IBJISETC YaCTHB M pelleHHeM), H3 KOTOPHIX
MOXHO IOCTPOUTH OOlllee pellleHHe,
C 3Tolf 1esNbl0 OTMETHM CHayaJa CleAyIollHe CBONCTBA pelleHHi
cucrembt (1).

1. Ecnu
Yi=y1(%), Y2=2(%), ..., Yn=yn(¥) (2
€CTb YacTHoe peuieHue cucremsl (1), To
y1=Cys(x), y2=Cy2(x), ..., ya=Cyn(x), +(3)

rie C — npousBosbHAsl TOCTOSIHHAsi, Toxe Gyner peueHueM (mo-
yemy?).
2. Eciin M3BECTHO m YacTHBIX pelueHui

Yu, Y2, ..., Yin — l-e peuenue,
Ya1, Yoo, ..., Y2n — 2-€ DelliCHHE, )
Ymty, Ym2, ..., Ymn — M-€ peELIEHHE,

TO MX JHHeHHast Koménﬂanm{ ¢ NMPOU3BONLHBIMH NOCTORHHBIMH KO-
spduunentamn Cy, Co, ..., Cn

pi= Zciym (k=1,2, ..., n) (5)

=1

ToXe Oyler peumeHdeM (mouemy?).
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Tak ke, Kak H B cjJydyae OJHOPOJHOrO JIHHEHHOTO ypaBHEHHS
n-ro mopsifika, AJAs HaxXOXIeHHUs BellleCTBEHHBIX peIleHHH CHCTe-
Mbl (1) MHOTAA HCIO/B3YIOT KOMIJIeKCHble pemieHHsi. COBOKYMHOCTb
¢GyHKUHA

gn=uptive (k=1 2, ..., n), (6)

rae ur, Up — BellleCTBeHHble (YHKUHHM OT X, ONpelesieHHble H He-
npepbiBHO nuddepenHuupyemele B (a, b), Ha3bIBaeTCs KOMNAEKCHbIM
pewenuemn cucreMbl (1), ecau oHM o6GpallalOT Bce ypaBHEHHs] TOH
cucTeMbl B ToxpaecTBa. I[IpH 3TOM BellecTBeHHble M MHHMbIe YaCTH
sToro peuieHns oGpasyioT pemieHus cucremsl (1) (nmouemy?).

Eciu HafiieHo n BellleCTBEHHBIX YaCTHBIX pelleHHH, To ¢op-
MyJaa (D) maer pelueHHe, coAepiKalilee rn NPOU3BOJbHBIX MOCTOSH-
Heix. OgHako 3To pelueHHe He Bcerga OyneT oOLIHM.

6. Paccmorpum m cucreM QyHKUMH

Y, Y12, ..., Yin,
y.zb yZZ, e ey yZny (7)
ymi» ymZ) sy ymn)

OrnpefleNeHHbIX M HeNpepbIBHBIX B HHTepBase (@, b). DTH cHCTeMbI
Ha3bIBAIOTCH AUHeUHO He3asucumbimu B HHTepBajae (a, b), ecau
TOXecTBa

m

2, aiyin=0 (k=1,2, ..., n, a<x<<bh), (8)
i=1
rae o4, o2, ..., Om — MOCTOSHHblE UYHCJA, MOTYT BBINOJHAThCS
TOJBKO NMPH at=oe= ... =am=0. B NpoTHBHOM c/yuae cucTeMbI

dyHxuni (7) Ha3bIBAIOTCA AUHELHO 3a8ucumbimy B UHTEpBaJe (a, b).

Ecan oana u3 cuctem ¢yHKuuMit (7) cocraBieHa M3 TOXKAECT-
BEHHBbIX HyJel, TO 3TH CHCTeMbl JIHHEHHO 3aBHCHMbI B (@, b) (mo-
yeMy?).

JokaxeM JBe TeopeMbl, yCTaHaBJUBAIOLIHe NPH3HAKK JIHHEHHOH
3aBHCHMOCTH JIOObIX n cHCTeM (YHKUHH M JHHeHHON He3aBHCHMO-
cTu n pemeHu#B cucremn (1).

Ilycte uMeeTcss n cHcTeM GYHKUHHA

Y, Y2y ..., Ytn,

yzi, y22» c ey yZ'n, (9)

Ynt, Yn2y, .- ., Ynn.
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BBenem B paccMmorpeHHe onpedeauteas Bporckozo
Yu Yz ... Yin
W (x) = Yaa Yoz ... Yon . (10)
Unt Yn2 ... Ynn

Teopewma 1. Ecau cucremst (9) aunelino 3asucumol 8 uxTep-
sazre (a, b), To W(x)=0 8 unrepsase (a, b).
JelcTBUTENIbBHO, MBI HMEEM TOXIEeCTBa

n

Dlowu=0 (k=1,2, ..., n, a<x<b),  (lI)

i=1

rae He Bce o; PaBHbI HYJIO, a 3TO BO3MOXXHO TOJBKO B TOM CJyyae,
gorna W(x)=0 B (a, b) (mouemy?).

Teopema 2. Ecau cucremor ¢pyuxyuii (9) cyre pewenus
00HOPOOHOU AuHeliHol cuctemot (1), auneidno ne3asucumole 8 (a, b)
[7. e. 8 unTepsasre HenpepoisrHocTu Ko3(pduyuentos cucremor (1)],
170 W (x) He obpawjaercs 8 HYysb Hu 8 00HOU Touke x u3 (a, b).

B camom gene, nycte W (xo0) =0, xo € (a, b). CocraBuM cHcreMy
ypaBHeHHH

n
Dl Cyanx)=0 (k=1 2, ..., n). (12)

i=1
Ora cucreMa uMeer HeHyuaeBoe peuwenne Cy=CO, Cr=
=C0, ..., C,=CO (nouemy?). [locTpoum pewenne cucrembr (1):
L =) COyaulx)  (k=1, 2, ..., n). (13)

i=1

DTO pelieHHe YAOBJETBOPSeT HYJ/Je€BB M HayaabHBIM YCJIO-
BHSAM:
Yr(x) =0 npu x=xo (k=1, 2, ..., n) (14)

(nouemy?), a TOrAa B CHAY TeOpeMbl €JHHCTBEHHOCTH OHO SIBJISIETCH
HyJie Bbl M, T. € HMEIOT MeCTO TOXHeCTBa

Z’C«g)yik(x)go (k=1,2, ..., n, a<x<b), (15)

rae He Bce CO) paBHB HYJIIO, YTO HEBO3MOXKHO, W60 peuwenns (9)
JIUHeHHO He3aBHCHMH B (a, b).
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M3 nokasaHHBIX TeopeM CJelyeT, YTo 048 T020, 4TOGblL n 4acT-
Holx pewenuii (9) Ovtau auxelino Hesasucumol 8 (a, b), Heobxo0umo
u docrarourno, 4tobor W (x) ne obpawaiscs 6 nyss 8 (a, b). Ha
caMoM jeje, HOCTAaTOYHO NpoBeputh, uto W (X) OT/NHYEH OT HyJs
B KaKOH-HUOYAb ONHOW TOuKe Xx=xo U3 (a, b), uéo ecau W (xo) =0,
X5 € (a, b), To W(x)5=0 npu Bcex x€ (a, b) (mouemy?).

7. Onpepenurens BpoHCKOro n yacTHBIX pelleHHH OZHOPOXHOM
JuHelHON cuctembl (1) Bblpa)kaeTrcsi yepe3 CyMMY AHAaroHaJjbHBIX
3JIEMEHTOB MAaTpHULbl KO3(p(PUUHEHTOB 3TOH CHCTEMbl CJeayole
¢opmnyroli Octrpoepadckoeo—Jluysuarra—fAKkobu:

x n
Py(x)dx

W (x) =W (x,) ex0 i=1 (16)
M3 stoit Hopmynbl BHAHO, YTO
1) ecin W (x0) =0, .x0 € (a, b), To W(x) =0 npu Bcex x € (a, b);
2) ecan W (xo) #0, xo €(a, b), To W(x) 0 npu Bcex x € (a, b).
8. CoBokynHocTb (9) n JuHeHHO He3aBHCHUMBbIX B (@, b) uyacrt-
HbIX peLIeHHH OIHOPONHON JHHelHO! cucrembl (1) Ha3biBaercs
¢yndamentarvHol cucremol pewenuti. OTMETHM, YTO HyJeBOe
pellleHMe He MOXET BXOAHTb B COCTaB (yHAaMEHTAJIbHOH CHCTEMbI
(nouemy?). PyHIaMeHTaJbHYIO CHCTEMY peIlleHHH MOXHO 3amucaThb
B BHJE MaTpHIbl '

Yuu Y2 ... Yin
Y21 Yoo . .‘ yz‘n , (17)
yni ynz e yrm

npeamnoJsiarasi, YTo Kaxfass CTPOKa 3TOH MaTpHLBl e€CTb P e Ll e-
Hue cucrembl (1). (Takoe pacnosoxkeHHe pellleHHH He CyIecT-
BEHHO, HX MOXHO pacmoJaratb H 1o cTosa6uam.)

Teopewma. Ecau kospuyuentor cuctemor (1) Henpepoigrol
8 untepsase (a, b), To pyndamenTarbHaa cucTema peuwenuld cyue-
cT8yer.

JelicTBUTENbHO, TIOCTPOUM, MOJb3ysick TeopeMoii ITukapa, n pe-
IIEeHHH, YAOBJETBOPSIOMIHX CJeAYIOINM HadyaJbHbIM . yCAOBUAM:

Yin: Yyu=1, yp=0, ..., yin,=0 I
Yon: yzr—-.o.. y2.2=‘ 1,. a v.y2fl='0 npu x=xo€ (a, b). (18)
Ynhk: yn1=0y ynZ:O, ceey yn‘n=1

OTH pelieHHss 0GpasylT (YHAAMEHTAJbHYI0 CHCTEMYy peLIeHHH,
u6o W (xo) =1=0.
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ITocrpoenHass ¢yHnaMeHTalbHAsl CHCTEeMa pelleHHH Ha3blBaeTcs
HOPMUPOBAHHOL B TOUKe X=2X,. CywmecTByer 6ecuHcieHHOe MHOXKe-
CTBO APYIHX (PyHAaMeHTaJbHBIX CHCTEM (moueMy?).

Ecau kosdpduunenTs cHcTeMbl (1) rosmomMopdHbl B OKPECTHOCTH
| x—Xo| <<p TOYKH X=Xo, TO, Moab3ysicb Teopemoii KouH, MOXHO
NOCTPOHTb (PyHAaMeHTaJbHYI0 CHCTeMYy pelleHHH, ToJioMOpPGHBIX 1O
KpaliHell Mepe B TOH XK€ OKPECTHOCTH, 4YTO H KO3(p(HULUHEHTHl CH-
CTEMBI. -

9. Ecin HafileHO n JMHEHHO HEe3aBHCHMBIX YAaCTHBIX pelleHHH
OJHOPOJHOH JHHeHHOH CcHUCTeMbl, T. e. (QyHAaMeHTa/lbHasg CHCTEMA
pelleHuH, To, MOJb3ysChb HMH, MOXKHO MNOCTPOHTb OOlllee peLIeHHE.

Teopema. Ecau (9) ecte pynOamenrarvras cuctema peule-
HUii 00HOPOOHOU AuHelnol cuctemor (1), TO

=D Cym (k=1 2, ..., n), (19)
=1

2de C; — npoussoabrble NOCTOAHHblE, eCTb6 u obujee pewenue cu-
cremvt (1) 8 obaacru

a<<x<b, |yr| <4oo (k=1, 2, ..., n). (20)

B camoM geJe, BcIOMHHasi onpefiejieHHe OOLIero peuieHHs HOP-
MaabpHOH cHcteMbl (ra. IV, n. 6), 3ameruM npexie Bcero, urto
o6Jsacte (20) ectb 06sacTh CYIIECTBOBAHHS H €AHHCTBEHHOCTH pe-
utenusi 3agaud Komwm pus cucrembl (1) u uyro ¢ynkuuu (19)
onpepnesieHpl B 06/1aCTH

a<x<<b, |Ci|<+4oo, |C2] <400, ..., |Ch| <<+ (21)

H HempepbiBHO AuddepeHuupyembl no x. IIpoBepsieM Tenepb BIMOJI-
HeHHe OOOMX NMYHKTOB ONpejeseHHs1 OOLIero peLleHHus.

1. Cucrema (19) paspemnma B o6aactH (20) OTHOCHTE/BHO
NPOU3BOJIBHBIX MOCTOsIHHBIX C; (mouemy?).

2. ®ynkuvu (19) obpasylor pemeHHe cuctembl (1) npu Bcex
3HAYEHHUsIX MPOU3BOJBHBIX NMOCTOSHHBIX Cj.

CnenoBatenpHo, (19) ectp o6mee pemenne cucrembr (1)
B obmnactu (20).

Hansi pewennst 3anaun Kowwn c HayaibHBIMH J@HHBIMH Xo, Y¢),

y(2°), «eoy YO w3 obaactu (20) HyXHO moOACTaBHTb HX B oOllee
petueHue (19) u paspellnTb NOJYYEHHYIO CHCTEMY

yO= D Cyu(x) (k=1, 2, ..., n) (22)

=1



§ 3. Heodnopodnas auneiinas cucrema 281

orHocutenpto C;. IloacraBisisi HaifeHHble 3Hayenns C;=C0
B o6uiee peuteHve (19), MBI U MOJYyYHM HCKOMOE pelleHHE

Yr= E C(g)yih(x) (k:l, 2, ceey n). (23)

i=1

JIpyrux peuieHH# HerT.
Ecnu ¢ukcuposats Xo, a 4y, y©, ..., y@ cuutath NPOH3BO/L-
HBIMH, TO C(? OyayT MU HEeHHbB MU OQYHKUHAMH OT Y, y(2°), RN

y© u dpopmyna (23) maer obuee peurenne cucremsl (1) B opmyJe
Kou.

Bce pemeHusi ogHoponxHO# sMHelHO# cHucteMmbl (1) comepikatcs
B ¢opmyJe o6Llero peuieHHs (19) unu (23). Cucrema (1) He Mmo-
XKeT MMeTb Ooslee 4YeM n JIHHEHHO HE3aBHCHMBIX YAaCTHBIX pelIeHHH
(mouemy?).

3aMmeTHM, YTO aHaJUTHYECKHH XapakTep OOILero pelleHu,
nocraBasieMoro ¢opmysoil obumero peuwenus (19) uam (23), ompe-
JeJIfeTCsl aHAaJHTHYeCKHM XapaKTepoM (YHIaMeHTa/JbHOH CHCTEeMbl
pelieHHl, KOTOpbIi B CBOIO Oyepelb ONpede]sieTcss CBOHCTBAMH
K03 (uuneHTOB cHcTeMbl. Ecin nocjeHye He TOJIbKO HENpPephIBHE,
HO M TOJOMOP(HBI B OKPECTHOCTH |X—xXo| <p TOYKH X==Xp, TO
KaXKias u3 q)opMyn (19) u (23) maet oOuiee pemeHue roJomMop -
HOe Mo KpafiHeii Mepe B TOH K€ OKPECTHOCTH.

Paspemas o6iiee peumenne (19) OTHOCHTENbHO NpPOM3BOJbHBIX
noctostHHbix Cj;, mojyuum oOwMiA HHTerpasa cucremel (1) B BHIe

’ll)i (x, yi, yz, .« ey y‘ll):Ci (’:=I) 2a LR ] n)' (24)

Kaxpgoe n3 paBeHCTB (24) ecTb NepBblii MHTerpaj, a Kaxiaasd H3
GyHKIMA ¢; ABASeTcs HHTerpajom cucreMbl (1), Tak 4To cucrema
(1) umeer poBHO 7 He3aBHCHMblX HHTerpanoB. OTMeTHM, YTO Bce
HHTErpajbl {P; 3aBHCAT OT HCKOMbIX GYHKUMH Y1, Yz, ..., Yn JH-
HefiHo. OHH SIBASIOTCS HeNpepblBHO AH(PQepeHLHpyeMbIMH ¢YHK-
LHAMH OT X, Y1, Y2, - - - » Yn, €CJH KOIQPHLUHEHTH pr(X) cuctemnl (1)
HenpepbiBHBl B (a, b). Ecau pr(X) ronomMopdHbl B OKPECTHOCTH
| x—Xo| <<p TOYKW X==Xo, TO M HHTerpajibl P; OyayT rosomopo-
HbIMH (DYHKIUSIMH BCeX apryMeHTOB.

§ 3. HEOMHOPOJTHAA JUHENHAA CHCTEMA

10. PaccMoTpHM HEOZHOPOAHYIO JIMHEHHYIO CHCTEMY

dyh

= Wt k=12 m

=1
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Uy
dy - —
E—P!H-f,

(1)

TAe KO03GGHUUHEHTH Pr(X), UM, YTO TO Ke, Marpuua P(x) Hemnpe-

PBIBHBL B HHTepBase (a, b).

Ecnu wsBecTHO yactHoe pemiedre cucrembl (1) uam (17), TO
HHTErpHpOBaHHe ee MoOXeT ObiTb IpHBeNeHO K WHTErpUpOBaHHIO

CO0T8eTCT8YIOWell 0OHOPOOHOL CcucTeMbl

n

th
W%’pmmzz (k=1,2, ... (2)
HJH
iz ,
JeiicTBUTENBHO, NMYCTb
g {v0, v, ..., g0} (3)
€CTb YyacTHOe pelleHHe ypaBHeHHsa (1), T. e.
dy(i) - -
T=Pyo+] (a<x<b). (4)
Torna, nonarass B ypaBHeHud (1’)
i =yt+z, (5)
Tae §=5{z1, 22 .., zn}, MOJyYHM
dy(i) dz
)
o T =PyO+Pz+f (6)
HJIH
dz -~
CEcan oz (i, k=1, 2, ..., n) — pyHnaMeHTa/bHaA CcHCTeMa

pelieHuii OJHOPOAHOH cHcTeMbl (2), TO
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yh—-_—y(,?‘l-ZCiZih (k=1, 2, ..., n) (8)

i=1
6yner o6wum peweHneM cucreMmbl (1) B obsactu

a<<x<<b, |yr| <4oo (k=1, 2, ..., n) 9)
(nmouemy?).

Bce pemeHnus HeoZHOPOZHOH cHCTeMbl cojepxarcs B ¢opmy-
ae (8).

11. Merod sapuayuu  NPoU3BOAbHLLX  NOCTOAHHbLIX  (MeTOO0
Jlaepansca) paer BO3MOXKHOCTb Bcerga HaiTh ofllee pelleHHe
HEeONHOPOAHOH JHHe#HOK cucteMbl (l) B kKBajpatypax, €Ciad H3-
BeCTHa (yHAaMeHTaJbHAasi CHCTeMa pelleHHH COOTBETCTBYIOLLEH
OJHOPOAHOH CHCTEMBI.

Iycte 2z (i, k=1, 2, ..., n) — pyHnameHTasbHasA CHCTEMa
pelleHuil omHoponHO# cucTeMbl (2). Torma ee oOuiee pelleHHe
HMeeT BHJ

a= D Can (k=12 ..., n), (10)
i=1

rae C; — npousBo/bHble NOCTOsIHHblE. Bynem Hckate ofuiee perre-
HHe HeomHopoaHo# cucrembl (1) B BHAe

yk=2Ci(x)zih (k=1, 2, ceey n), (11)

=1

rae C;(x) — HeKOTOpble HENpepbiBHO AH(¢epeHurpyeMble QYHKUUH
OT X.
IMoacrasasa (11) B (1), Haxogum

_2 (o (x)zlk-q-zcl x)2,, me x)ZC x)zi+fr(x)  (12)

i=1 i=1 =1

(—12 .., h)

Nt S| 2 pu(x)za| =h(x)  (13)

=1 =1
(k=1, 2, ..., n).

Tak Kak BblpaKeHHsi B KBaJpPaTHbIX CKOOKAaX TO/KAECTBEHHO paBHbI
HyJ10 (mouemy?), TO

HJIH
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D/C Wzn=h(x) (=12, ..., n). (14)

=1
Pewas sty cucremy ortHocurenbno C’ (x), nmonyyaem
C (x)=wi(x) (i=1,2,...,n), (15)

rae ¢i(x) HenpepbiBHel B (@, b) (nouemy?). Huterpupys (15),
Ha#ieM ' '

Ci(x)=/cpi(x)dx+Ci (i=1, 2, ..., n). (16)
IMoacraBasis 3t 3Havenuss Ci(x) B (11), moayuum

Yr= jzihfwi(x)dx+jcizih (k=1,2,...,n). (I7)

i=1 =1

e

3r1o ectb o6llee peumeHHe cuctembl (1) B o6aactu (9).

§ 4. JUHENHBIE CHCTEMbI C IOCTOAHHLIMA KO3®DPHUIIMEHTAMHI

12. PaccMOTpUM JIHHEHHYIO CHCTEMY

d N ,
D= D) ot (), ()

i=1

KO3 HIHEHTH KOTOPOH Qp; CYyTb NMOCTOSIHHbIE BeLle€CTBEHHDI e
yucsia, a mpaBas 4acTh f(x) HempepbiBHAa B MHTepBaje (a, b).
M3yuuM cHauajla OLHOPOAHYIO CHCTEMY

dyr N .
Vi anyr. (2)

i=1

Caenys Dijepy, NOKaxeM, YTO CylLecTByeT (yHAaMeHTaJbHas
CHCTEMA pelleHHH, COCTOsllast H3 3JeMeHTapHbX QYHKuui. Tem
cambiM OyZmer f0Ka3aHO, yToO Jto6ast JiMHeAHAasi CHCTeMa C IOCTOSIH-
HbIMH KO3 (HIlMeHTaMH BCeria MOXeT ObITb NPOMHTErPHPOBaHa
Mo XpaiHeH Mepe B KBaJpaTypax.

Bynem nckath penieHne cHcTeMbl (2) B BHAe

Y1=v1€*, yo=yse**, ..., yp=1yner, 3)
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TA€ Y1, V2, - - - » Y, A — NOCTOSIHHBIE YHCJIA, IPHYEM YHUCJIA Vi, V2, - - - ,
Yn» He paBHBl HYJIO ONHOBpPeMEHHO (Belb Halla LeJb — INOCTPOHTH
¢dyHZaMeHTaJbHYIO CHCTEMY pelleHHH, a HyJieBOe pellieHHe He MO-
ket Bxoauth B Hee!). IloacraBasisi (3) B cucreMy (2) u cokparias
Ha e, nosjyyum

(au—A) vitapye+ . . . +aimyn=0,
021Y1+ (022—7») Y2+ +02nYn—0

. .

an1Y1+an2Y2+ + (ann_x)Yn—o

OTa CcHCTeMa HMeeT HEH yJaeBO€ peleHHe OTHOCHTEJAbHO Yy,

*)

Y2, ..., 'Yn TOTLA, H TOJbKO TOTAA, KOrAa A sBJAETCA KOpHEM
YypaBHeHHA
ay—A Q12 Qin
Qs Qasz —A e asz.
A= ! " | =0 )
aTLi a’n2 ... ann_h

{mouemy?). ¥YpaBHeHHe (D) Ha3bIBaeTC XAPAKTEPUCTUUECKUM
YypasHerueMm, a ero KOPHH — XAPAKTePUCTUYECKUMU HUCAAMU CH-
crembl (2). Ilonunom n-#i cremeHu A(A), crosiuuil B JieBOH 4acTH
ypaBHeHus1 (5), Ha3bIBaeTCsl XAPAKTEPUCTUHECKUM NOAUHOMOM.

CtpykTypa (yHAaMeHTaJbHOH CHCTeMbl pelIeHHH 3aBHCHT OT
BHJAa KOpDHEH XapaKTepHCTHYECKOTO ypaBHEeHHs (XOTsl, KaK YBHIHM
HHXKe, B OTJIHYMe OT JIHHEHHOTO ypaBHEHHS n-TO Mopsijika C INo-
CTOSSHHBIMH KO3()(QHIHEeHTaMH He BCeria. BIOJHe HUMH OIpene-
JisieTcsi).

PaccMoTpuM cHauasa ciayyail, KOTZa BCE€ KOPHHU Ag, A, ..., An
XapaKTepUCTHUYECKOTro ypaBHeHHS (5) pasauuy-
H bl e. B aToM cayuae, nosnaras B cucreme (4) A=>A; (i=1, 2, ..., n),
TIOYYHUM CJIeAYIONLYyI0 aJjre6panyecKyl0 OXHOPOAHYIO JIHHEHHYIO
CHCTEMY OTHOCHTEJBHO Vi, V2, - - -, Vn!

(as—A:) yitasye+- . . . +ainyn=0, l

aziYi‘l‘ (022—7»1) Yz+ +a2nYn =0, ©)

aniYi‘i'and'Yz‘l' + (ann_xi)Yn-—O

Paur marpunsl Ko3QQHUUHEHTOB 3TOH CHCTEMBI paBeH n—].
Jle#icTBUTENbHO, BHIYHCASAA NMPOU3BOAHYIO OT A (L) (muddepeHunpys
NpH 3TOM NOOYepelHO KaxXAbll cTosbel, onpenenntens A(A) u ckiaa-
AblBasi MOJydeHHble ONpeleJUTeNH), HafjaeM
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A () =— 2’ Ais (M), 7):

i=i

rae Aii(A) — anreGpanyueckoe HOMOJIHEHHe NHArOHAJbHOTO 3JeMeH-
Ta a;;—A. Tak kak A’(A;) =0 (nmouemy?), To XO0Tb OOHH H3 Asi(A:)
OTJIMYEH OT HyJs, TaK 4YTO paHr chucremsl (6) paBen n—I1. ITosTomy
cucrema (6) MMeerT GecYHCIEHHOe MHOYKECTBO HeHYJIEBBIX pelleHHH,
onpeneJieHHOe C TOYHOCTBIO O MOCTOSIHHOrO MHoxurens. IlycTb

Y1=Yi1, Y2=Yi2, ..., Yn=Yin (8)

eCTb OJHO H3 3THX pelueHHH. 3aMeTHM, UYTO B KayecTBe Yyiz MOXHO.
B3ATb anrebpaHuyeckye [ONOJHEHHS 3JeMEHTOB JiI000H CTPOKH
cnpefesnuress cucreMbl (6), ecnu Bce OHH He paBHbI OJHOBPEMEHHO
Hymo (nouemy?). Takas crpoka Bcerga Hafigercs (mouemy?).

BoinosnHssi yka3aHHble BBIUMC/EHHS IJisI KaXKJIOTO A;, MOACTABJISIS
HalJeHHble 3HAYCHHUSA YHCeJ Vi, Y2, ..., Yn B PopMyanl (3) u 3ame-
HAA A Ha A;, NOJYYUM n pelieHUH CHCTEMBI (2)

Yu=yuer=, Yp=vypeM*, ..., Yin=Yyme ",
Y21 ="Y21€M%, Ypo=="Y9€M*, ... Yap=1y2n€M", 9)
ynl=YnieAnx, yn2=Yn237‘nx, ceey ynn='Ynnelnx-

DT pelleHHs JHHEHHO He3aBHCHMbl B HHTepBaje (—oo, 400)
(mouemy?).
Ecin Bce A; BemecTBeHHbl, TO peiuenust (9) GydyT BelllecTBeH-
HBIMH H 00pa3yloT (pyHIaMeHTa/JbHYIO CHCTEMY pelleHHH.
ITostomy

yh=20iYihe7‘l"c (k=1, 2, ..., n) (10)

=1
Oyner o6LMM pelleHHeM CHCTeMbl (2) B o6JjacTH
x| <+4oo, |yr| <400 (k=]1, 2, ..., n). (11)

Ecin XOopHHM XapaKTepHCTHYECKOTO YypaBHe-
Hua (D) pa3JHUHB, HO CpeJlH HHX MMETCS KOM-
NJAeKCHBle, TO INOCAeIHHE BXOAAT CONPSKEHHBIMH NapaMu
(moueMy?). ¥YKaxkeM BHJ BellleCTBEHHBIX YACTHBIX peILIeHHH, COOT-
BETCTBYIOIUUX Nape KopHell a4ib. KopHio a-ib orTBeuaer KoM-
IIEKCHOE DellieHHe

yr= (VO+IVP) €04, L, g (Y@ e (12)
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OrTnensin BellleCTBEHHble W MHHMble YacCTH, NOJIYYHM JBa Belle-
CTBEHHBIX JHHEHHO HEe3aBHCHMBIX YaCTHBIX pE€UIeHHA:

yu=e*(yP cos bx—y® sin bx), ..., Y=
=e2* (v cos bx—y® sin bx),
Yar=e2* (Y sin bx+y@ cos bx), ..., Yan= (13)

=% (y® sin bx+y® cos bx). \
BelecTBeHHblE pelIeHHs,, COOTBETCTBYIOLINE KOPHIO a—ib, u pele-
Hua (13) 6yayT JauHelHO 3aBucHMbI (mouemy?). Takum obGpasowm,
nape CONpsKEHHBbIX KOMIJIEKCHBIX KOpPHeH a-=ib cOOTBETCTBYIOT ABa
BElIlECTBEHHbIX JIMHEHHO He3aBHCHMbIX YacTHBIX pelieHus Bupa (13).

IlocTpouB BelllecTBeHHBIE JHHEHHO He3aBHCHMble YacCTHble pe-
LIeHKs], COOTBETCTBYIOLIYE BCEM BeIleCTBEHHbBIM KOPHAM H KaxKJ1oi
nape CONPsKEHHBIX KOMIJIEKCHBIX KOpHeH, MOJy4YuM (yHAaMeH-
TaJIbHYI0 CHCTeMY pelleHHi. JluHeiiHasi KOMOMHAUMA 3THX PeUIEHHH
¢ TpOM3BOJbHBIMH TNOCTOSIHHBIMH KO3(dHuLHeHTaMH JacT olllee
peuleHue cucrembl (2).

13. PaccMorpum ciaydai, Koria cpelaH KOpHeH Xxapaxk-
TEPHCTHYECKOTO ypaBHEHHS HUMEIOTCS KpaTHHE.
Ilyctb Ay — kopeHb KpaTHoctd k. Torma MoOXKHO H0KasaTh (CM.
n. 22), 4yTo eMy COOTBETCTBYyeT CeMeHCTBO pelleHH#, 3aBHucslllee
OT k NPOU3BOJIbHBIX IOCTOSIHHBIX BHAA

y1=Pi(x)er=, ya=Psy(x)eM*, ..., yo="Pn(x)eM, (14)

roe Pi(x), Ps(x), ..., Pn(X) — MOJMHOMBI OT X CTEN€HH He BhbIlle
k—1, nmpuuem k kK03)GHUUHEHTOB 3STHX NOJHHOMOB MNPOH3BOJIbHBI,
a ocTajbHble BbIpakarmotcs yepe3 Hux. KoadduuueHTH MOIHHOMOB
Py(x), Pa2(x), ..., Pa(x) MoxHO onpemenutb noacraHokod (14)
B cucremy (2).

B n. 22 ™Mbl BBISICHHM, KOTJa IOJHHOMBI, Bxoiasiuiue B (14),
ofpamiaioTcs B MOCTOSIHHble 4YMCJA, KOTAA OHHM JOCTHraloT Hau-
pbicliefi cTemeHM 2—1 ¥ BooOlle OT Yero 3aBHCHT CTeNCHb 3THX
TI0JTMHOMOB.

Ecau M BemecTtBeHHO u k=n, To cemeiictBo (14) u saBasercs
o0WKUM penieHHeM CHCTeMbl (2).

@®opmyant (14) maooT BO3MOXKHOCTb HAaHTH k JIHHEHHO He3aBH-
CHMBIX YaCTHBIX pelIeHHH, COOTBETCTBYIOLIMX KOPHIO A4 (KpaTHo-
¢t k). Inst 3TOro HyKHO MOJIOXKHTb IOOYEPENHO OAHUH M3 NPOM3-
BOJIbHBIX KO3 duuHeHToB mnoauHOMOB Pi(x), Pa(x), ..., P,(x)
paBHbLIM eflMHHLe, a OCTa/jbHble paBHBIMH HyJawo. Eciau Ay Bere-
CTBEHHO, TO 3TH k pelleHHH BellleCTBEHHBI.

Ecan M=a--ib — KoMn/eKCHbIH KOpPeHb KPaTHOCTH k, TO eMy
H COMPSXXEHHOMY C HHM KODHIO Ap=a—ib TOH e KpPaTHOCTH (mo-
4yeMy TaKOH KOpeHb CYLIeCTBYeT?) COOTBETCTBYIOT 2k- BellleCTBEH-
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HbIX JIMHEHHO HEe3aBHCHMBIX YaCTHBIX pelleHHH. UTo6bl MX HaNTH,
pPaccCMOTPHM CeMeHCTBO KOMIJIEKCHBIX peIleHHH, COOTBETCTBYIOLIHX
KOpHIO Ay=a-}-ib:

= [P(ii) (x)+iP§2)(x)] ewtibx, ., Yn=
— [PW(x) +-iP® (x) ] e@+ibn, (15)

Otaensisi BelleCTBeHHble M MHHMble YacTH, MOJYYHM [Ba Belle-
CTBEHHBIX CeMeHCTBa, COOTBETCTBYIOLIMX KOpHIO a-ib:

yh=ex [PN(x) cos bx—PA(x) sin bx], ..., yO=
=ea* [P (x) cos bx—P® (x) sin bx],
y@=eox [PO(x) sin bx+PAx cos bx], ..., yd=
=ea [PY(x) sin bx+P® (x) cos bx]. (16)

Orciona TeM Ke NPHEMOM, YTO H Bblllle, HafieM 2k BellleCTBEHHbIX
JIMHEeHHO He3aBHCHMbIX 4aCTHHIX pellleHHi. DTH 2k pelleHHH MOXeM
CUUTAThb COOTBETCTBYIOLIMMH nape a@=4ib, nbo peleHHsi, OTBeuao-
L{He COOTBETCTBEHHO KOpHAM a-ib W a—ib, nHHeAHO 3aBHCHMBI.

ITocTpoHB /MHeHHO He3aBHCHMble YaCTHble pelledHsl, COOTBET-
CTBYIOLLlHE BCeM INPOCTHIM H KPAaTHHIM KOPHAM MO YKa3aHHLIM Bhllle
npaBujaM, NoayynM (QyHZaMeHTalbHYylO cHcTeMy pemenui. Kak
W B cayyae NPOCTHIX KOpHeH XapaKTepPHCTHYECKOro ypaBHEHHs, OHa
GymeT cocToATh H3 3neMeHTapHbIX ¢yHkuuil. [To HahimeHHoH QyHAa-
MEHTAa/bHOH CHCTeMe pellleHHil M3BeCTHBIM crocob6oM CTpouM ofuiee
pelleHHe.

Bonpoc o0 cTpyKType (yHIaMeHTaJbHOH CHCTEMBl peLIeHH#
B o0LieM cJydyae Mbl CMOXKEM BBISICHHTb JIHIIb HECKOJbKO MO3AHEe
(cm. 0. 20), a cefiyac mokaxem Ha NpHUMepax, YTO OHA He BIIOJIHE
onpefensieTcsi KOPHAMH XapaKTepPHCTHUECKOTO ypaBHEHHs, €C/H
CpefiM KOpHeH MMEIOTCS KpaTHble.

Jlnsi mpoCTOTH OPAHHYMMCSH CayuyaeM, KOTAAa CHCTeMa COCTOHT
W3 JBYX ypaBHeHHH H XapaKTepHCTHYECKOe ypaBHeHHe HMeeT OINHH
IBYKpaTHbI#l KOpe€Hb.

Mpumep 1. PaccvoTpumM cucteMy

‘Z‘ =Mys; %=A,y2. (17)
XapakTepHcTHYecKoe ypaBHeHHe
=2 0
0 a—n|? (18

HMeeT OJMH [ABYKPaTHblii KopeHb A=MA;. BBISICHUM CTPYKTYpY GyHaaMeHTanbHO
CHCTEMbl pelleHHH.
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OG6wum pewenneM cucteMbl (17), oueBuaHO, Gymer
] y1=Ciehx, y,=Creh=, (19)
3nece noauHoMbl Py(x) u Pp(x) BblpomHaHcb B NOCTOsiHHble 4yucaa. [losaras

Ci=1, C;=0; Cy=0, C;=1, noayuum ¢yHIaMeHTaJbHYI0 CHCTEMY pelleHHi,
KOTOPYIO 3amnuileM B BHAE MaTpPHUbI

eM=

20
0 eMx “9)

CtpykTypa ¢yHIaMeHTajbHON CACTEMBl peLIeHHil OKa3alacb TaKOM e, Kak H
B Clyuae MPOCTHIX KOPHEH XapaKTePUCTHYECKOTO YDaBHEHHS.
Tpumep 2. IlycTh maHa cucTeMa

% =MYy1+Ys; _%!i_z =MY>. 21
3nech XapakTepHCTHYeCKOe ypaBHeHHe
A—A 1 l -0 22)
0 A—A

TOXe HMeeT OAHH JBYKpaTHbi KopeHb A=Ay. UTOGbl BBIICHHTb CTPYKTYDY
(yHIaMeHTaNbHOH CHCTeMbl pelleHHH, BocnoJb3yeMcss OOUIMM pellleHHeM CH-
crembl (21): <
y,=e7~1" (C2+ Cix); y2=C1e7~1" (23)

[oHO HaxomuTcs mociefOBaTe/bHBIM HHTErPHPOBaHHEM YypaBHeHHH cucreMsl (21),
HauWHasi co BTOporo]. 3aMeTuM, 4YTO B OT/IHYHe OT npHMepa 1 3xech Py(x)
€CTb MOJMHOM MaKCHMaJbHO BO3MOXHOM, T. €. NepBOH CTeNeHH, OTHOCHTEIbHO X.
B KauectBe (YHAAMEHTa/JbHON CHCTEMBI PeEIUeHH MOXHO B3SATh

ez ()

xeM* ehMx 24)

3aech BTOpoe pelieHHe B OT/IHYHe oT (20) cOOepMHT MHOXKHTeNb X.

'~ 3ameruM, 4YTO NepBoe pelleHHe MOXeT ObiTb NOJYYeHO M3 BTOPOro And@e-
peHuupoBanueM KosdouuueHToB' npu eM*. B nanpHeiimem (m. 19) Oyner mnoka-
3aHO, YTO 3TO He cJyuaiiHo.

CpaBuuBas (20) u (24), BuAHM, YTO CTPYKTypa (yHAaMeHTa/lbHOH CHCTEMb
elleHUH onpefensieTcss He TOJbKO XapaKTeDHCTHYECKHMH YHC/IAaMH CHCTeMbi
FOHH nas cucreM (17) u (21) omHu u Te kel

PaccMoTpuM Tpu mpHMepa Ha HaXoXK/eHHe OOLIero pelleHHs CHCTeMbl B CJy-
qyae HaJHuMs KPaTHbIX KOpHei.

Mpumep 3. Hafng obliee pelleHHe CHCTEMBI

Y _, 2 gt 25
—— =4y—2z;, — =y+2z
dx y dx y (25
Xapamepucmqecxoe YpaBHeHHE
4—) —1
=0 ua A2—6A+9=0 (26)
1 2—-A

WMeeT OJMH JBYKDATHEI KopeHb Ay p=3. Ilostomy cylectsyeT pelwenie Buaa
y=(A1x+4,)e’*, z=(Bix+By)e’~ 27
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TMoacraeasisa ero B cucremy (25) W cokpamasi Ha €3%, MOJy4HM

3(A1x+A;) +A1=4(A1x+A:) — (Bix+By), } (28)
3(Bix+B;) +By=A;x+ A, +2(B1x+B;)
HIIH
(—A1+By)x+A1— A+ B2 =0, } (29)
(B,—A,)x+B,+Bz—A2=O.

OTcloga mosyyaeM CHCTEMY 4eThiPeX YpaBHEHHH [JIsi ONpefelieHHs uHeThipex He-
ussectHoix Ay, Az u By, Bs:

—A;+B=0, A;—A;+B;=0, B,—A;=0, B;+B;—A,=0, (30)
CpelH KOTOphIX He3aBHCHMbIX JIHIIb JBa:
By—A;=0, A;—A;+B;=0. 31)

V3 sTHX ypaBHeHHII HaXOXHM:
Bi=A4;, B:=A:—A,,

DpHYeM, Kak H CJe[0Bajo OXKHAaTh, ABa Koadduumenta (A; u Az) ocrawres
TIPOM3BOJIbHBIMH.
Takum o6pasoM, cucreMa (25) umeeT cienyiolllee pelIeHHE:
y=(A1x+A2)e3’°, Z=(A1X+A2—A1)63x‘ (32)

AT10 u ectb ofliee peueHue. B xauecTBe ¢GyHZaMEHTaJbHON CHCTEMBI pelueHHH
MOJXHO B3STb

=xe3*, zy=(x—1)e3=,
Y1 1=( ) } (33)
Yo=03%%, z,=e%*,
Mpumep 4. PaccMoTpuM cHcTeMy
dy
7;-=yz+ya,
LN 34
dx 1 2—Ys, 349
dys
dx Y2t+Ys
XapakTepHCTHYECKOE YpaBHeHHe
—A 1 1
1 1-A —1|=0, —A(1-2)2=0 (35
0 1 1-A '

MMeeT OXMH MpPOCTOi KopeHb Ay=0 n OAMH IBYKpaTHbI Ay g=1.
Kopuio Ay=0 cOOTBETCTBYeT pelieHHe
Yuu=vy1, Y12=Y2, Y13=Ys, (36)

rie B KauyecTBe Yi, Yz, H Yys MOXHO B3fATb airebpanyeckoe JONOJHEHUWe MePBOH
CTPOKH MaTpHIbI :

1

01 1]
1 1 —1 l 37
0 1
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IMonyuaem y;=2, y.=—1, yz=1, Tak uTO ‘HMeeM
Yn=2, yiz=-—1, yiz=1. (38)

JiByKpaTHOMY XapakTepHCTHYECKOMY YHCAY Ao 3=1 COOTBETCTBYeT pelleHHe
BHIA

yr1=(Aix+Az)e, yo=(Bix+Bs)e*, y,=(Cix+Cy)ex. (39)
TloacraBass sTH BhIpaxeHus B cucTeMy (34) u cokpallas Ha e*, MOJY4YHM

Ayx+ A+ A= (B1+Cy) x+By+Cy,
Byx+B,+B,= (A1+B,—C‘)x+A2+Bg—C2,
Cix+C3+Cy=(B1+Cy)x+B2+Cs.

(40

Orciona

A,—'B,—Ci=0. A2+A‘—Bz—Cz=0,
—~A;+C=0, By+By—A,—B,+Cy=0, (41)
—-B‘=0, C2+C1—BZ—C2=0,
By=0, Ci=A;, B;=A4, Cy=A..

ITosTomy
y1=(Aix+Ay)ex, y,=A.e*, ys=(Ax+A4As)ex. (42)
dynnaMeHTaNbHON CHCTEMO peweHuit 6ynxeT
2, -1, 1,
xex, e* xex, (43)
ex, 0, e*
a oflee peiuneHHe HMMeET BHI
y,=2C4+(C2x+Ca)e",
Yo=—Cy+Coe®,
Ys=Cy+ (C2x+Cs)e=.

Mpumep 5. Naua cucrema

49

dyi

—— =—Yi1+Y2+Ys,
dx

dyz
dx

dy

3
—— =Y+ Ys—Ys.
dx Y1+Y2—Ys

XaparTepucTHUECKOe YypaBHeHue .
—1-2 1

1
1 —-1-A 1| =0, A34-2)2—4=0 (46)
1 1 —1-A

=Yr1—Y2+Ys (45)

umeer Kopun Ay=1, Ay 3=—2.
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Haiinem coorsercryiomue pemerns. [loayuum

Y11=vy1€%, Yia=1y2%, Yi3=Ys€%,

Rt R
Y11=e*, Ypp=e*, y3=er,
yi=(Aix+As)e=2%, y,=(Byx+By)e—2x, yy=(Cix+C,)e—2%, (48)
—2(Ax+A;) +A1=(—A+B1+C)x—A;+ B2+ C,,
—2(Bix+B;) +By=(A;—B1+Cy) x+A;— B +Cs, (49)

—~2(C1x+C3) +Cy= (A1+31—C1)X+A2+Bz-;czv
—Ay—B,—C,=0, —A,+A,—B,—C,=0,

—Bi—A1—Cy=0, —By+B1—A;—C,=0, . ¢ (50)
—Cy—A;—B=0, —C34+Cy—A,—By=0,
A;+B;+Cy=0, A;—B,;=0, B,-.—C1=0:,} 51)
A;=B;=C;=0, Cy=—(Az+8B.), .
yi=Ae=2*, y,=B,e~?*, ys=—(Az+By)e2*, (52)

rae As u Bz NpOH3BOJIbHEL
@dyHpaMeHTaNbHOR cHCTeMOR pelleHuit GymeT

e:' exv exi
e-2x, 0,  —e?%, (63)
0, e—%x, —e—2%,

HecmoTpss Ha TO YTO CpelH XapaKTeDHCTHYECKHX 4YHCeA ecTb KpaTHoe,
(yHIaMEHTAJbHYIO CHCTEMY pelleHHH Mbl MOJYYHJM 31ech (Kak u B npimepe 1)
B TOM Xe BH[e, YTO H B CJIydYae, KOrJla BCe XapaKTePHCTHYeCKHe YHCJIa MpPOCThIE.

OG6uuee peureHHe RaHHON cucTeMbl (34) HMeeT CAEAYIOLIUA BHA:

y1=Cie=+Coe~2%,
yz==C.e"+C3e-2", (54)
Ys= C,e’ _ Cze"zx —_ Cae_zx.

§ 5. MATPHYHBIN METOJ] MHTETPHPOBAHHNA OJHOPOIHBIX
JMHENHBIX CHCTEM '

14. TIpuBeneM KpaTKO OCHOBHBIE CBeJeHHsS M3 TeOpHH (KBajapar-
HbIX) MaTpHil, KOTOpble MOHALO0STCA AJsl NasbHeMIIero H3/10XKeHHUsl.
Ksadparnoi marpuyeii n-20 nopsadka HasblBaeTcs CHMBOJ

ay Q2 ... Qin

A=llan =% = o B, 1)

Apy Qn2 ... Qnn
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rae
{A} =AQa;p (2)
ir
CYyTb d4eMeHTo. MaTpHuubsl A, npeacrasiasiomue coGoll 4HCIA HIAH
(YHKLHH.
IMon marpuueit llal| nonnmaerca mMaTpuua, Bce 3JEeMEHThl KOTO-
poit paBHbl a. Marpuua 0= 0|l Ha3biBaercs Hysesoii.

COBOKYIIHOCTb 3JIEMEHTOB Qg1, g, ..., Anp 00Pa3yeT 24ABHYIO
Ouaeonaae matpuubl A, a Ux cymma

o(A) = Z a; (3)

Ha3blBaeTcs: €4e00M 3TOH MaTpPHLBI.
Marpuna Buna

a 0...0
0. a.z O =[a, as, ..., a,] (4)
0 0...a,

HasbiBaeTCsi Oua2oxasbHol MaTpuued. BaXKHbIM YacTHBIM ciayuaem
ee ABASETCS eOUHUHHAA MaATpuya

10...0
== 01O (5)
00...1

Mbl Gynem paccMaTpHBaTh YHCJIO @ KAaK JHATOHAJbHYI0 MaTPHILY
(n06oro mopsaka)

a=|a, a, ..., al. (6)
Ecau matpuna A nopsinka n HMeeT BHJI
4 0
A
A= ~ : @

As
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rae As, As, ..., As— KBajpaTHble MaTpHLbl NOPSAKOB &y,
ks, ..., kg (Ri+ka+ ... +ks=n), rnaBHble AUaroHaJd KOTOPHIX
COCTaBJSIIOT TIJABHYI0 AMAroHadb Matpuubl A, a Bce 3/E€MEHTHI
MaTpHUbl A, He NpHHaMJexalne Matpunam A, A, ..., As, paBHBI
Hymo, To Marpuua A Ha3bIBAeTCs KB8A3UOUACOHANbHOI MmaTpuyedl

CTPYKTYpbL ky, ks, ..., ks} H obo3Hayaercss Tak:

A=Ay, A, ..., Asg). (8)

Ipu 3tom HekoTopbie M3 Matpuy A, (HO He BCe) MOTYT BBIPO-
XKAATbCA B OAMH AMArOHaJbHbIA 3JeMeHT MaTpHubl A.
Onpepenutenb

Qg Q2 ... Qun
Qo Qo ... Q

D(A)= | % = - )
Unt Ap2 ... Qpn

HasbiBaercsas onpedeaureaem marpuyer A. Ecau D (A)+0, To
-MaTpuua A HasbiBaercs Heocobennod. Ecau D(A)=0, To maTpH-
na A HaseiBaeTcs 0CO6eHHOU.

JIlBe MaTpHUbI CYUHTAIOTCSl PABHBIMH, €C/JIM COOTBETCTBYIOLLHE HX
3JIEMEHTH! PaBHBI:

1=B, ecan {A}ih={B}ih (i, k=1, 2, ..., n). (10)

Cnoxenne mMatpHit A ¥ B CBOAHTCA K CJIOX<EHHIO COOTBETCTBYIO-
UWHX 3/1eMEHTOB 3THX MaTpHL

{A-{-B}ik: {A}f{B}ik‘ (1)

IMpoussenenne matpun A u B onpenensiercss paBeHCTBOM
{

{AB }ih=j{/] }”-{B}lh (i, k=1, 2 ..., n)  (12)

(T. e. MaTpHUbl NMEPeMHOXKAIOTCH MO OJHOMY H3 NpPaBHJ YMHOXKe-
HHA OnpejenuTesnell, a HMEHHO — IO NPaBH/Y YMHOXEHHSI CTpP OK
Ha cton6us). [Ipu stom

D(AB)=D(A)D(B). (13)
A-B=B-A, (14)

TO FOBOPSAT, YTO MaTpHUbl A U B XOMMYyTHpPYIOT.

Ecau



§ 5. Marpuuneui merod 295

Ecan matpuusl A M B auaroHa/bHble, TO HX YMHOXEHHe CBO-
JOMTCSl K YMHOXX@HHIO COOTBETCTBYIOLIHX JIHArOHa/JbHBIX 3J1€MEHTOB
3THX MaTpHIL

A=[ai, a, ..., an], Bz[bi, bg, ey bn], } (15)
AB=[a1b4, azbz, ey anbn].

Ecan A n B — kBasuaunaroHanbhble MaTpHUbl ONHOH H TOH Ke

CTPYKTYpbI
A=[Ay, A, ..., As], B=[By, B, ..., Bs], (16)

AB=[AB;, A:B>, ..., AsBg]. (17)

YMHOXKeHHe MaTpHUbI A Ha 4ucA0 A CBOAMUTCH K YMHOXECHHIO
BCE€X 3JIEMEHTOB MAaTpHIbI A Ha uHcI0 A .

{Ax }ikz{A}u{ A, (18)

Llenasi nosoxHuTeabHas cTeleHb MaTpuubl A onpegpeasercs
(peKyppeHTHO) paBeHCTBOM

Am=Am—t  (m=2). (19)
CreneHH [AHAaroHaJbHbIX H KBa3HAHATOHA/JbHbIX MaTPHI, BbiYHe-
JAI0TCA N0 ¢opMysam
A=[ay, ar, ..., an], Am=[a™, ar, ..., am], }
A=[Ay, A, ..., As], An=[Am Am, ..., AT].

TO

(20)

TMon HyJeBOM cTemeHbio MaTpHuUbl A NOHMMaeTcs eJHHHYHAA
MaTpHIla TOTO XK€ MOopsiiKa
A'=], (21

MaTtpuua A-! HasbiBaeTcs 06paTHol marpuyeld MO OTHOLICHHIO
K MaTpHue A, ecau
AA-'=] wn A-1.-A=]. (22)

Ins Bcsikoit HeocoGeHHOR MaTpuusl A cyulecTByerT oGpaTHas
MaTpHuua (mouemy?).
MaTtpuua A* Ha3biBaeTCs TPAHCNOHUPOBAHHOU TO OTHOLIEHHIO
K MaTpuue A, eciM OHa NOJyyeHa M3 MaTpHUE A MNepecTaHOBKOH
CTPOK H cT0J6110B. [TpH 3ToM
(AB)*=B*A*. (23)

JBe marpuusl A u B HasblBalOTC NOOOGHbIMU, €CJIH OHH CBSi-
3aHbl COOTHOLIEHHEM
B=SAS, (24)
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rae S — HekoTopasi HeocoGeHHas Marpuna. [lpeoGpasoBaHue, npu
NOMOILH KOTOPOro 3Jech H3 MaTpuubl A mosyyaercs marpuua B,
HasbiBaeTcsi npeobpasosanuem nodobus c¢ marpuyeti nodobus S.

Jlagum MoHATHE O XapaKTePHUCTHYECKHX UHCJIAX H JeMEHTapHbIX
LEeNUTe/IX MaTpPHUILI, KOTOPble HCMOJb3yloTcs Hixke (mm. 19—20)
IJi1 MHTETPUPOBAHHsl OXHOPOXHOH JIMHEHHOH CHUCTEMbl C IOCTOSIH-
HbIMH K03(G(}HLHEeHTaMH MaTPHYHBIM METOIOM.

’ IycTp jmaHa marpHua

ay Qi ... Qn
Qz Qx» ... Q2

A= ™1, (25)
Qnt Qn2 ... Qnn

2JIEMEHTHI KO’l‘OpOI’l CyTb IIOCTOAAHHBbIE YHCJIA. ManHHa

au—?‘. Az ... QUn
A—}»[: as azz—}\. ... Qan (26)
Ani Qn2 ... AQpp—A

Ha3biBaeTcs XxapakTepucTtuueckot matpuyed ans A, a ee ompe-
LeNUTe/b :

ay—A Q2 ... Qi
D(A—i)—| % T e o @
ani an2 . e ann—'x

— XapakTepucTudeckum onpedesuTesem WM XAPAKTEPUCTUHECKUM
hoaunomom matpuupl A. YpaBHeHHe

D(A—M) =0 (28)

Ha3LIBAGTCS XAPAKTEPUCTUHECKUM YPABHEHUeM, a ero KODHH —
XAPAKTepUCTU1eCKUMY 4ucAamy Matpuusl A. .

JaauM 1noHsiTHe 06 3J€MEHTapHBIX [HeJHTeNsiXx MaTpuusl A,
COOTBETCTBYIOUHX XapaKTePHCTHYECKOMY WYHCJAYy A4 KpPaTHOCTH
k(k=1). Onpepeantenp D(A—AI) penurcs (6e3 ocraTka) Ha
(A —2y)k. Hafinem o6wmii HanGosabmuii genutenp (A—Ag)R Beex
onpepenuteseil (n—1)-ro nopsgka, NOJyYalOUIHXCA H3 Xapakre-
pHetuueckoro onpenesautensi D(A—Al) BbluepKHBaHHEM OLHOH
CTPOKH U opHoro croabua. Ecau okaxercs, uto k150, To Haiaem
obwuit  HauGosbiiui genutenp (A—Aq)R:  Bcex omnpenenuTesei
(n—1)-ro nopsigka, nonyyaiouuxcs u3 D(A—Al) BbluepKHBaHHEM
ABYX CTPOK M ABYX cTos16uoB. [Tpomosmkas stor npouecc, Mbl Haki-
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Hem oOwWHUA HanOoablIMH AennTenb (A—A4)Em ompepenutesnell no-
paaka n—m, nonyuenHblx 3 D(A—A/) BbluepKHBaHHEM M CTPOK
H m cronbuoB, NpPHYEeM XOTb OAMH H3 ONpeje/uTeNedl’ NOpsjaka
n—(m-4-1) yxe He JIeJHTC HH Ha KaKYyl0 MOJIOXKHTEJbHYIO CTeleHb
A—A1. MOXKXHO [OKa3aTh, 4TO

E>ki>k> ... >kp>0. (29)
CocTaBUM BbIpaxKeHHS:
(A—ha)b, (A=)t ., ()b, (30)
rae
h=k—Pky, b=ki—ks, ..., ln=hma—kpm, lny1=Fmn, (31)
TaK 4TO
Ldlot ... Flmyr=E. (32)

Bripaxenus (30), oueBuaHO, ABAsIOTC Aeauteasmu D(A—Al).
OHH Ha3bIBAIOTCS 3AEMEHTAPHbIMU OeauTesamu MaTpuubl A, coot-
BETCTBYIOIIMUMH XapaKTepUCTHYECKOMY 4YHCaAy Aq. OTMeTHM, 4TO
cyMMa IoKasaTesedl BCeX 3JeMEHTapHBIX JeJHTesel, COOTBETCTBYIO-
IWHX AAHHOMY XapaKTePHCTHUECKOMY YHCJY, PaBHA €ro KpPaTHOCTH.
Ecnu xakofi-Hu6yab M3 mMokasaTeseHl /; paBeH elHHHIE, TO COOTBET-
CTBYIOLUMH 3/1€MEHTapHbIH HeJUTeIb A—Ay Ha3bIBA€TCS NPOCTHIM,
B INPOTHBHOM CJy4Yae TOBOpPAT, UYTO 3JEMEHTapHbIH MHeJHTeNb

(),—7»1)111L (lu>1) — nenpocroii.

QueBHIHO, YTO €CJH A4 — IIPOCTOE XapaKTePUCTHUECKOE YHCIIO,
TO eMy COOTBETCTBYET TOJbLKO OAMH H NPHTOM HPOCTOH 3jeMeHTap-
HbIA JeJHTeb

h—s. (33)

B camom gene, B 3ToM ciayyae =1 ¥ XOTb OIHH H3 ONpeHe/H-
Tenell (n—1)-ro nopsaka yxxe He JAeJHTCH Ha A—As (mouemy?),
TaK 4YTO «Lemouka» (29) obOpbiBaeTcsi Ha NepBOM UuJieHe, H Mbl
noJyyaeMm 3JjieMeHTapHb peantenb (33).

Korga £>1, MoryT uMeTb MecTO pasjiMuHble KOMOHHAUMH 3Je-
MeHTapHbIX Heauteseil. Haubosiee HHTEpECHBIMH H3 HHX SIBJSIOTCS
c/lyuad, KOIZla XapaKTEePHCTHYECKOMY YHCJIY Ay OTBeYaeT TOJBKO
ONIMH 3JIEMEHTApHBIH JeJHTelb H KOTLAa YHCJIO 3THX 3J1€eMeHTapHBIX
neautenel HauGosbllee, T. €. paBHO k. B nepBom cayuae umeem
HEIpPOCTOH 3JIeMEHTApHbIA [e/NHTeb

(A—nq)E, (34)

CTeleHb KOTOPOTO paBHA KPaTHOCTH XapaKTePHCTHUECKOTO 4YHCJa.

Bo BTOpOM cayuae HMMeeM k& TNpPOCTBIX 3J€MEHTApHBbIX HeJaHTeeH
A—M, A—Mi, ..., A—M.
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Haiina anemeHTapHble JeNHTeNH, COOTBETCTBYIOIHE BCEM Xapak-
TEPHCTHYECKHM YHMCIaM MaTpulbl A, MOJYYHM COBOKYNHOCTb BCEX
3JIeMEHTapHbIX Ae/HTenell MaTpuubl A, KoTOpylo MBI GyaeM 3anu-
CbIBaThb B BHIE

(A—M)P, (A—A2)®:, ..., (A—Ag)®s, (35)
roe pi, P2 ..., Ps— Uedble ukcaa, npuueM I1<om<<n #
pt+p2+ ... +ps=n (cymma mnokasaTesell BCeX 3J€MEHTapHbIX

genuTteneii Matpuubl A paBHa ee mnopsaky). Cpean uunced
A, A2, ..., As MOTYT ObITb M paBHbie (ModeMy?).

Mpumep 1. Hafinem 31eMeHTapHble AeauTeNH MaTPHLH

0 1
A= . (36)
-1 0
CocTaBiiM XapakTepHCTHYECKOe YypaBHeHue
-2 1
=0 uan A2+4+1=0. 37
-1 —-A

OHo uMeeT npocThle KOpHM Ay=i, A;=—i. [Tostomy MaTpuua A HMeeT npocTbie
3JIeMEHTapHbie AeNHTEH

A—i, A+i. (38)
Npumep 2. Pacomorpum Martpuuy mopsgka p>1 Buna’
a00. . .00
) la0. . .00
0Ola. . .00
Ip(a)= o e (39)
000. .a0
000. . . 1a
XapaKTepHCTHYECKOE YypaBHEHHe
a—-\ 0 0. .0 0
la-A0. . . .0 0
01 a—A . . .0 0
Dllpt@-n]=| " 0 =0 o
00 0. .a=\ 0
00 0. 1 a—\

MMeeT OJHH KopeHb Aj=a KpaTHoctH ©. Tak kak onpeneautesr (n—1)-ro no-
pAllKa, NOJYYeHHBIH H3 D[p(a)—kl] BblUeDKHBAaHHEM IIePBOHl CTPOKH H No-

caegHero croJbua, OyAydd PaBHbIM €NHHHLE, He NENHTCH HU Ha KaKkylo cTeneHb
pasHocTh A=a, To Matpuua /(@) MMeeT TOABKO OAHMH 3JEMEHTAapHbIH Ae/HTelb

(A—a)®. (41)
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Mpumep 3. INycTh naHR JBe MaTPHIK: .
20 20 -

A= , = . . .

02 12 , 42

OGe Matpuubl A W B uMEIOT OIHO H TO e XapaKTepHCTHYECKOe YHC/IO0
Ay=2 KpaTHoctH 2. Ho 3neMeHTapHble JeJHTEJH HX He COBNAAaloOT. ’
HeiicteutenbHo, mMaTpuua A HMMeeT JBa NPOCTbIX 3JEMEHTAPHEIX AEIUTEIR:

A—2, A2, (43)
a matpuua B — oaMH HeNpoCcTOM 3/eMeHTapHHIH Ae/HTe]db
_ (A—2)2 (449
(nouemy?).
Mpumep 4. Marpuua
-2 0 0
A= 1-2 0 . (45)
0 0 -2

HMEeT TOJIbKO OfHO XapaKTepPHCTHUEeCKOoe 4YHcao Ay=—2 KpatHoctw 3. Emy
COOTBeTCTB)’IOT ABa 3/€MEHTapHbIX NEJAHTEeNA:
(A+2)%, A+2, (46)

H3 KOTOPbIX OAHMH HempocToff, Apyroit npoctoi (mouemy?). Jlpyrux saemeHTap-
HBIX AeaHTenell y. MaTpuubl A HeT.

Mpumep 5. PaccMOTpuM KBa3HAMAroHadbHYI0 MATPHUY IECTOrO JODAAKa
BUIA

A=Us(2), N4, L(-D) (47)

3necy noa /y(4) noHMMaeTcs MaTpHLa, BHIPOXKAAOIAACA B OAHH AMaroHaJbHblil
sneMeHT Matpuubi A, a uMeHHo: [;(4) =a,,=4.

Marpuua (47) uMeeT XapakTepHCTHUeCKHe uucaa Ay=2 KpaTHocTH 3,
A2=4 — mpocTOe XapaKTEpPHCTHYECKOe YUCAO H As=—1 kpaTHoctH 2.

DJieMeHTapHbIMM [JeJIUTeJsAMH MaTpuubl (47) Gyayt

(A—2)3, A—4, (A+1)2 (48)
(nouemy?).

[lycte maTpuma A umeeT 3jemeHnTaphble Aeautean (35). Pac-
CMOTPHM Hapsiny ¢ marpuueil A KBa3HJAHaroHa/JbHyI0 MaTpPHIy BHAA

(Lo, (M), 1o, (A2), ...y Tog(Rs)]  (patpat ... +ps=n), (49)

rae nox /i(Am) mMOHMMaercs YHCIO An. HeTpyano yGeaurtbcs, yTo
marpuna (49) uMeer Te Ke 3j7eMeHTapHble AeJHTEJH, YTO M Mart-
puua A. Marpuua (49) HasbiBaeTcs KaHOHUuecKod maTtpuyed,
COOTBETCTBYIOIEH MaTpuue A, HIM KAQHOHU4YECKuM 6udom Mart-
puubl A. Ecau Bce s/eMeHTapHble AeqHTeNd MaTpulbl A mpocThie

A=A, A=Ay, ..., A—hn, (50)

rge cpeau uucea Ay, Az, ..., Ap MOTYT ObiTb H paBHblE, TO MAaTpH-

ra (49) obpatuTcs B JHArOHaJbHYIO MaTpHLY - _
[7"1’ AZ) ) }"11]) '(5])
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TaK 4TO B 3TOM CJyuae KaHOHHYECKHM BHIOM MaTpuubl A Gyner
AMaroHasbHass marpuua (51).
“Besikylo matpuuy A MOXKHO NPHBECTH K KAaHOHHYECKOMY BHIY.
Teopemal Ecau marpuya A umeer siemenTapuvie Oeru-
reau (35),

(A—A1)P,  (A—2A2)®, ..., (A—Ag)"s,

p1t+p2t ... +ps=n,
TO cywjectéyer TaKas HeocobenHas marpuya S, 4TO
SAS“:[I‘,‘(?H), Ipz(kZ), “ ey Ips(}\rs)] (52)

[Tpeo6pasoBaHnue, NpH MOMOLIH KOTOPOTro 3Jech Marpuua A mpu-
BOAUTCS K KaHOHHYeCcKOMy BHAYy (49), ecTb mpeob6pasoBaHHe IO-
no6us ¢, marpuuet nogo6ust S (marpuubl A u [[o, (M), lp.(A2), ...,
o4 (As)] momo6Hbi). OHO OGnafaer TeM 3aMeuaTeNbHBIM CBOHCTBOM,
YTO He HapyllaeT HH XapaKTepHUCTHYECKHX UHCeJ, HH 3jeMeHTap-
HBIX Je/uTejedl JaHHOH MaTpuupl. '

20e

.Mpumep 6. PaccMoTpum Matpuuy

; -10 0
: A=| 00 -2 (53)
02 0
XapakTepucruueckoe ypaBHEHHe
-1-2 0 O
0 ~A =2 =0 um (—1-2A)(A2+4)=0 (54)
0 2 —A
uMeeT npocTbie KOPHH Ai=—1, A2=2i, A3=—2i, Tak 4TO 3JeMeHTaplibie ge-
JIMTEIH MaTpHIbI (3aBenomo) mnpoctele: A+1, A—2i, A+2i, u KaHOHHYECKHM
epugom Matpuubl A Gyner uHMCTO AMaroHalbHas MaTpuua
-10 O
02 0 §{. (55)
00 —2¢
- flpumep 7. TlpuBecTH MmaTpuiy
" -1 -1 56
‘ 1 —3 (56)
K KaHOHHYECKOMY BHLY.
XapakTepHCTHYECKOE ypaBHeHHe
—1-A -1
) _3_a, =0 mmm A2+4A+4=0 (87)

t IlokasaTenbcTBO 3Toil TeopeMul cM. B KH.: B. M. CmupuoB. Kypc Bblc-
el ‘MaTemaTHkH, T. 3, 4. 1. M, 1949, crp. 106—112; 4. 2, pobasienue.



§ 5. Marpuunoui merod 301

MMeeT OiMH KOPeHb Ay=—2 KPaTHOCTH 2, NpHYEM €My COOTBETCTBYET. ‘OfHH
HempoCTOH# 31eMeHTapHbiii leauteap (A+2)2 (nouemy?). [Mostomy kaHouu-
YeCcKHM BHAoM MaTpHuubl (56) Gymer

-2 0 58
l 1—-2”' (58)

v

[Ona 13/10XeHns MHTErpHPOBAHHS JIMHEHHBIX CHCTEM MAaTPHIHBIM
MeTOJO0M, KPOMEe YKa3aHHbIX BHIIIe CBeJeHHH, noTpeGyercs elle
noHaATHe 0 AM(PQepeHUHPOBAHHH M HHTETPHPOBAHHH MaTpHUbL H
noHsTHe 06 3KCNOHEHNHAaNbHOH (YHKUHH OT MaTpHIBL

[Tyctb mana marpuna '

2 (%) 2e2(%) ... 21n (%)
Z(x)= 2.21 (X) '222.(x)' - .Z'va.(x)‘ (59)
2n1(X) Zn2(x) ... Zan(%) :

Ecau Bce anemeHTH MaTpuubl Z(X) HempepbiBHH B HHTepBaJe
(a, b), To marpuna Z(x) Ha3blBaeTCs HENpepvi8HOL B 3TOM HH-
TepBaJe.

[MpepnonoxxumM, 4TO BCe 3JeMeHThl Martpuubl Z(x) auddepen-
uupyemsl B uHTepBaje (a, b). Torma marpuily, noJjydeHHyIo: AHO-
(hepeHIHpOBaHHEM BCeX 3JeMEHTOB MaTpHIlbI Z(x), 6ynem Ha3b-

z
BaTb npou3soonod or marpuysr Z(x) u o6o3HauaTh uepes _a‘fcx)
2,;1 (X) 2,12 (x) T Z'M(X) |
dZ(x) _ 12, (1) 2y () oo 2,(0) | (60)
2 (%) 2, (0) ... 2, (%)

Ecau A=const, 10 —ﬂ =0.
dx

HOns maTpuu cnpaBei/IMBbl Te »Xe NpaBuna AH(¢epeHnHpoBa-
HMSl, YTO H A5 OObIUHBIX (DYHKUHI:

d(AZ) dz_d(az) _, dz

dx =A de’ dx 7 dx’
d(Zy4+2Zy)  dZy | dZ

dx T odx + dx ' 61)
d(Z,-22)  dZy dZ2

dx T dx Zand

npuyeMm B mocjenHell GopMyJsie Heslb3sl MEPECTaBAATh COMHOMXHUTEJH.
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Ecny Matpuua Z KOMMYTHPYeT CO CBOeil NpOH3BOAHOH
2z _a, 62)
dx dx 7’
TO MPOH3BOAHASs OT IleJiOH ITONOXKHTE/NbHON CTeNeHH MaTpHUb Z
HaXOAHUTCA NO NMPaBHIY

Az _ 42

Hnrerpan ot marpuun Z(x) onpenensieTcs paBeHCTBOM
fZ(x)dx: H fzih(x)dxll (64)
HITH
fZ(x)dx: H fzu(x)dxH (65)

B NPEAMNOJOXKEHHH, YTO BCE 3/EeMEeHThl Martpuubl Z(X) CyTb HHTe-
rpupyembie (QyHKUHH.
© Tak xe, kak U 1Js OOBIYHBIX QYHKUHMH, NOJNyyaeM

f Adx=A (x—xp),
fAZ(x)dx:Af Z(x)dx, - (66)

X X X

f [Zi(x)—}—Zz(x)]dx:i[Zi(x)dx—l-x[ Zy(x)dx.

Xo

“OKenoHeHyuarbHan (GYHKYUA OT MaTpHubl Z OmnpeessieTcs
paBeHCTBOM

SEAS

Mo
v—0 Vi

|
eP=I4 2ty 2.+ ;1'— 4. = (67)
Tl[e f—enHHH'{Haﬂ MaTpHlOa TOro xe nopsaiakKa, 4Tto H Z, a Mar-

PHYHBEIL PAA COpaBa pPaBHOCHIEH n? OOLIYHBIM PSAAAM C BeIecT-
BEeHHBIMH HJIM KOMIIJIEKCHbIMH YjieHaMH, TaK 4TO

{eyz},h=6;h+ {Z}ih+ QL, {Zz} it .. T \:—| { Zv}ih‘l- ..y (68)

o8
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rue

1 npu k=i,
6”‘_{ 0 npu k%i. (69)

Ecamn A-B=B . A, to
eA . eB__..eA-}—B’ AeB=eBA' (70)

JKcrnoHeHUHabHasd (YHKUHA OT YHCTO [HaroHaJbHOH, HJIH
KBa3HIHATOHAJbHON, MAaTPHIbl SBJASIETCA COOTBETCTBEHHO YHCTO
[HaroHa/jibHOH, UJIH KBa3HAHaroHajbHOH, MaTpHIeH:

elar @ ... apl—T[em e . . e%],
elan Au ..., Agl—[pA1 eds . eds]

(71)

(mouemy?).

[Tpou3BogHass OT 3KCNOHEHLUHANbHON QYHKIHH OT MaTpHIbl
Z=LZ(x) onpenensiercs Kak pe3yabTaT (OpMasjbHOTO MOUJIEHHOTO
ﬂHQ)('bepeHquOBaHPlﬂ psaxa (67). IIpu 3ToMm, eCc/M MaTpuua Z KOM-
MYTHpPYeT CO CBOeH NPOU3BOLHOH, TO

deer) | N1 2 dZ W 20 dZ dz
= —_ = =ez (72)
dx e (v—1I)! dx & ! dx dx
HJIH
d(e?) _ ., 92
Tax ¢ (73)
B qacﬁ‘HOCTn, npu Z=Ax, rie A — NOCTOsiHHasi MAaTPHLA, HaXOAUM
d(e4¥) —eAx A —AeAx (74)
dx )

15. IlycTe maHa OJHOPOAHAs AHHEHHAas CHCTeMa

dyh Zp,h(x)zl (k=1,2, ..., n), (75)

=1

KO3 (HUHEHTHl KOTOPOH omnpejesieHbl H HeNnpephiBHBl B HHTEpBaJe
(a, b). Torna oHa uMeeT (QyHIAMEHTANbHYIO CHCTEMY peLICHHH

Yi1, Yizy ..y Yin (i=11 2’ L) n)' (76)
[MogcraBass 3TH peuleHus B cucreMy (75), HOJNYYHM 12 TOXKAECTB:

dyn __ N\ .
:xh Egpzh(x)yn (i, k=1,2, ..., n, a<<x<<bh). (77)
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3TH n? TOXKAECTB MOXHO 3ankcaTb B BHA€ OIHOro0 MAaTPHUHOrO
TOXJeCTBa

_E;Ey P (a<<x<Cb), (78)

€C/IH BBECTH B PacCMOTpPeHMe [Be MaTpHIbl: MaTpHIy GyHIaMCH-
TaJbHOH CHCTEMBbl pelIeHH

Y Y2 ... yi:n
Y— !{21 .yz? . .yZ’I.l (79)
Ynt Yn2 ... Ynn
W TPAHCIOPTHPOBAHHYI0 MaTpHIy KO3 (HIUHEHTOB cucteMbl (75)
P11 P12 ... Pin
p= | P P o (80)
Pnt Pn2 ... Pnn
(nouemy?).
Paccmorpum MaTpuuHOe ypaBHeHHe
dy
T = YP, (81)

rie Y — HeusBecTHasi MaTpuua, a P=P(x) — 3agaHHas Mmarpuua,
onpejie/leHHas U HenpepbiBHas B HHTepBase (a, b). Pewenuem wiu
LuHTezpaasbrold matrpuyet ypaBHeHus (81) B HHTepBane (a, b)
HasblBaeTCsl BCAKAsA HeocoGeHHas HemnpepblBHO AH(depeHuupyemas !
B 3TOM HHTepBaJje martpuia Y=Y (x), obpamalomas ypasHenne (81)
B TOXJCCTBO

d_):lz_)f‘:?Y(x)P(x) (a<x<b). (82)

W3 npepbimyuiero cienyer, uto marpuua (79) siBasiercs p e i e-
HueM MaTpuuHoro ypaBHeHus (81). O6paTHO, BCSKOe pelleHHe
MaTpHYyHOro ypaBHeHus (81) aBasierci MaTpHLeH HEKOTO-
poll byHAaMeHTaJbHONH CHCTeMbl pPeUWeHHH OIHO-
ponHoit JuHeliHOl cucteMbl (75) (mouemy?). ITostomy vpaBHeHHe
(81) HasblBaeTCss MATPU4HLIM YPABHEHUEM, COOTEETCTBYOWUM CU-
creme (75).

3HayeHHe MHTErpajbHOM MaTpHubl Y B TOuke X+=xXo € (a, b)
Ha3bIBAeTCS HA4AAbHbIM 3HaveHuem 3Toil mMatpuubl. O603Hauas ero

t T. e. npou3BojHble BCeX 3JEMEHTOB MaTpHUbl Y(X) HenpepuiBHbl B HH-
TepBase (a, b).
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yepe3 Yo, umeem Yo=Y (xo). Haxox1enue nuTerpasbHONl MaTpuilsl,
UMelollell HayajgbHoe 3HaueHHe Yo, PAaBHOCHJBHO DEIIEHHI0 n 3aaai
Kown mas coorsercTBylouleii cucteMnl (75). Eciu Yo=1I, T0o uHuTe-
rpasbHasi MaTpuia Y Ha3blBAeTCs HOPMUPOBAHHOL B TOUKE X=X.
U3 teopembl [lukapa ciaemyeTt, 4TO CYLIECTBYeT TOJIbKO OJHA HHTe-
rpajbHasi MaTpHla, HMelollas 3aflaHHOe HauaJbHOe 3HaueHHe Y,
B TOYKe Xx=xo€ (a, b). B wacTHOCTH, CylIecTByeT TOJbKO OAHa
KHTerpajbHas MaTpMlla, HOpPMHPOBAHHAs B 3TOH TOUKe,
3aMeTHM, 4YTO €CJH TPaHCIOHHPOBaTb 00e YacTH ypaBHeHHA
(81), To mosayuum
ay*
dx

HuterpanbHofi MaTpUlle 3TOr0 YpPaBHEHHA TOXE COOTBETCTBYCT
¢yHIaMeHTaNbHAsA CHCTeMa peUIeHHH OXHOPOJNHOM JIMHEHHOH CH-
crembl (75). Ho B MatpHue Y* pemeHnHs pacno/jioxeHbl He Tmo
CTpokaM, a no crojbuaM., C yueTOM 3TOTO 3aMeuyaHHs BCeraa BMe-
cto ypaBHeHHa (81) MOXHO HCNONb30BaTb ypaBHeHue (83), mpen-
craBasioulee co6oi, Tak e Kak H ypaBHeHHe (81), MaTpuuHyio
3anucb cucrembl (75). '

OrmeTnM, 4TO, peias cHcTeMy (75) MaTpPHUHBIM METOLOM, MBI
HaxoQHM cpa3y BCI0 OYHIaMEHTaJbHYyl0 CHCTEMY peLIeHHil, Mo
KOTOPOH H3BECTHbHIM CIOCOGOM HAXOAHTCS ofllee pelieHHe. ITO
0cOOEHHO J1erKo yjJaeTcsi CHenaTb, €cJH KO03G(UUHEHTb CHCTEMDI
nocrofHHbl (cM. m. 19). MaTpuuHbIi MeTOA C GOJBLUIHM yCmexoM
HCIONb3yeTCs. A HCCIeJOBaHHS CBOHMCTB pelICHHH JIMHEHHDLIX CH-
creM Au(GepeHUHaNbHBIX ypPaBHEHHII C TepeMeHHbBIMH KO3((HIIH-
€HTaMH.

16. MaTtpuunoe ypaBHeHHe (81) HHBAPHAHTHO OTHOCHTEJBHO
n1060f 3aMeHbl HE3aBHCHUMOH MepeMeHHOH

= P*Y*, (83)

x=g(f) (84)
H OTHOCHTeNbHO HeocOOeHHOro npeo6pa3oBaHHsI HCKOMOM MaTpHUbI
Y=QZ, (85)

rae Q — HeocoGeHHas maTpuua (mouemy?).

17. MurterpanbHbie MaTpuus! ypaBHenus (81) o6namaior mByms
CBOMCTBAMH, aHAJIOTHYHbIMH CBOHCTBAM DeIUeHHH OIHOPOIHOTO JH-
HelHOro ypaBHeHHsI MepBOro NMOPsAKA.

1. Beakasa uHTerpanbHas maTpuua Yy ypaBHenus (81) nocae
YMHOXeHHsI cieBa Ha J106yI0 NOCTOSHHYI0 HEOCOGeHHYI0 MaTpuuy C
OCTaeTCsi HHTErpajbHOM MaTpHueH, T. €. ec1H Yy — WHTerpasbHas
MaTpHuua, To

rie D(C)=0 Toxe ecTb HHTerpanbHas MaTpHIa.
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B camoMm jnene, HaxooHuM

dYy __
= YiP (a<<x<b). (87)
IMosTomy, noacrasasia B (81) BMectro Y marpuuy CYy, noayuum:
d(CYy) aY, d(CYy)
P =C P =CY,P, T:(CY’)P' (88)

2. Bce wunrerpajsbHble MaTpuubl ypaBHenus (81) comepxkaTtcs
B ¢opmysae (86), T. e. MOJAYYAlOTCA M3 Hee NPH COOTBETCTBYIOLIEM
BoiGope martpuubl C

B camom gene, myctb Y=Y (x) ectb mo6as uHTerpajbHas
marpuia. BosbMeM HeKOTOPYIO TOUKY X==xo€ (@, b)! U moOIOKHM,

uyto Yo ecThb HauajbHOe 3HayeHHe MaTpuunl Y B 3toil Touke. Toraa

nojaras B (86) x=uxo, Y=Y, Haxomum

Yo=CY:(x0), (89)
OTKYZa
VoYt (x) =C (90)

[utoGer Hafitn C, Mbl yMHOXMAM oOe yacTH paBeHcTBa (89) Ha
Y71 (%0) cnpasa]. TloacraBasis HaiigeHHOoe 3HauyeHHe C B ¢opMmy-

ay (86), noayuum
Y=YoY[*(x0) Y1 (91)
Srta wuHTerpajbHas MaTpPHLAa HMeeT B TOYKe X=X, HauaJbHOe

snauenue Yo M, ClefOBaTeNbHO, coBnajaer c¢ Marpuued Y=Y (x)
(nouemy?):

Y="1o¥71(x0) Vs (92)

Takum o6pasom, martpuua Y comepxurcsa B ¢dopmyse (86).

W3 ycTaHOBIEHHOrO CBOHCTBA BLITEKaeT, 4TO Ao0Oble aABe (yH-
LaMeHTaJbHble CHCTEMBbI perueHH# Yy W Y, ONHOPOAHOH JIHHEHHOH
cucTembl nHddepeHHaNbHBIX YPaBHeHHHA (75) TeCHO CBSI3aHBI MeX-
ay co0010: OHH MOTYT ObITb MOJYYEHbl OAHA M3 APYroM MPH MOMOILH
HeoCOGEHHOr0 JIHHeAHOro npeo6pa3oBaHHsA

Yo=CY\. (93)

t Hanomuuaem, yto (@, b) ectb MHTepBaJ HeNpPepLIBHOCTH MaT-
puun P(x).
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Ecau, B uacTHocTH, Y; HOpMHpOBaHa B TOYKe X=—JXp, TO BCe
dbyugaMeHTalbHble CHCTEMBI BhIpaxkaloTcs uepe3d Yy mo c¢opmyae

Y=Y (x0)Ys. (94)
18. Ecau B marpuuHoM ypaBHeHuH (81) marpuuna P(x) o6Gaa-

JlaeT TeM CBOHCTBOM, YTO OHa KOMMYTHPYET CO CBOHM HHTerpa-
JOoM, T. €. ’

P(x) -fP(x)dx:fP(x)dx-P(x), (95)
Xo Xo
TO B KauecTBe MHTErpajbHOH MaTPHIbl MOXKHO B35Tb
j‘cP(x)dx
Y =e% (96)

(noyemy?). 3ameTHM, YTO Y; HOPMHpOBaHa B TOYKe X=X, (NO-
yemy?).

19. TIpumenrM MaTpHYHBI METOA K MHTETPHPOBAHHIO OXHOPOM-
HOU JIMHEHHOH CHCTEMbl C MOCTOSIHHBIMH KO3 (HUHEHTAaMH H BhifiC-
HEHHIO CTPYKTypbl (YyHAaMeHTaJbHOH CHCTeMbl peweHuil. [lyctb
JLaHa CHCTeMa

n

dyh
—d7= 2 airyi, (97)

=1

rage aq;x — NOCTOsIHHble BelLlEeCTBEHHbIEe YHCJIA. STtoit cHcTeMe COOT-
BETCTBYET MATPHYHOE ypaBHEHHE

dY
v =YA, (98)

rie A — TpaHCNOHHPOBAHHAs MaTpHIa KO3()HUHEHTOB CHCTEMBI
(97), a Y — maTpHubl QyHaaMEHTaJbHON CHCTEMbl peIleHHH.

Tak kak Martpuua A, OuYeBHIHO, YAOBJETBOpsSieT ycnosuio (95),
TO 3a WHTErpasbHyI0 MaTpuily ypaBHeHHs (98) MOXHO B3siTh

Yi=e4x (x=0). (99)

Boisichum cTpykTypy Matpuubl (99) M TeM caMblM CTPYKTypy
(yHIaMeHTa/JIbHOH CHCTEMbl pellleHHH OFHOPOAHOH JHHEHHOH CH-
creMbl AH@¢epenunanbHbiX ypaBHenu# (97). IToraxem, uto cTpyk-
Typa HHTerpajbHOil MarpHiubl (99) BHosHe onpenensercs 3JeMeH-
TapHBIMH JeJuTeasiMH Matpuuel A [T. e. MaTpHIB KO3®(QHIHEHTOB
cucremsl (97)].
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PaccmorpuM crHauanma cayual, korga MaTtpuina A -KaHOHH-
yeckasf. Eciu marpuna A uyucro auaroHasbHas

A=[My, Az, ..., Aa], (100)
TaK YTO 3/J€MeHTapHble HeJIUTENH ee NPOCThle:
A=A, A=Ay ..., A—A, (101)
(cpenn uucen A, Az, ..., An MOryT OBbITH.H paBHble), TO HHTe-
rpanpHast Matpuua (99) npuHMMaer BHJ
y1=e[7~1. Mg ooy Myl — plMax, Ao, ..., hnx]=
= [e"’x, e e)"nx] (]02)
HJIH
Yi=[eMx, etx, ., etn¥], (103)

T. €. HHTerpasbHasg MaTpHla eCTb UYHCTO [HaroHaJisHass MarTpHua.
B cjyuyae, Korgpa MaTtpHuua A KaHOHHYeCKasi, HO KBasuJanaroHaJjibHas

A=[lo,(M), Tos(A2), ..., Tog(hs)] (patpat ... +ps=n), (104)
TakK 4YTO CpeAH 3JEMEHTapHbIX nenHTe.neﬁ:
(A—=R1)®, (A—A2)®, ..., (A—Ag)®s (105)

(cpeayn umucenm Aq, Ag, ..., Ag MOTYT ObITb M paBHble) HMeEIOTCH He-
npocThle, MHTerpaibHas Mmartpuua (99) yxke He OymeT uYHCTO OMa-
rernanbHoii. OHa MMeeT BHJ

. [lm(h.), IDZ(M). Ceen Ips(hs)]x _ [Ip‘(hl)x. lpz(hz)x, cees lp (7‘3)"']
1=¢ =e s =
I (A I (A2 1 A
—[e* PE e e s)x] (106)
HIN
I (M)x I (M) x I (A x
Y1=[e°’ Le L, e ] (107)
DTO KBa3uWaHaroHajbHasg MaTpulLa, NpUUeEM
ehx 0 0 0
xehx e .0 0
x2
1M — eM xe .. 0 0
e = 2! , (108)
p—1 -2
. X el.x X elx . xelx ehx
- (e—D! (p—2)!
ecau p i
ell(?»)x — elx ( 109)

(mouemy?).
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B uuTterpasnbHOil MaTpuue Yj KaX[A0My HeNpOCTOMY 3JeMeHTap-

HoMy Heautenmo (A—Au)°# COOTBeTCTByeT rpymma, cOCTOSmAs H3 py
pelieHUl, MpUYeM BCe pelIeHHs 3TO¥ TPYNNbl MOJAYYAIOTCA H3 IO-
CJIe[[HErO PeElUeHHsT MO0C/IeJOBaTe/NbHBIM NHUGGEpEeHIIHPOBaHHEM KO-
3QGHUHEHTOB NPH MOKasaTeJbHbIX (yHKuHsX. [IpocTomy anemeH-
TapHOMY JeJNHUTeN0 A—A, COOTBETCTBYeT TpYMNNa, COCTOAILAs M3
O[JHOTO peLieHHs] BHAA

0,0, ..., e 0, ..., 0. (110)

OGuee YUCAO TAaKHX [PYNH PaBHO S (YHCJHY 3JE€MEHTAPHBIX Je/H-
Teseil MaTpuubl A).

3aMeTHM, 4TO NPOCTOMY KOPHIO XapaKTePHCTHYECKOrO ypaBHe-
HUs MaTpuubl A COOTBETCTBYET, OYEBHHO, OJHA TPYIIa, COCTOALLAS
M3 ofHoro peuieHusi. UTo KacaeTcss KpaTHOrO KOPHS, TO €My MOXeT
COOTBETCTBOBaTb Kak OJHa, Tak H HECKOJbKO TPYIIN, HO YHCIO MX
He TIpeBbillaeT KPAaTHOCTH KOpPHA (moyemy?). Ilpum stom kopHio
KPaTHOCTH k Bcerga OyAyT COOTBETCTBOBATb POBHO R JIMHEHHO He-
3aBHCHMBIX YaCTHBIX pellueHHH (mouemy?).

20. Paccmorpum o6uwmil cayuail, koraa A — npousBosibHas H e-
KaHOHHYecKas Mmarpuua. [lpuBenem marpuuy A K KaHOHHYe-
CKOMY BHAY IpH moMouiu npeo6pasoBanus nogo6us (cm. crp. 300),
T. e. HafileM Takylo HeoCOOeHHYI Marpuuy S, yToGb MaTpHia

B=SAS— (111)
6blna KaHoHHYyecko# .Torma, monarass B ypaBHeHHH (98)
Y=17ZS§, (112)
rie Z — HOBAs HeM3BeCTHAs HHTerpajbHas MaTpPHLA, NOAYYHM
dz dz
—— S—= _— = -1
P S=ZSA, P ZSAS (113)
HJIH 2
d
T =ZB. (114)

DTo ypaBHeHHe TOro e BHIAa, uTo H (98), HO yXKe ¢ KaHOHH-
yecKOH MarpHuuen.
Tak kak ypaBHeHHe (114) HMeeT MHTerpaJjbHYI MaTpHIY

Zy=—eB=, (115)

TO B KayecTBe HHTErpa/jibHOH MaTpPHUbl AaHHOro ypaBHeHus (98)
MOXHO B3ITh ’

Y =eBsS. (116)
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Buisicium cTpyktypy martpuubl Yy, Ona, o4eBHAHO, OnpefesieTcs
CTPYKTYpO#i MaTpuubl Z;, a NMOCJAENHSA, B CBOIO OYepelb,— 3JeMeH-
TapHBIMH JEJNHTeNIMH MaTPHUB!I B, KOTOpble COBNAfaiOT C 3JEMEH-
TapHbIMH JenuTenaMH MaTtpuHubl A. Tak Y4TO B KOHEYHOM HTOTe
CTPYKTypa HHTErpajbHOH MaTpHibl Y; OnpejessieTcsi 3JeMeHTap-
HbIMH JeJHTeNSIMH MaTpHubl A.

Ecau maTpHua A uMmeer mpocThle 3/e€MEHTapHble JeJHTeNH:

A—A1, A—As, ..., A—An, (117)
TO '
B=[M, As, ..., An]. (118)
[Mostomy
Yi=eBxS=[ehx, ehx .. ., eM>]S. (119)
[lyctb
S11 S12 ... S1in
S S22 ... S
S— || Sz Sz 2n | (120)
Snt Sn2 ... Snan
Torna
elx ( ... 0 |S“ S12 ... Sin
0 ebx 0 So1 S22 ... S2n
Y1= =
0 0 ...eéeMx Snt Sn2 ... San
spuehMx  spehx gy ehx
|| s2u€tE spmerx . syneh (121)
Sp1€*n* Spaeta* ... Sppetn¥

Takum o6pa3oM, B ciydae, KOT[a Bce 3JieMEHTapHble RENHTENH
maTpuubl A NpOCThHie, TO HE3aBHCHMO OT TOro, OYAyT BCe KOPHH
XapaKTepHCTHYECKOTO ypaBHEHHS NPOCTHIMH HJIH CpeAu HHX HMe-
I0TCA KpaTHble, yHOaMeHTaJbHasi CHCTeMa pelleHHH HMeeT Ty Xxe
CTPYKTYPY, 4TO M B C/Jy4Yae DasjIHUHbIX KOpHEH XapaKTepHCTHHe-
CKOT'O ypaBHEHHf: B COCTAaB pellleHHH BXOAAT TOJbKO MOKa3aTesbHble
(QYHKUMH C HEKOTOPLIMH MOCTOSAHHBIMH KO3 duuuertamu. Ipu atonm
KOMIJIEKCHBIM XapaKTepPHCTHYECKHM udHcaaM OyAyT COOTBETCTBOBATb
KOMIIeKCHble pemieHus. Ho uXx Bcerma MoXHO 3aMeHHTb BelecT-
BEHHBIMH, OTHe/f BellleCTBEHHble H MHHMMble 4acTH. B pesyabrare
Mbl BCEraa MOJYYMM GYHIAMEHTANbHYI0O CHCTEMY pelIeHHH, COCTOoA-
LLYI0O U3 BeLleCTBEHHBbIX GYHKLHH.

BbIsicCHMUM CTPYKTypy HHTerpajibHoii Matpuusl (116) B cayuae,
KOTla Cpell 3JIeMeHTapHbIX JAesuTeneil umelorcss Henpocthie. IlycTb
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(A—M)P, (A—A2)®, ..., (A—Ag)®s (p1tpat ... +ps=n) (122)

€CTb 3JieMeHTapHble AEJHUTeJNH MaTpuubl A, NpHYeM XOTb OAHH H3
nokasarejeil p, Gosblle eluHHUb. Toraa

B=[Ip.(), Io,(%2), ..., I (hs)]. (123)

[TosTomy

y e

I ) x Io(hg)x I (hg) x
Y,:ezl‘m.S:[epl ;e , e’s ]S.

(124)

BbinonHas yMHOXKeHHe MaTpHL, CTOAIUMX B OpaBOH YacTH, H
NpUHHMass BO BHHMaHHe CTPYKTYpPY TepBOH H3 HHX, HETPyIHO
y6eauTbCs, YTO pelleHHs,, COCTaBJ/AIOIHE HHTETPaJbHYI0 MATPHIY
Yy, pasobbloTca (Tak e, Kak H B cjaydyae, KOria MaTpHLa HAaH-
HOH cucteMbl (97) ecTb KaHOHHYeCKas KBa3HAMArOHaJbHas MaTpH-
na) Ha § rpynn (KaxOoMy. 3JeMeHTaPHOMY JeJHTEeJNI0 COOTBET-
CTBYyeT CBOsi Tpylna pelleHHH), COHEpXKALHUX COOTBETCTBEHHO
pt, P2, ..., Ps PELIEHHH, NpHUEeM Bce pELIeHHs, NPHHAMJEKAILHEe
u-# rpynme, Moryr ObITb NOJyY€HbI H3 peLIEHHS, COAepKallero

o -1
MHOMHTeNb x B Haubosbuiedi cremedu x°H  , NpH MOMOWIM MOCJe-
noBaresibHOro AudepeHNHpOBaHHA KO3(QQHUHMEHTOB IPH MOKasa-

TeJIbHOH QYHKIHH etn®, [TosTtomy ko3dbunueHTH NpH e*u® y Bcex
pelieHHH p-# TPYNNbl ABJASIOTCA IMONMHOMAaMH "OT X CTelleHH He
Bbille, yeM pu—I.

OTMeTHM, YTO NPOCTOMY KOPHIO XapaKTePHCTHYECKOro ypaBHe-
HHSl COOTBETCTBYeT OAHAa pyNNa pellleHHH, COCTOsALlAsf H3 OLHOrO
peuwrerusi. KopHIO KpaTHOCTH & COOTBETCTBYET CTOJbKO TpyIm,
CKOJIbKO €My COOTBETCTBYET 3JeMeHTapHbiXx Aeautenell. [Ipu sTom
TaK Kak CyMMa NoKasaTesJeH BCeX 3JeMEHTapHbIX [eJHTeJel, co-
OTBETCTBYIOILHMX NaHHOMY XapaKTepHCTHYeCKOMY 4MCJIY, paBHa ero
KPaTHOCTH, TOo eMy 6GyneT oTBeyaTh R JIMHEHHO HEe3aBHCHMBIX YacT-
HbIX pelleHHH.

Taxkum ob6pa3oM, BO Bcex caydasix CTpyKTypa ¢yHAaMeHTallb-
HOH CHCTeMbl pelIeHHH BIOJIHE ONpejfeNsieTcsl 3JeMeHTapHbIMH
LENHTeJIMH MaTpHUbI KO3(P(QHUIHEHTOB CHCTEMBI.

21. HUsnoxeHHbIH Bbllle MaTPHYHBIH MeTON HHTErPHPOBAHHS
ONHOPONHOH JIMHEHHOA CHCTEMbI C NOCTOSHHBIMH KO3(@HLUHEHTaMH
MOKHO De3IOMHPOBaThb B BHIE CJEAYIOLIEro npaBHJa.

Utobbl HaliTy o6uiee perieHue cucrembl (97), HyXKHO:

a) HamnucaTb MaTpHuyHoe YypasHeHHe (98), COOTBeTCTByWOLIee
cucreme (97);

6) npuBectH matpuuy A k kanonuueckomy Bumy (111). naiiga
maTtpuny S;.
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B) Ha#TH MHTerpajbpHyi0 Marpuuy Z ypaBHeHus (114) c kaHo-
HHYeCKOH Mmatpuueil B;

r) NOACTaBHTb HaHJleHHYI0 HHTerpasbHylo Matpuuy Z B ¢op-
myay (112) u 3amMeHUTb B MHTEerpajbHOH MaTpHue Y KOMIIEKCHblE
pelleHUs (eCJH OHH HMEIOTCS) COOTBETCTBYIOIIMMH BellleCTBEHHBIMH
pellleHUsIMH, B pe3yJbTaTe 4Yero NoJyYuM ¢yHAaMeHTaJbHYIO CH-
cTeMy pelueHuil cuctembl (97);

L) COCTaBHTb JHHeHHble KOMOHHAIMH, 3J€MEHTOB NOJy4YeHHOH
HHTerpasbHoll Matpuusl Y (GbyHAaMeHTaJbHOH CHCTEMBlI pelleHHH)
no cton6uaM C TNPOU3BOJBHBIMH MOCTOSIHHBIMH KO3(dHLHEH-
tamMu Cy, Cy, ..., Cpn. D10 u ecTb oOuiee peuieHue cuctembl (97).

Mpumep 8. PaccmoTpum cucremy
dy, dy:

=—y,, =y, 125
dx Y2 dx Y1 (125)
MarpHuHbIM ypaBHEHHEM, COOTBETCTBYIOLIHM cHcTeMe (125), Oyaer

dY
=YA, (126)

dx

riae
y=|Y1 Y| A=" 0 ll. (127)
Y21 Y22 -1 0

IMpuseaeM Martpuuy A K KalOHHYeCKOMY BHAY. 3/leCb XapaKTepHCTHUECKoe

ypaBHeHHe
-2 1

-1 A

MMeeT- NmpocThle KOPHH Aq=—i, Ay=—i. [l0o3TOMy KaHOHHYECKHM BHAOM Mar-
puubl A 6yner

=0 (128)

i 0]
B=“0 il (129)
Haiizem S. Hmeem B=SAS-!, BS=SA. Ilycmb
a b
S= c dl (130)
Torza
i 0 a b a b 01
1 B D o O B s
OTKyna
ia=-—b —ic=—d
ib=a } —id=c } (132)

b=—ia, d=ic. Tlonoxus a=1, c=1, noayuum b=—i, d=i, TaK urto
1 —i
1 i

S= l (133)
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HHTerpupys ypaBHeHHe

az ZB, B ‘ ON (134)
dc o =i}’
coraacHo ¢opmyse (103), Haxoaum
eix (
Z= 135
0 e—ix (135)
MoncraBaas Z B ¢dopmyay Y=ZS, noayuum
ix —1 ix —feix
S PN Y W B N (136)
6 ei= 1 i e-ix ie-ix
3aMeHHM KOMIIEKCHBIE pelleHHs BellecTBeHHbIMH. OTAensss B pelleHHH
" eir=cos x+isinx, —iei*=—i(cosx+isinx) (137)

BelleCTBCHHblE U MHHMble 4YacCTH, MOJYYHM HCKOMble BelleCTBEHHble peIleHHA:

cos X, sin x,
o ’ } (138)
sinx, —cosx,

KOTOpbIe 06PasyloT (yHIaMEHTAJbHYIO CHCTEMY pelUeHHH.
O6wnM peuteHneM cuctembl (125) Gyxer

y1=Cy cos x+C; sin x, }

(139)
Yo=Cy sin x+C; cos x.

22. Ctpykrypa (yHAaMeHTaNbHOH CHCTeMBbl peLIeHHH OLHOPOZX-
HOH JIMHEHHOH cHCTeMbl C MOCTOSAHHBIMH KO3((HLHMEHTaMH, yCTa-
HOBAeHHasi B N. 19—20, maeT BO3MOXHOCTb ONpEeAeaHTb BHJI Ce-
MeHCTBA pelleHHH, COOTBETCTBYIOIUHMX [JaHHOMY XapaKTepuCTHYe-
CKOMy uHcay. [lns 3TOro HyXHO B3ATb JIHHEHHble KOMGHHALHMH
BCeX MHHeHHO He3aBHCHMBIX YACTHbIX peLIeHHH, COOTBETCTBYIOILHX
JlaHHOMY XapaKTepHCTHUYECKOMY YHCJY € MPOH3BOJBHBIMH IOCTOSH-
HBIMH koddouuueHTamMud. B pesysnbraTe mosydyum, 4YTO MpOCTOMY
XapaKTePUCTHYECKOMY UYHCAY Ay COOTBETCTBYeT CeMeHCTBO pellleHHui
BUAA

y1=Cs“e'W, Yo==Csppeh*, | .| y,=Csinehx, (140)

Ecan jxe Ay — XapaKTepHCTHUECKOe YHCJIO KPaTHOCTH &, TO eMmy
COOTBETCTBYET CeMeHCTBO pelleHHH BHAA

Y1=Pyi(x)er= yy=Py(x)eb=, ..., yn=Pn(x)els, (141)

rae Py(x), Pa(x), ..., Pn(X) — NOJMHOMBI CTeNeHH He Bbiie B— 1,1
K03 PHUHEHTE KOTOPHIX SBJSAIOTCA JIMHEHHBIMH (YHKUHMSIMH OT &
NPOH3BOJIbHEIX NMOCTOAHHBIX Ci, Cs, ..., Ci, Tak YTO cpegu Bcex
ko3ddunuenToB Bcex noauHomoB Py(x), Pa(x), ..., Pn(x) npous-

! Dta creneHb DaBHAa HaWBbICUIEH M2 CTeMeHeNl 3JeMEHTApHBIX [enHTeNed,
COOTBETCTBYIOIIHX XapaKTEPHCTHYECKOMY YHCAY Aj.
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BOJIbHBIMH SIBJAIOTCS R Koatpcpnunemoa a ocTanbHble BbIpaxaloTcs
yepe3 HHX (cp. m. 13).

[Monunomer Py(x), Pa(x), ..., Pn(X) HnOCTHraloT HauBbiCIIeH
cTeneHH R—1, Koraa xapaKkTepHCTHYECKOMY YHCIY Ay COOTBETCTBYeET
ONMH HeNpPOCTOH 3jeMeHTapHBIA Aenutens (A—Aq)*, u obpamalorcs
B NOCTOSIHHbIE YHCJa, KOTKA BCe 3JeMeHTapHble AeJHTeJNH NMPOCThie:

‘ A=A, A=Ay, ..., A—M\g

(k snemeHTapHBIX denuTenelt) (mouemy?).
23. Tlyctb maHa cucrema

n

dyh
D= galhy, (k=1, 2, ..., n). (142)
Saﬂl'ﬂlleM €e B ManHqHOM BHe
ay
S =YA (143)

Ipusegem A k kanonuyeckomy Buay B=SAS-1. Cpenaem non-
CTaHOBKY

Y=28§. (144)
Monyyum
dz
P =ZB. (145)

YpaBHenue (145) HasbiBaeTCss KQHOHuU4eCKuM MaTPHYHBIM ypaBHe-
HHeM, a COOTBeTCTBYyWOLlasi eMy OZHOPOAHAA JIHHeHHas cHCTeMa —
KaHOHuueckum eudom HaHHOM cucTembl (142).

[ns BbISICHEHUS CTPYKTYpPbl KaHOHHYECKOH CHCTeMb! 3amulieM
ee B BEKTOpPHOH dopme

dz_
dx

[Mbi 3amennan B Ha B*, Tak Kak NpH nepexofe OT OGbIUHOW
(M BEKTOpPHOH) 3amuCH CHCTeMbl K MAaTpPHYHOH 3amucH Bupa (143)
MaTpHua KO3(QHIHEHTOB CHCTeMbl TPaHCIOHMpYeTcs.]

Ecin marpHma A HMeeT YHCTO AHaroHaJbHbI KaHOHHYECKHH
BHUJL

— B*z. (146)

B=[M, %3, ..., An], (147)
TO
dz

=M ] z (148)
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HJIH
dz
—E::— =Mz,
de
dx —;"2Z2, (149)
dz,
I =MAn2n.

Takum oOGpa3oM, ecad 3/eMeHTapHble [eJHTeIH MaTpHibl A
NpocThie, TO HE3ABUCUMO OT Toro, GyAyT CaMH XapaKTepHCTHYECKHE
uncia TNPOCTHIMH HJAH KpaTHHIMH, cHcTeMa (142) mnpuBoputcs
K 4ucTO OuazoHaavHomy sudy (149).

[Ipn 3TOM ecanm cpenH XapaKTePHCTHYECKHX YHCEJT HMeEIOTCs
KOMILJIEKCHbIe, TO H COOTBETCTBYIOLlHE YPaBHEHHS B KaHOHHYECKOH
cucreme (149) okaxyrcs KoMmmeKCHbIMH. KX MoOXHO 3aMeHHTb
BeluecTBeHHbBIMU. B camom pene, myctb M=p-iq. Torma p—iq
ToXKe GyleT XapakTepHcTHYecKHM uucioM. Ilycte p—ig=h.. 3ame-
HHM Tapy KOMIIJIEKCHbIX YpaBHeHHH

dyz

COOTBETCTBYIOILEA Mapoi BeLISCTBEHHBIX ypaBHeHHH. BBemem BMe-
CTO Y1 M Y2 HOBble HeH3BeCTHble (YHKUHH 4 H U, TONOXKHB

dx =MYs;

yi=u+iv, ys=u—iv, (151)

rie 4 W v — BellecTBeHHHle ¢yHkuuu ot x. [loacraBass yi=u--
-+iv B nepBoe u3 ypaeHenu# (150), Haxomum

du .dv . .
= (p+iq) (u+iv), (152)
OTKyAa
du dv
Ix = pu—aqvu; ar =pv+4qu. (153)

STa mapa BelleCTBEHHBIX ypPaBHeHMH M 3aMmeHsieT mapy (150).
B ciayuyae, korna KaHOHMYeCKHH BHJ MaTpuusl A KBasuauaro-
HaJIbHBIH:

Bz[lpr (7"1)’ 192(7"2)’ R} IDS(}"S)]y (154)

cucrema (146) 3amumercs Tak.
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% =[7% (M), T(ha), ..., 1% (hs)] 2 (155)

HJIH

dz
—d—xi' =}\«121+Zz,

dz .
d_xz =M22+23,

dzp:—i
dx

dz
Fria

.

PR (156)

n—pg+i

dx

=7\12m—1+zpu

=MAs2n—p 1t 2Zn—pg+2,

dz

n—pg+2

dx =7¥Szn—ps+2+zn—ps+3,

dzn—i
Cdx
dz,

dx

Takoli BHJ KaHOHHYECKOH CHCTEMbI Ha3bIBAE€TCs KBa3udua2oHaib-
Howm. Cucrema (156) cocrour u3 s rpynn. Kaxnomy anemerrtap-
HOMY HeJIUTeN0 COOTBETCTBYeT CBOs rpyana, MpHueM YHC/IO ypas-
HEHHH B KaM{JOW rpynne paBHO CTENEHH 3JeMEHTAPHOr0 AEJHTE/s.
IIpounTerpupoBaB CHCTEMBl YpaBHEHHH, O6pa3yOLHX KaKIyIO
rpynny (3TH CHCTEeMbl HHTETPHPYIOTCS IIOCJeNOBATEJIbHO, HpHUYEM
KaXAblfi pas [1eJ0 CBOLMTCH K HHTErPHPOBAHHIO JIMHENHOrO ypaB-
HeHMs), monyuuM obuiee pemreHue Bceil cuctembl (156). Tak kak
awbas cucrema (142) npHBORHTCA K KaHOHHYECKOMY BHAY, TO TeM
caMbIM BHOBb JOKasbiBaeTcs,, uTo cucrema (142) Bcerma Mmoxer
GLITb NPOMHTETPHPOBAHA B 3J€MEHTapHBIX (YHKIUSIX.
Bo3MoxHOCTh npuBefieHHs1 J1060# cucreMbl (142) k KaHOHHuUe-
CKOMY BHAY €CTb OCHOBHOH pe3y/bTaT TEOPHH JIHHEHHBIX CHCTEM
C MOCTOSIHHRIMH Ko3¢¢uieHTamMH, H60 AaeT NpaBO HNPH H3yYEeHHUH
MHOTHX BOTpOcOB oObuieli Teopun AubdepeHnHaIbHBIX ypaBHEHHI,
HPUBOASALINXCA K H3YyYeHHIO JIMHeHHbIX cHCTeM AHGbdepeHUHaNbHBIX

=MAs2Zn-1~+2n,

=7¥52n.
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YyPaBHEHHH C IOCTOSIHHBIMH KO3(®(QHIHEHTaMH, OTPaHHYHTHCA Pac-
CMOTPEHHEM CHCTeM KaHOHHYECKOro BHAA, YTQ, 3HAYHTEJbHO 06.er-
yasi HCCAefOBaHHe, He yMaJjisieT OGLIHOCTH [MOJYYEHHBIX pesylb-
TaTOB. p

Mpumep 9. PaccMOTpHM CHCTeMY

dy‘

—— =ys+ys,

dx Ya2+Ys

LR 157
dx Yi+Y2—ys, i (157)
_dys.

+
dx =Yz +Ys.

3xech OXZHO XapaKTepHCTHYecKoe uHcao Aq4=0 npocroe, a Aapyroe aByKpaTHoe:
Az=A3=1 c HempocThiM 3JeMeHTapHbIM jeanteneM (A—1)2 (mouemy?). Ilostomy

B=[I,(0), I:(1)] (158)
u cHcrema (157) npuBOAHMTCA K KBAa3sHAHaroHaJbHOMY KaHOHHYECKOMY BHAY'
dz,
ax -

de
dx =2+2s

(159)

24. PaccMOTpHM CHCTEMY

n

dx 5':5'2.".E'
d—:Zakm (k=1, 2, ..., n). (160)

=1
Ona onpepnensier (B yHc/ie APYTHX) HYyJ/JaeBOe pelleHHe
x1=0, %=0, ..., x,==0. (161)

W3 Buga ¢yHmaMeHTANbHOH CHCTeMbl pelleHHA H obLuiero.pemle-
HHUS CJefyeT, 4YTo: ,

1) pas Toro vuToGrl peweHde (161) Obl10 acUMOTOTHYECKH
VCTOMYHBLIM, B CMbicsie JlsnynoBa mpu {—--o0o, HeOOXOAMMO H 10-
CTaTOYHO, 4TOGbl BCe XapaKTepHCTHYeCKHe YHCJIa HMeJNH OTpPHUA-
TEeJIbHYI0 BELleCTBEHHYIO 4acTb (nouemy?);
" 2) ecJH XOTb ONHO U3 XapaKTEPHCTHYECKHX 4YHCeJ HMeeT MOoJo-
JKUTe/NbHYIO BelleCTBEHHYIO 4acTb, To peltenue (161) Heycrouquno
(rouemy?);
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\3) ecau cpei XapaKTepHCTHYECKHX YHCes HET TaKHX, KOTOpble
HMEIOT MOJIOXKHTeNbHbie BellleCTBeHHble YacTH, HO HMEIOTCA Xapak-
TepPHUCTHUECKHE YMCJa, BellleCTBEHHble YaCTH KOTOPBIX PaBHbl HYJIO,
TO petieHne (161) ycroiiunBo (HeaCHMNTOTHYeCKH), KOTJa Bce 3Je-
MeHTapHble [eJHTEeNH, HM COOTBeTCTBYIOLHE, MpPOCTble, H HEYCTOH-
4YHMBO, €CJH XOTA Obl OAMH H3 3THX 3JeMEHTAapHBIX MAeJHTesNeH He-
npoctoit (mouemy?).

25. O6 ycTOHYMBOCTH pelleHHH HeJHHeHHbIX CHCTeM HHOrAa
MOXHO CYAHTb Ha OCHOBaHHH PpacCMOTPEHHSi COOTBETCTEYIOLIMX
JIMHEHHBIX CHCTEM.

[Tycte maHa HenuHeliHasi aBTOHOMHasi CHCTeMa

n

dx
'd—:= Zamxz-l—fh(xi, X2, ..., xn) (k=]1, 2, ..., n), (162)

=1

f‘ﬂe Qp; — NOCTOSIHHBIE BelleCTBEHHbIE YHCJIA, fk—pﬂllbl o cremne-

HAM X4, X2, ..., X, HAaUHHAWOUIHECA C YJIEHOB HE€ HHXKE BTOPOTroO
H3MepeHHS:
e <]
—_ (R, myym m
Fr(xs, X2, ..., x0)= Z a® oy KT X
mytmet ... +mn>2 :
(k=1, 2, ..., n), (163)

cxoasiMecs B 06JacTu
| x| <y [ Xa| <ry o, x| <7 (164)

Ecau B OpaBbIX YacCTAX CHCTeMbl OTOPOCHTH BCe HeJIHHEHHBbIe
yjeHbl fr, TO MOJNYYHM JNHHeHHY cucTemy (160)

n

d
%: Do (k=1,2 ..., n),

=1

KOTOpasi Ha3blBAaeTCH CUCTEMOU nepeozo npubaudxcenus OAs cucTe-
Mot (162).

Teopema JianyHoBa. 1) Ecau 8ce xapakrepucruueckue
qucaa cuctemvt nepaozo npubausxcenus (160) umeror orpuyarersrole
sewecrsennote yacru, To pewenue (161) cucremor (162) ycroduuso
U NpUTOM ACUMNTOTUHECKU, KAKOBbL Obl Hu OblAL 4NeHbl 8bLCUUUX
nopadkos 8 ypasHenuax cuctemot (162);

2) ecau x0Tb OOHO u3 XAPAKTEPUCTUYECKUX HUCeA CUCTeMbl nep-
8020 NPUBAUICEHUS UMEET NOAONUTEAbHYHO BEU4eCTBEHHYO 4AaCTb,
10 pewenue (161) cucremvr (162) Heycroduuso -npu at06om 8oi-
6ope fx,
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3) ecau cpedu xapaxkTepucTu4ecKkux 4Hucear CucTemvl nepeozo
NPpUubAUNCeHUS HeT TAKUX, 8eujeCT8EHHble 4acTU KOTOPLLX NOAOXNCU-
TEAbHbL, HO UMEITCA XAPAKTepUCTU4EeCKue 4HUCAa, BeujecTB8eHHble
4acTU KOTOPbLX pasHb. HYatwo, 1o pewenue (161) cucremvr (162)
8 3asucumocTu OT 8blbopa fr MONMeET OKA3AT6CA KAK YCTOUUUBLIM,
TaK u Heycroudusvim.t

B nepBhix mByx cayuasx Bompoc 06 YCTOHYHBOCTH HYJIEBOTO
pewleHHs cucTeMbl (162) nOJHOCTBIO pemlaercsi paccMOTpeHHEM
BOonpoca 06 YCTOHYMBOCTH 3TOTO pEIUEHHs] 1/ CHCTeMBl MepBOro
npubamkenusa: ecau anas cucreMbl (160) pemenue (161) acumnro-
THYECKH YCTOHYMBO (HeyCTOHYHBO), TO OHO OyJeT acCHMITOTHYe-
CKH yCTOHYHMBO (HeycToiuMBOo) W AJas1 cucteMmbl (162). B Tperbem
cjyyae NpU HCCAeOBaHHH Bonpoca 06 yCTOHYHBOCTH cHUCTeMbl (162)
NPHXOAUTCA NPHHHMAaTh BO BHHMaHHe H uieHbl GoJjiee BBEICOKOTQ
nopsiika, BXOAsIIHE B NPaBble YaCTH 3TONH CHCTEMBI.

§ 6. BATAYA

MarseeB. Co6opuuxk 3amauy, Ne 920, 922, 924, 927, 935,
936, 938, 940, 942, 944, 946, 948, 950, 951, 954, 958, 970, 972,
975, 977, 978, 980, 983, 985, 987, 991, 1012, 1015, 1018, 1024,
1027, 1028, 1030, 1031, 1033.

t Cv. U. T. Mankun Teopua ycrohunsoctu aBHxKenus. M. 1952, crp.
66—69.



I'nasa VIII

YPABHEHHA C YACTHHIMHA IPOU3BOAHBIMU
IIEPBOr'0 IMOPATKA

CORNEPKAHNE
§ 1. OAHOPOOHOE JIMHENNHOE YPABHEHUE

1. IToHaTHe O JIMHEHAHOM YpaBHEHHWH C YacCTHBIMH INPOH3BOA-
‘HbIMH nepBoro nopsigka. 2. Cpsi3b MeXAy ONHOPOAHBIM JIHHEHHBIM
ypaBHEHHEM C YacCTHbIMH NPOU3BOAHLIMH NEPBOTO MOpPsAKa H COOT-
BETCTBYIOLlel eMy CHCTeMOH OOBIKHOBEHHBIX [AH(depeHUHANbHBIX
ypaBHeHH#i B cHMMerpHyYeckoli ¢opme. 3. Iloctpoenne oGuiero
pellleHusi OJHOPOAHOro ypaBHeHHsi. 4. Pewenne 3amaun Komw.

§ 2. HEOMHOPOJHOE JIMHENHOE YPABHEHUE

5. IMoctpoenue -obuiero pemenus. 6. Pemenue 3amaun Kouwn.

§ 3. HEJIMHENHBIE YPABHEHUA

7. CucrtemMa JAByX HeJMHeHHbIX ypaBHEHHH, pa3pelleHHbIX OTHO-
CHTeJIbHO YaCTHHIX NPOHM3BOJAHLIX. YCJIOBHE COBMeCTHOCTH. 8. Ypas-
Henue Ilpadda. 9. Meron Jlarpanxka — Illapnu HaxoxAeHHs NOJ-
HOTO HMHTerpajia HeJIHHEHHOTO ypaBHEHHS.

§ 4 3ATAYH

JUTEPATYPA

OcHoBHasA
MarseeB. Meroas uuTerpupoBanus, ra. XII, nn. 231—235.
Crenaunos, ra VI, § 1-3; ra. IX, § 1—4.
Sascroaby, ra VI, § 1—4.

JonomBTeasHan

[TleTpoBcKHii, mononHenue, § 53—57.
Cmupuos, ra I, nn 22—24.
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METOXHUYECKHUE YKA3AHNA
§ 1. OTHOPOJHOE JUHENHOE YPABHEHHE

1. Bo BBemeHuu OblIO NAHO MOHATHE 06 ypaBHEHHH C YACTHBIMH
NPOH3BOAHBIMH MEpPBOro MOPSJIKa, €ro pelleHHH W o 3amaue Kouu
(B ciyyae IBYX He3aBHCHMBIX NepeMeHHbIX). B 3Toil rsiase usyua-
IOTCSl JIMHEHHble YpaBHeHHs o6llero BHAA W JaeTcsi MOHSATHE O HeKo-
TOPBIX METOHAaX HWHTErPUPOBaHMS HeJHHEHHBIX ypaBHeHHIl.

Ecnu B ypaBHeHHe ¢ YaCTHBIMH NPOU3BOAHBIMH NEPBOro MopsakKa

ou Ju ou
CD(x1 Xo, ooy Xpy, Uo —=—, =, ... ~——)=0 1
) » ) n dx1’ axz ’ ’ axn y ( )
rae u=u(xy Xz, ..., Xn) — HCKOMast (QYHKUHA OT He3aBHCHMBIX
NepeMeHHbIX X1, Xz, ..., Xq; @O — U3BecTHasg (QyHKUHS CBOHX apry-

MEHTOB, 4YacTHble MPOHM3BOAHbIE OT HMCKOMOH GYHKLUHH BXOIAAT
JHHeHHO, TO Takoe ypaBHeHHe Ha3blBaercsi Aunednbin. Ciaeno-
BaTeJbHO, JIMHeHHOe ypaBHeHHe MOXKeT OblTb 3alHCaHO TakK:

ou ou
Xi(xi, X2, ..., Xn, u) 3; —I—-Xz(xi, X2, .., Xn, u) Fx;-l- R +
ou
+Xn(x1, X2 ..., Xn, U) Ep =R (%1, X2, ..., Xn, U). (2)

B cayuae, korza npaBas yacTb R TOXAECTBEHHO paBHAa HYJL.O,
a ko3dpduuuerto Xy, Xz, ..., X, He 3aBUCAT OT NepeMeHHOH u
(T. e. OT HCKOMOH (YHKIHH), JHHefiHOe ypaBHeHHe (2) mpHHUMACT
BHI,

ou
0X2

+...+

ou
X1()C1, X2, ..., )Cn) E +X2(x1, X2, ..., xn)

P
X (%, X2y ooy Xn) a; —0 (3)

¥ HasblBaeTcsi .00HOPOOHbIM, B NMpPOTHBHOM ciyyae OHO HasblBaercs
HeoOropoOHbim. Tak, ypaBHeHHe

0z 0z
Xz TY oy =0, (4)

rie 2z — HeusBecTHasi QYHKUHA OT X M Y, OAHOPOAHOeE,
a ypaBHeHHSH
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0z 0z
Xxs-ty 3y =2z (3)
31
oz 0z

HeOJHOpPOAHDE.

Paccmorpum oxHopoaHoe ypaBHeénue (3). Ilpeanonoxum,
yto Xy, Xz, ..., X, onpeneneHbl H HeNpepbiBHbI BMeCTe CO CBOHMHU
YAaCTHBIMH MNpPOM3BOAHBIMH MO BCEM apryMeHTaM B HEKOTOpO#
OKPECTHOCTH Haua/ibHOH Touku (x2, xJ, ..., x0) u He oGpauaiorcs

B 3TOH TOYKe OJHOBpeMEHHO B HyJb. IlycTb, Hanmpumep,
Xn (9, xQ, ..., x©)=0. (7)

Mbl 6ynem paccMaTpHBaThb BONPOC O HAXOXK/JEHHH peLIeHHH ypas-
HeHHst (3), ompefeneHHBIX B HEKOTOPOH OKPECTHOCTH YKa3aHHOMH
TOUKH, T. €. OyAeM HMCKaTb (QYHKLIHMH ONpejiejeHHble H HENPepbiBHO
nudoepenuupyeMbie B OKpecTHocTH Touku (%9, x93, ..., x0),

KoTopble obpalaloT ypaBHeHHe (3) B TOXKAECTBO.
3aMeTHM Dpexje BCero, YTo ONHOPOAHOe ypaBHeHnHe (3) Bceraa
HMeeT pelleHHe BHJa
u=c, (8)

rae c=const. Takue peledus OyaeM Ha3blBaTb O4eBUOHOLIMU.
ITokaxkeM, YTO NpPH CcHeNaHHBIX NPEANONOXKEHHSAX OTHOCHTENbHO
K03¢puuueHTOB ypaBHeHusi (3) OHO HMeeT OeCUHC/IEHHOE MHOXe-
CTBO HEOUEBHAHBIX pelleHHH.

2. PaccMoTpuM cHCcTeMy OOBLIKHOBEeHHbIX JHGdepeHLHaIbHbIX
ypaBHeHHH B cHMMeTpHYecKoH ¢opme

dx, _ dx2 L B
Xi(x1, X2 ...y Xn)  Xa(Xy, X2, ...y Xn)
dx,
= Xl %2 s Xn) 9)

3HaAMeHaTe/Jld KOTOpoH CyTb Ko3dHuueHTbl ypaBHeHus (3). ra
CHCTeMa Ha3blBAeTCHA CUCTeMOU. 0ObIKHOBeHHbIX OuddeperyuairbrobLx
ypasHeruli 8 cummeTpuueckoi opme, coorsercTeyroueli 00HOPOO-
HOMY AUHEUHOMY YPABHEHUIO C HACTHbLIMU NPOU3BOOHbIMU (3).

Teopewma. 1) Ecau pynkyus (%1, X2, ..., Xn) €CT6 Henpe-
poisro  Oupdpepenyupyemoli unreepanr cucremor (9), 10 U=
=P (X1, X, ..., Xn) A6AR€TCA pewenuem ypasHenus (3);

2) ecau u=uy(%y, X3, ..., Xn)FEconst — pewenue ypasnenus
(3), 10 uy (%1, X3, ..., Xn) — unrezpaar cucremol (9).
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B camom pene, nepBoe yTBepiKIEHHe CJefyeT H3 OINpefeseHHst
HHTerpana cHcTeMbl OH(¢epeHIHaNbHbBIX ypaBHEHHH B CHMMeETpPH-
yeckod ¢opme, HaHHOro Ha ctp. 126.

CnpaBelsiMBOCTb BTOPOTO YTBEPKIAEHHSA TaKXKe IOYTH OYEBHIHA.
B camom pese, Hy»KHO 1OKa3aTh, YTO MOJHbIA AuddepeHunan ¢GyHk-
IHH Uy (X1, X2, ..., Xp) TOXKAECTBEHHO PaBeH HYJIO B CHJy CHCTe-
Mbl (9), T. e.

dui dui Gui
duy I(s)— 5 1+ 0x2 X (10)
Ho arto cnepyer u3 Toro, uto u=us (X, X2, ..., xn) €CTb pelleHHe

ypaBHeHus (3). )

W3 ycraHoB/IeHHOH TeopeMbl BLITEKAeT, YTO 3afayd HHTErpHpo-
BaHUA ypaBHeHHs (3) U cucTeMbl (9) PaBHOCHJIbHBI.

3. Ilpu cpenaHHBIX Npeanoso:KeHUsix chucreMa (9) HMeeT pPOBHO
n—1 He3aBHCHMBIX MHTerpajoB

\pi(xir X2y ...y x'ﬂ)v wZ(xi, X2 o ..y x'ﬂ)y ceey
n-‘(xiy x2» LI} xn)» (11)
ONpe/le/ieHHbIX H HeNpPephIBHO AuddepeHuUpyeMblX B HEKOTOPOH
OKPeCTHOCTH HayanbHO# Touku (x¥0, x0, ..., x®), Ttak kak npu

3THX TNpeANoJOXeHHsiX cHucteMa (9) paBHOCHAbHA HOPMaJbHOM
-cucreMe n—1 ypaBHEeHHH

dxy Xy dxe X dxn—s  Xpy (12
Din Ko dtn - Ka' U Tdxm T Xn )
npaBble YaCTH KOTOPbIX ONpENEJeHbl H HempepoiBHO N depeHiH-
pyeMbl B HEKOTOPOH OKpecTHOCTH Toukd (xQ), xO), ..., x@),

a Toraa cucrema (12) uMeer poBHO n—1 He3aBHCHMBIX umerpa.rios
HenpephiBHO AHG(depeHuHpyeMbiX B HEKOTOPOH OKPECTHOCTH 3TOMH
toukn (cMm. ri. V, n. 12). Jlio6as HenpepbiBHO AHddepeHupyeMasn
¢yHKuus ot uHTerpanos (11)

u=F(1p,, ‘ll)z, ooy 'lpn—i) (13)

takxe GygeT HHTerpajom cucrembl (9) (mouemy?) H, ciemoBatenb-
HO, peiieHneM ypaBHeHus (3). Pewenne (13), rae F—nponaaonb-
Hasi HeMpepLIBHO NH(QepeHUHpYeMas QYHKIUHA OT CBOMX apryMeH-
TOB, OyJleM Ha3biBaTh 06u4u)u pewenuem ypasHerus (3).

PaccmoTpuM ciayyali ABYX He3aBHCHMBIX MepeMeHHbIX. B 3rtom
cnyuae ypaBHeHHe (3) OObIYHO 3aNMHMCBIBAIOT B BHIE

P(x, y) g§+Q(x, Y) g—; =0, (14)
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rae z — Heu3BecTHasi QyHKuUMs oT x M y, a P(x, y) u Q(x, y) —
3ajaHHble (YHKIHH OT X H Y.

Kaxnomy pewreruio ypaBHeHust (14) cooTBeTcTByeT B MpOCTpaH-
cTBe (X, Y, 2) HEKOTOpast MOBEPXHOCTb — UKTEZPAAbHAA nosepx-
KOCTo ypaBHeHusi (3) (cM. BBefeHue, cTp. 9).

B paccmaTtpuBaeMom cayyae cucreMa (9) BbIpOXKJaeTcsi B OIHO
ypaBHeHHe

dx . dx
P(x, y)  Q(x, y)

[Mycts ¢ (x, y) — uHTerpas 3Toro ypaBHeHHs. Torga o6umuM pelle-
HueM ypaBHeHus (14) Oynmer

Z=F[¢(x7 y)]r (16)

rae F — npou3BosbHAsi HenmpephiBHO AH(¢depeHuupyeMas GyHKUHS.
I'eoMerpuuecksn obuiemy pemteHuio (16) cooTBeTCcTByeT ceMeHCTBO
HHTErpasbHbIX NMOBEPXHOCTEH, 3aBHCAILEE OT IPOM3BOJBHOH (Y H K-
uwuu F.

(15)

NMpumep 1. PacoMoTpuM ypaBHenHe
u
X—+y—+z2—=0. 17)
X z

CooTBeTcTByIOllas eMy cHcTeMa AHbGepeHUHANbHBIX YypPaBHEHHH B CHMMe-
TpHYeckoit ¢dopme

— == (18)

y z
Pi=— YPo=— (19)
x x
(cM. ra. IV, n. 14). TlostoMy o6umuM pemeHuem ypasHenus (17) Gymer
y z
wer (L, 2).
o x (20)

Mpumep 2. Ina ypaBueHus
—_—= 21
HAXOANM

dx d
a2 shy=C, y=xty, J (22)
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4, 3apmauva Kown nas YpaBHE€HHA C YaCTHbIMH MNPOH3BOAHBLIMH
NepBoro nopsiaka (1) COCTOHT B HaXOXIC€HHH pELIeHHSA

u=u(xt, X3 ..., Xn), (23)

KOTOpoe INpH (HKCHPOBAHHOM 3HAYEHHH OJHOH H3 He3aBHCHMBIX
nepeMeHHbIX, HallpUMep Xp, o0pailaeTcs B 3aJaHHYIO HelpepbIBHO
nuddepenunpyeMyo GYyHKUHIO OT OCTaJbHbIX MEpPEMEHHBIX, T. €.

U=q@(xy, %3, ..., ¥n—1) 0OpH Xp=xO, (24)

Ycnosue (24) Ha3biBaeTcs HauaAbHbiM ycaosuem peulieHus (23).
B cayyae aByX He3aBHCHMBbIX IlepeMeHHbIX, T. €. [JIsl ypaBHEHHS

0z 02)
(D(x) Y, 2, b—x‘: a—y

2aflaua Kod COCTOHMT B HaXOXKIEHHH peuieHusa

=0, (25)

z2=2z(x, Y), (26)
YAOBJIETBOPAOILLEro HavyaJbHOMY YCJ/IOBHIO
z=oq(y) mpu x=x,, (27)

T. €. HILETCS HHTerpasbHasi NMoBepxXHOCTb (26), KoTOpas NMPOXOOHUT
yepe3 3aflaHHYI0 KPHBYIO 2=@(Y), X==X,, Je€Xallyl0 B IJOCKOCTH
x=x, (cM. BBeneHue, cTp. 12).

INpun nocraHoBke 3amayu Kowu a1 OZHOPOAHOrO JIHHEHHOrO
ypaBHeHus (3), uToObl GblI0 ObecneyeHO CYIIECTBOBAHHE peEILEHHS,
(HKCHPYIOT 3HaueHHe TOH He3aBHCHMOH INepeMeHHOH, IJIi KOTOpO#
KO3(GHUHEHT NPH COOTBETCTBYIOLUEH YaCTHOH NPOHU3BOAHOH OT
HCKOMOH (YHKIHMH OTJHYeH OT HyJAs B HayaJbHOH TOYKe
(X0, x0, ..., x@). B Hawem cayyae B cuay ycnosus (7) HyXHO
PHKCHPOBATL Xn.

Hrak, 6yneM HckaTb pelieHHe ypaBHeHus (3), yXOBJIETBOpSIO-
ilee HayaJbHOMY YCJOBHIO (24).

HOns storo BocnoJb3yeMcst He3aBHCHMBIMH HHTerpasnamu (11)
cucremsl (9). IlosoXuM B HHX Xp=x® H 0603HAYMM NOJyYEHHbIE

yHKIHH yepe3 P, P2, ..., Pn:

Pa(x1, X2, ..y Xpog, XO0) =1y,

(28)

1'92(x1, x2) LR ] xTL—iv xg.‘))) =¢2v

Pr-a (X1, X2y ooy Xn—g, XO0) =Pn—y.



-326 Ta. VIII. ¥Ypasnenua ¢ wactHoimu npou3eooneimu [-20 nopadka

Cucrema (28) paspeuidMa OTHOCHTENbHO Xy, Xp, ..., Xn—4 B HEKOTO-
POl OKpecTHOCTH HauaibHOH ToukH (X0, xO), ..., x©) (nouemy?).
Hahpnem

x1=w1 (Y1, P2r .., Pnt),
X2=—2 (Eiy rpz, ceey 'l_pn—i)y (29)
Xn—1=0n— ('\Fi, 1_I72, ) "—P'n—i)o

IMocTpoum dynKuHIO

u=e [o1 (Y1, P2, ..., Pn-1), O2(P1, P2, - .., Pnt), .-, _
On—1(P1, P2, - .., Yny)]. (30)

Ota QyHKUMSA H ABASETCS HCKOMBIM pellleHHeM [OCTaBJeHHOH 3aja-
yn Komn (3)—(24) (nouemy?).
B cnyyae nByx He3aBHCHMBIX I€PEMEHHbIX IOJyYaeM

0z 0z
P(x, y) 5 +Q(x, v) g =%
z=¢@(y) npu x=xo,
dx d :
%‘.—.—Qi, v=(x 49, | 31)
b (%0, ) =4, y=0(¥),

2=cp{’m['\l>(x, y)]}-

Mpumep 3. PaccMoTpuMm ypaBHenue (17)

X— ty— +2— =0,
ox Yoy T2
H NOCTaBHM HavyaJ/ibHOE YCJIOBHE
' u=y+z npu x=2. (32)

3nech Xi(x, y, 2)=x. Umeem X (2, Yo, 20)* 0 (xaxue Gbl 3HAYCHHST Yo,
2o HH B3fTb), TaK UTO CYLIECTBOBaHHe peuleHHs 3agaun Kommn (17)—(32) obec-
neyeHo.

Tonaras B untepBanax (19) cucremb (18) x=2, moayuaem

= lph = lp2: (33)
2 2
OTK 9}13

y=2¢;, 2=2y». (34)
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Hckombim pelueHHeM Gyner

2(y+=z
u=2y;+2¢; Hn u= (y—x)—-— (35)
Mpumep 4. HalTu HHTerpasbHYI0 NOBEPXHOCTb YPaBHEHHS

0z 0z 0 3

— _x— =0,
Y ox dy (36)

TPOXOAALLYIO Hepe3 KpHBYIO

z=y?> npu x=0. 37)

B Hauambom ychaoBun (37) ¢ukcupoBaHo 3HaueHHe x. KoadduumeHnt npu

Z
d_ B ypaBHeHuu (36) Gyzer oTiHueH oT HyJs B Jwoboi Touke (0, yo), rme yo 0.
x :

Takylo TOuKy ¥ BO3bMeM 3a HadajbHYyl0. B OKPECTHOCTH TaKoil TOUKH pelueHHe
3agayy Kowmn (36)—(37) ob6ecneueHo.

CooTBeTcTByIOLlee ypPaBHEHHe B CHMMeTpHYeckoi ¢opme

dx dy
Y —x (38)
HMeeT HHTerpan
Pp=x2+y2 (39)
INonaras B Hem x=0, HaxoaHum
=9, (40)
OTKyZa
y== V V.
HickoMuM peiieHnem 6ynet .
z2=YP(x, y) wm z=x2+4y? (41)
(cM. BBenenue, ctp. 13).
§ 2. HEOOTHOPOJHOE JIMHENHOE YPABHEHHE
5. PaccmoTpyM HeOLHOpPOJIHOE JHHEHHOe ypaBHEHHe
ou ou
Xi(xy, X2y ..., Xn, U) =— +Xa(x1, X2, ..., Xn. ) — 4 ...
1(%g, X2 n,')dxi'l‘z(i 2, y Xn, )0x2+ +
.. Ou
+Xn(x1, X2, ..., Xn, U) EP =R(x1, X2, ..., Xn, u). (1)
n

IMpennonoxum, yto ko3dpduuuentnl Xy, X, ..., X, u mpaBas
yacTb R omnpejeseHbl H HeNpepbiBHBI BMeCTe C YaCTHBIMH MNpPOH3-
BOAHBIMH B HEKOTOPO# OKPECTHOCTH Haua/ibHOH TOUKH (X, xO ...,

xO, u®), npuuem
Xa(xQ, X0, ..., xO, u®) 0. (2)
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Bynem uckaTh pelieHHe ypaBHeHHss (1) B HesiBHOM BHJe
V(xy, %2 ..., Xn, u)=0, (3)

rie V — Hekotopasi HenmpephiBHO nHddepeHuupyeMan GYHKUHS
CBOHX apryMeHTOB, NpHUeM

© © © O

0V(1, X2, ooy Xn, U )
£ — 7=0. (4)
[Mponuddepenunpyem coorHomeHHe (3) Mo X, CYMTass U QYHK-
pMeld OT Xy, Xz, ..., Xpn, ONpeJessieMOil (COrnacHO TeopeMe O HesB-
Hoit ¢yHKuMH) ypaBHeHHeM (4). Haxomum
dV oV du
o + i Iy =0 (k=1 2, ..., n), (5)
OTKyZa
ov
ou dxk
Ex—h-——'i (k—l, 2,...,71). (6)
ou
. ov
IToacrasasis (6) B (1), yMHOXas Ha 5, Y MepeHocs Bce uMeHbI
B JIEBYIO 4acTb, MOJYYHM
oV oV ov
Xy —— oxn + X2 —— + +Xn. +R5u—=0' (7)

YpaBHeHne (7) ecTb OLHOPONHOE JHHEHAHOe ypaBHEHHe
¢ uckomoil ¢ynkumeit V. CoorTBeTcTByIOllasi eMy CHCTeMa B CHM-
MeTpHYHOH ¢opMe

dxy dxs dxnp

S AR AL o ®
HMeeT N He3aBHCHMBIX HHTETpaJjioB
Y (X1, X2, ..oy Xny B), oy Yn(Xe, X2 ...y Xn, U) 9)
(nmouemy?). [Tostomy

V=F('l|3h 1'72, ceey ‘Pn) (10)

6yner o6WKM pelieHHeM ypaBHeHusi (7).
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IMopcrasasisa '(10) B (3), mMonyuHM HCKOMOe pellieHHe YpaBHe-
nusa (1) B Bume

F(\Pi, P2, ..., 1|Jn)=0 (]l)

IT0 cooTHOleHHe, rae F — npou3BosibHasg HeNpepuiBHO JIHpde-
peHunpyemasi ¢yHKius, OyAeM Ha3blBaTb 06uyum peuleHuem ypab-
HeHust (1). Ecan ymacres gakTHueckH paspewinTb (B 3JeMEHTAPHBIX
¢yHKUHsAX) ypaBHeHHe (11) OTHOCHTeJbHO U, TO MOJNYyYyHM oOLiee
pellleHHe B I BHOM BHIe

u=f(x,, X2, ..y Xn), (12)

rie f— NpOH3BO/IbHARA HENpePHIBHO An(OepeHunpyeMas QyHKuus.
B cnyuae nByx nmepeMeHHBIX HMeeM ypaBHEeHHe ’

0z 0z
P(x’ Y, Z) a +Q(xr Y, Z) @ =R(x; Y, Z), (13)

rae 2=2(x, y). Cucrema (8) npuHHMaeT BHA
dx dy dz \

Ecan i(x, y, 2), ¢2(%, y, 2) — He3aBHCHMBIE HHTETrpajbl 3TOH CH-
cTeMbl, TO obliee pemeHHe ypaBHeHHsi (13) HMeer BHA

F (s, 92) =0. - (19)

6. 3amaua Koumnu ans HeoQHOPOAHOTO JIMHEAHOro ypaBHeHus (1)
COCTOHT B HaXOXJEHHH DeIleHHs

u=u(xy, X2 ..., Xn), (16)
YAOBJICTBOPAIOLIETO Ha4YaJbHOMY YCJIOBHIO
u=q@(xXy, X3, ..., Xn—1) OPH Xp=x10, (17)
rie ¢ — 3ajaHHas HenpepbiBHO AuddepeHuupyemasi GyHKUHA.

Ins pemenus 3agauu Komu (1)—(17) Bocmosb3yeMcss He3aBH-
cHMBIMH HHTerpajamu (9) cucremnt (8). Ilomaras B HHX xn=x<12),

IojsmyyaeMm

— )
P (X1, X2, ...y X, x(g), u) =1,
\|72 (xh X2y ...y Xn-t, x(,g)y u) =»'\|)2, L (18)

- . . . -

Yn (x,, X2 ...y Xn—t, x(g)’ u) =Yn. )
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Pa3pemaﬂ 3Ty CHCT€MY OTHOCHTEJIbHO X4, X2, ..., Xp—t, U,
Haxoaum
xi——-ml(Ei, 1«_l)27 ceey '\—pn),
x2=m2($ly {I;Z’ ooy Il_»’n)’
e e & e e e e e . (19)
Xn—14=0n—1 ({l;i) "_IJZr RN —’\-Pn),
u=(0('|Fb ;i;z’ ) -\Iﬁn)-
HO,U,CTaBJ'lHﬂ 3TH 3HAY€HHUA Xy, X2, ..., Xp—i, u B PpaBE€HCTBO
u=q(xy, X2, ..., Xn—y) W 3aMeHss P Ha VP, NONYYUM
(l)('lpi, ceey 'q)n) =q)[(01(1p1, oy 'lp’n,), mZ(\plr ey ’lpn), ceey
On—1(P1, ..., Pn)]. (20)

370 ypaBHeHHe U ONpelessieT HCKOMOe pelieHHe (B HESIBHOM BHJE)
(mouemy?).
B cnydae AByx He3aBHCHMBIX NMepPeMEHHBIX HMeeM

5} 5}
P(x, 4, 2) 5. +Q(x 4. 9) 5. =R(x, 4, 2),

z=q(y) npu x==xo,
dx dy dz

P Q=R W o2 w2, @)
\p‘(xo’ Y, Z) =‘_pb y=(l)i(:|91, —'472),

P2(xo, ¥, 2) =2, | z=0 (Y1, P2,
o (Y1, P2) =¢[@1(Ps, P2)].

§ 3. HEJINHENHLIE YPABHEHUA

7. PaccMOoTpHM HeJHHe#HHOe YypaBHeHHe C YaCTHBIMH INpO-
M3BOJAHBIMH MEPBOro nopsaka B Cjay4yae O BY X HE3aBHCHMBIX Ile-
peMEeHHBIX

F(x, y, 2, p, ) =0, (1)

¢$yHKIHA OT X H 0z 92

€ 2 — HCKOoMasa b2 | y P= 35— d= ——,
rae . y Y P=5c 19 3y

Has HempepbiBHO AuddepeHuupyeMass QYHKUHSI CBOHX apryMeHTOB
B HEKOTOPOH OKPECTHOCTH HayasJbHOM TOUKH (Xo, Yo, 20, Po, 4o),
3aBHcAllasg OT p H ¢ HeJHHeHHO.

F — 3apan-
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OkaspiBaeTcsi, 4TO 3ajaya HHTETPHPOBAHHSA OLHOTO YypaBHEHHs
Buaa (1) sBnsercs Gosiee TPyNHOH, YeM HHTerpHPOBaHHE CHCTEMbI
IByX COBMECTHB X ypaBHeHHH TakKOro BHJa, T. €. HMEIOLIHX
pelleHye, obuiee s 060HX ypaBHEHHH CHCTEMBI.

Paccmorpum cucremy

F(x, 9,2 p, q)=0; @(x y,2 p, 9)=0. (2)
[Ipeanonoxum, uro, paspeliasi ee OTHOCHTEJNBHO p H q, NONYYHM |
p=A (x’ Y, Z), q=B(x’ Y, 2)1 (3y

rie A H B HenpepbiBHO AH(GepeHUHpYyeMbl B HEKOTOPOH OKpe-
CTHOCTH HaYaJbHOH TOYKH (Xo, Yo, 20)-

Hafinem Heo6Gxomumoe yc/0BHEe COBMECTHOCTH cHcTeMbl (3).
IIpeanonoxum, uTo cymecTByer GQYHKuusi 2=2(X, y), yAOBJe-
TBOpAIOIIAs KaXX[OMy H3 ypaBHeHHH 3TOH CHCTeMbHl M HMeWllas
2 0z 02z .
%’ oy " 30y B HEKOTOpO#H

OKPECTHOCTH Haya/jbHOH TOYKH (Xo, Yo). HHuddepenunpys ypasHe-
HHA (3) COOTBETCTBEHHO IO ¥ W 1O X, cyutas 2=2z(X, Y), NOJTyUYHM

HenpepbiBHbIE YACTHBLIE NPOHU3BOAHLIE

02z 0A 0A 02z OB 0B _
g~y T @D e axtTaAt @
Orciopa ciemyer, 4To
0A 0A 0B 0B
57+ 3 B= oy t oA le=2(n )] (5)

(nouemy?). Ycaosue (5) u ecTb HEOOXOLHMOe YyCJ0OBHE COBMECTHO-
CcTH cucteMbl (3). '

s o020 wrobur cuctema (3) He TOAbKO bbira COBMECTHA, HO
u cywecreosaro cemelicTeo peweHul, 3asucaujee xors 6Gol
OT OOHOU NpPOuU3BOAbLHOL NOCTOAKKOU, HE06x00umo, 4TObbL Yycarosue

0A 0A OB 0B
6y+dz B= 0x+6zA (6)

BbLNOAHANOCL TOHOECTBEHHO OTHOCUTEAbHO X, Y, Z 8 paccmarpusae-
Mol obaacru.

MOXXHO [0Ka3aThb, YTO TOHOECT8EHHOe BbinoAHerue ycaosusn (6)
a845eTCA U OOCTATO4YHbIM OASl CYWECTBOBAHUS TAKO20 CemelcTeq
pewerui.!

Ecnn yciosue (6) BBINMOMHSIETCA TOXAEGCTBEHHO OTHOCHTEJIBHO
X, Y, 2, TO OHO HAa3bIBAETCS YCAOBUEM NOAHOU UHTEZPUPYemocTu
cucremsr (3). '

t CrenaHos, crp. 357—359.
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NMpumep 1. PacoMOTpuM CHCTEMY
% ovpoxetomiol, 22 ag )
—_— X -1, —=-2y

TpoBepsis BHIMOJIHEHHe YCJIOBHS coBMecTHOCTH (6), moayuaem
4xy+2x(—2y) =040 (2x24+2x2+2xy>—1). (8)
910 ycnoBHe BHINONHSAETCS TOXAEGCTBEHHO OTHOCHTeIbHO X, y H 2. [loaTomy
cucrema (7) BmosiHe HHTerpupyema. (OHa HMeeT ceMeiCTBO pellleHHH, 3aBHcAllee
OT OJHOH NPOH3BOJLHOH NOCTOSIHHOM.).

FlepBoe u3 ypaBHenuit (7), eciu B HeM (HKCHpOBaTb Y, eCcTb JFHHeHHOE
ypaBHeHHe OTHOCHTeJbHO 2. HIHTerpupys ero, HaxogHM

z=e=’[C(y)+ f(2x2+2xy2—l) e—"’dx], 9)

rze C(y) — npousBobHas HenpepbiBHO AudppepeHunpyemas ¢yHkuua or y. Tak
Kak

N

f(2x=+2xy2—l) e—**dx=—ye—**+ /2x2e-=’ dx—fe—*’dx=

= —y2e—**—xe—-*'+ fe-*’dx-fe—x’dx=—(y2+x) e—*, (10)
T0 (9) nepenuwercs B BHAe
z2=C(y) ex*—y2—x. (1)

BuiGepem C(y) Tak, uTo6w ¢ynkuus (11) ymos.nersopsna u BTOPOMY H3 ypas-
HeHuit (7). Hduddepenunpya (11) mo y, noayuaem

%2 _Cr(y) e=—2 12
IMostomy C(y) HyXHO onpeleisTb H3 YCJIOBHA
C'(y) e=*—2y=—2y, (13)
OTKYyla \
C'(y)=0, C(y)=C. (14)
CuniepoBaTenbHO,
z=Ce**—y2—x,. (15)

8. Ypasnenuem Ilpapdpa HasbiBaeTcs ypaBHeHHe BHAA
P(x, y, 2)dx+Q(x, y, 2)dy+R(x, y, 2)dz=0. (16)

B 310 ypaBHeHHe Bce mepeMeHHble X, Y, Z BXOASAT CHMMETPHUYHO,
n mo6yl0 M3 HHX MOXHO NpPUHATH 3a HCcKoMmylo ¢yHkuuio. Ilpen-
MOJIOXKHM, UTO K03(duiueHT P, Q u R onpefeseHbl H HempepbiBHbI
BMECTe C YaCTHBIMH IPOM3BOAHBIMH B OKPECTHOCTH HavaJibHOH
TOYKH (Xo, Yo, 20) M He 06pallalOTCsi B 3TOH TOYKe OLHOBPEMEHHO
B Hyab. Hanpumep, 6yaeM cuHTaThb, 4TO

R(XO, Yo, Zo) #0. (17)
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Torna ypaBuenne (16) MOXHO nepemnucaTb B BHIE

__PF Q

Haiigem ycnoBue, npu koropom ypaBHenue [Ibadda umeer
ceMeliCTBO pelleHHH (MHTerpaJsibHbIX NMOBEPXHOCTeH), 3aBHCsLee OT
OQHOHM NPOH3BOJILHOH MOCTOSIHHOH. Tak Kak Ha BCAKOH HHTerpalb-
HOH NOBEpPXHOCTH 2=2(X, Y) MOJIKHO BBINOJHATbCA OCHOBHOE CO-
OTHOWeHUe

0z oz
dz= a—;dx-|-@—dy (19)

(aHajloTHYHOE OCHOBHOMY COOTHOULIEHHIO dy=y'dx
B C/yuyae HHTeTpajbHOH KPHBOH OOLIKHOBEHHOTO ypaBHEHHsl NMEPBOTro
nopsiaka), To AJs HHTeI‘paJleblx NOBEPXHOCTeH HMeeM

dz P Q

d + dy=—— —dx— —

R R

OTKyZa BCJEACTBHE HE3aBUCHMOCTH dx M dy MOJydaeM, YTO HCKO-

Mble HHTerpaJjbHble NOBEPXHOCTH [LOJIKHBI YIOBJETBOPSITb CHCTEME
ypaBHeHHH

dy, (20)

dz P o0z _ Q
xR - R (21)

(nouemy?). YpaBHenue [Ipadpda (16) paBHocuabHO cucreme (21).
Heno ceopurcs, TakHM 06pa3oM, K HaXOXJIEHHIO YCJOBHS TNOJHOH
HHTETPHPYEMOCTH cHcTeMbl (21).

Hnsi cucreMbl

0z 0z
o =AW v, 2 5-=B(x 4, 2) (22)

yC/0BHE TOJNHOM HHTErPHPYEMOCTH MMeeT BHI
0A n 0A B 0B n 0B
oy 0z =~ o0x 0z
NpHYEM OHO JOJI)KHO BBIMOJHATBCS TOXIECTBEHHO B paccMaTpHBae-

moii ob6sactd. 3anucbiBass ycuaoBHe (23) mas cucrembl (21), mo-
ayuaeMm

;eay*'z];z%j"’(“”liz_az‘*'gz%i)( S)
~watratCrR e (—x) e

A, (23)
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YMHOxKHM 06e yacTd Ha R2? u coGepeMm ujeHwl npu P, Q u R:

Has yno6crBa 3anoMHHaHUs ycaoBHe (25) MOXKHO 3amucaTh B BHIe
CJeyIOLero MHEMOHHYECKOTO paBeHCTBa

P Q R
00 0
P Q R

Ecnu ycnoBue (25) BBHINOJIHAETCS ‘TOXKIECTBEHHO, TO OHO Ha3bl-
BaeTcsl ycaosuem noaHod unteepupyemoctu ypasHeHHs [ldadda.
Ilpu BBIMONHEHMH yca0OBHs (25) HHTErpHpOBaHHE YpaBHEHHS
Ilpadda npuBonutcs k HHTerpuponanuio cucremel (21). Ilpu atom
CYLIEeCTByeT CeMeHCTBO pelleHHi, cojepkKallee OAHY NPOH3BOJIbHYIO
NOCTOSIHHYIO.

Mpumep 2. PacoMorpum ypaBHerHe
(2x2+2x2+2xy2—1) dx—2ydy—dz=0. (27)
IlpoBepsis BBIMOJIHEHHE YCJOBHSI TNOJHOH HMHTErPHPYEMOCTH (25), Haxommm
(2x24-2x2+2xy*—1)-(0—0) + (—2y) (2x—0) + (—1) (0—4xy) = 0.
CnepgoBarenbHO, ‘'ypaBHeHHe (27) J[OmycKaeT CeMeHCTBO HHTerpajbHEIX IMOBepX-

HocTe#l, 3aBHcslllee OT OAHOH NpPOM3BOJIbHOM nocTosHHOM. IlpuHuMmas 2z 3a Hcko-
Myl (QyHKLHIO, 3aMeHHM YypaBHeHHe (27) cHcTeMoit

0z oz
— =2x242x242xy2—1;, — =-—2y. (28)
ox : dy

Sra cucreMa, a ciaefoBaTesbHO, U ypaBHeHHe (27) HMeIOT CeMEHCTBO pellleHHi
z=Ce**—y2—x (29)
(cM. m. 7).
9. PaccmoTpuM HesMHeliHOoe ypaBHeHHe oOOLiero BHAA
F(x, y, 2, p, q)=0. (30)
CooTHollleHHe BHIA
V(x, y, 2, a, b)=0 win z=9(x, y, a, b), (31)

rde @ U b — npou3BOJIEHBIE TOCTOSIHHBE; 2 — pelleHHe YypaBHe-
Hus (30), HasbiBaeTcs noAHbiM uHTeepasom ypaBHenus (30).
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YpaBHenue (30) sKBHBaJIEeHTHO ypaBHEHHIO, NONyYaeMOMY HC-
KJioueHHeM a@ U b U3 CHCTeMbl

V(x7 Y, 2, a, b) =0,

ov ov
o T e P=0 32)
2% ov
oy + o7 7 =0
HJIH
Z=q)(x’ y’ a’ b)’
_ %9
T ox (33)
_%
9y
Mpumep 3. YpaBHenue
22(1+p2+q%)=R? (R=const) (34)
IMeeT NOJIHBIA HMHTEerpasj BHAA
(x—a)24 (y—b)2+22=R> (35)
Mpumep 4. Ina ypaBHeHus
z2=px+qy+pq (36)
MOJIHBEIM HHTerpajoM GyneT
z=ax+by+ab. (37)

PaccMorpum merod Jlaepanxa — Lllapnu HaxoXAeHHS MOJHOrO
vurerpasa ypaBHeHus: (30). OcHoBHasi MAes] 3TOTO METOAA COCTOMT
B TOM, uTO 1151 ypaBHeHHs (30) HaXOAMTCA Takoe APYroe ypaBHEHHE

@(x, y, 2, p, 9)=a, (38)
rgpe a —l'lpOPlSBOJIbHaﬂ NMMOCTOAAHHAA, '-[TO6I>I CUCTEeMa
F(x,y, 2 p, q)=0;, O(x,y,2p, q)=a (39)

6bli1a pa3peminMa OTHOCHTENbBHO p H g H 4TOGBI noJiyyeHHas
B pe3yJabTaTe 3TOr0 pa3spelienusa CHCTeMa

p=A(x, y, 2, a); g=B(x, y, z, a) (40)

6bl1a BIOJHE HHTerpupyema. 3agaya COCTOMT B TOM, YTOGHI IO
3agaHHON QyHkuuu F HaiiTh Hagnexamum obpasoM ¢yHkuuio @.

INpenmonoxum, uro F u (D HempepbiBHBI BMecTe C YacCTHBIMH
DPOH3BOAHBIMH B OKPECTHOCTH HayasbHOH TOUKH (Xo, Yo, 20, Po, 4o),
B KOTOpOH
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F(xOy Yo, <20, Po, 40) =0; (D(x(’y yO, zo, Po, q0)=a (4])
H AsKoOHaH
D(F, @)
—— F#0. 42
D (s, q) (42)

Torpa cucrema (39) paspemnva OTHOCHTENBHO p H ¢ B OKPeCTHO-
CTH 3TOH TOUKH, T. e. onpefensier ¢yHkuuu (40), roe

A (%o, Yo, 20, @) =po; B (xo, yo,'Zo, a) =qo. (43)

YcnoBue HOJTHOH HHTErpHpPYyeMOCTH anas cucremnl (40) 3anu-
meTcs Tak:

dp_ ap

oy oz 1=

rne p=A(x, y, 2, a); g=B(x, y, z, a) 3aMeHHM B HeM YacCTHble
NpOU3BOAHbIE OT p M ¢ HUX 3HAa4YEeHHsIMH, KOTOpble MOXHO HaHTH
u3 cucrembl (39) npu nmoMouM HesiBHOro AH((depeHUHPOBaHHS.

Ouddepenuupys paBeHcTBa (39) OTHOCHTEJBHO 2, CUHTAsi B HHX
p 4 g GYHKUHSMH OT X, Yy, 2, onpefeiasieMbiMH ¢opmynamu (40),
nonydyaem

+ az p (44)

?

. v Lay 9P , 99
F +Fp 3z +Fq az =0; ®z+¢)p_az— +(DqT— , (45)
OTKyAa
Fz/ Ft; F? 1’~‘,z
ai=__ch?L 9 __ 199 . (46)
0z F’p F’q ’ 0z F’p F'q
@, T @, O

AnanoruyHo auddepenunpys paseHcrsa (39) cuavana mo x, no-
TOM N0 Y, MOJYYHM [Be CHCTEMbI ypaBHEHHH, H3 KOTOPBHIX HalaeMm:

F’ F’ F’' F
R A N A )
Ox F F" |’ ay F” F
p q P q
(D/ Q)I (I)I (DI
p q y q
TMoacraBnss HafijeHHble 3HaYeHH 9p 99 99, 9 C/IOBHe
)i | JeHHble 3Ha 152 32" ox Hd B YCJIOB
(44) u ocBo60oXaasicb OT 3HaMeHaTe/s, MOJYyYHUM
’ 4 ’ 74 ’ ’
Fpr-l-lep F F +F q 9o 48)
G);(I); +@; p (D' CD' +CD :
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DTO ycCJOBHE [OJIKHO BBINONHATLCSA TOXK/JAECTBEHHO OTHOCHTEJNBHO
X, Y, 2.

U3 ycnosusi (48) caemyer, uto ¢yHkuus @ poaxkHa yAOBJe-
TBOPSATb OXHOPOJHOMY JHHEHHOMY YPaBHEHHIO C YaCTHbIMH
[IPOH3BOAHBIMH NEPBOTO nop;mxa

, 0D , , .y 9@
FPFx— qdy +(F +qu1)——
’ , ’ ’ oD _
_(Fx—{—FzP)W (F; +F, q) 3q =0. (49)
Bpens ans KpaTHOCTH 0603HauYeHHs
F =X, F;:Y, F =Z, F; =P, F;=Q (50)

(X, Y, Z, P u Q— uspectHble GYHKIHH OT X, Y, 2, p U g, TaK KakK
¢yukuus F u3BecTHa), NepenuuieMm ypaBHeHHe (49) B BHle

P%) +Q ﬂql (Pp+Q9) a;q) -
6
— (X+2p) S~ (Y+29) j’-—o‘ (51)

CocraBnisieM COOTBETCTBYIOLLYI0 3TOMY YDaBHEHHIO CHCTEMY
OOBLIKHOBEHHBIX AH((epeHUHaNbHEX YpaBHeHHA B CHMMeTPHYECKOH

¢dopme

dx dy _ dz . dp . dq (52)
T Q Pp+Qq —(X+Zp)  —(Y+Zq)

HaM HyXHO HaWTH TOJbKO ONHMH NepPBbIi HHTErpaj 3TOH CHCTEMBI
Buga @®=a, Tle @ — NPOU3BO/IbHAs MOCTOSHHAsA, NpHYeM (QyHK-
nuss @ [OMKHA YAOBNETBOPATb MOCTABJEHHBIM BbIlE YCJIOBHSM.

Ha npaxTHke HYXHO cpaay COCTaBHTb cHcreMy (52), HaHTH ee
nepBbli HHTErpas, MOCTPOHTb cHcTeMy (39), mepeiiTH K cHcTeMe
(40) u mpoUHTErpHpPOBaTh MOCJEAHIO, B Pe3y/bTaTe Yero NosiBUTCH
HOBasi MPOM3BOJIbHAsI NMOCTOSIHHAA b, W Mbl NOJYYUM MOJHBIH HHTe-
rpaa gaHHoro ypaBHeHHs (30).

Mpumep 5. PaccmorpuM ypaBHeHue (36)
z=px+qy+pq.

3neck X=—p, Y=—q, Z=1, P=—x—¢q, Q=—y—p. Tlostomy, cocTaBass
cucremy (52), HaxoaHM

dx dy dz dp dg
00

(53)
—x—q  —y-p  —px—qy-2pq
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OueBHIHO,
p=a (54)
GyAeT nepBbLIM HMHTErpajoM 3Tofi CHCTeMbl, npuueM cucTema (39) mnpumeT BHA
‘ z=xp+yq+pg; p=a (85)
y GyneT pa3pelHMa OTHOCHTENIbHO p H ¢. IToayuum
z—ax (56)
p=a; gq= .
y+a

Ora cucrema BnoJHe HHTerpupyeMa (mouemy?). HHTerpupys ee, HafiieM MNOJHbIH
uvnrerpan ypasHenus (36) B Bume (37).

§ 4. BATAYHN

MartseeB. CGopuuk sagay, Ne 1064—1068, 1072, 1073, 1075,
1077—1080, 1231—1233.



NPUMEPHBIE TEMbI KOHTPOJBHBIX PABOT

KonTpoannasa paGora N 1

1. Onpeneautb o06JacTh 3aJaHUs ypaBHeHHs, 06J1acThb CYyLIECT-
BOBaHUA pelieHusi 3afauu Ko, 061acTh CylleCTBOBAaHUS M €[IMH-
CTBEHHOCTH, yKa3aThb OCOOble TOYKH M OcoGble JIMHHH; H3YUHTb IOJe
HanpaBJ/eHu#, onpelesnsieMoe 3THM AHDdepeHIHaJbHBIM YpaBHe-
HUeM (HaHTH W30KJHHBI, MOCTPOUTh H30KIAHHH Yy =0, y'=1, y'=o0,
OnpejesUTh HalpaBJieHHEe NOJSI B TOUKAX, JIeXallUuX Ha OCAX Koop-
JMHAT, yKaszaTb 06/1aCTH BO3pacTaHUsi U yObIBaHHS pelleHHH, HaHTH
JINHHH 3KCTPEMYMOB, YCTaHOBHTb HalpaBJjieHHe BOTHYTOCTH M HaHTH
JMHHH Touek mneper:6a); caenath cCXxeMaTHuUeCKHH HaGpOCOK ceMeii-
CTBAa HHTETpaJIbHbIX KPHBBIX; NPOHHTETPHPOBAThL ypaBHeHHe, HaHAs
BCe pelIeHHS; H3Y4YUTb IOBelleHHe HHTEerpajibHbIX KPHBLHIX B OKpe-
CTHOCTH 0COOBIX TOYeK, Ha rpaHule 006/1acCTH 3aJlaHHsl ypaBHEHHs
1 Ha G6EeCKOHEYHOCTH MO aHAJHUTHYECKOMY BHAY HHTETrpajbHbBIX KpH-
BbIX; CAeJaTb PHCYHOK: '

l —_—
—L 6) y=2V[y—1); 8) y= L
x+y 27 x

2, [IpounTerpupoBaTh ypaBHeHHe
2(y—20y—x2 7 y) +x%' =0
U HalTH pellleHHe, yNOBJIETBOPsIOLlee HauyaJbHbIM YCJIOBHSIM:
' a) y=1 npn x=1, 6) y=0 npu x=1,

BBISICHUB IIpeJlBAPHTENIbHO BONPOC O CYyLIECTBOBAaHHH H eJUHCTBEH-
HOCTH ero.
3. Hafitn mo aHa/MTHYeCKOMY BHIY ypaBHeHHS

2(ax+ ¥y y—x2)dx—dy=0

KpUBble, MOJ03PUTeNbHbIE Ha OCOOble pelleHHsi, H NpPOBEpPHTb, Gy-
OyT JIH OHH OCOOBLIMH pellleHHSIMHU?
4. Ha#itu oGluil MHTerpas ypaBHeHHs

(x+ —i—z +=xy )vdx—( % +y) dy=0.

a) Y=
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5. 3a kKakoe BpeMsi BOJa, 3aN0OJIHAIOLIAsS NoaychepHyecKylo Jaiy
IHaMeTpOM 2 M, BbITEKaeT M3 Hee uepe3 KpYIJioe OTBEpPCTHe pa-
auyca 0,1 », Bolpe3aHHOe Ha JHe YallH?

Ykasanue CxopocTb TeueHus Boanl v=0,6 Vm rie h — Beicota cron6a
BOABI HajJl OTBEPCTHEM.
6. IIpouHTerpupoBaTh ypaBHeHHe
y2—2y +4x—4y+1=0
H HaHTH peuieHue, yaoBJETBOpAKOILIee HadyaJNbHBIM YCJ/IOBUSIM!:
a) y=1 npu x=0; 6) y=0 npu x=0,

BHISICHHB MpeJBapHTEJbHO BONPOC O CYLIeCTBOBAHMH H €QHHCTBEH-
HOCTH ero.
7. Ha#itTh 1o aHaJHTHYeCKOMY BHAY ypaBHeHHS

y*+y*—1=0

KpHBble, NOAO3PHTe/IbHble Ha OcoOble pellleHHs, H NpPOBEpUTb, Oy-
AyT JIH OHH OCOOBIMH peIIeHHSMH?
8. IlpouHTerpupoBaTh ypaBHeHHe

y3—y'+x=0.

9. Halitu xpuBylo, KacaTeJbHasi K KOTOPOH yJaJeHa OT Hayaja
KOOpJAMHAT Ha pacCTOSIHHe 4.

10. Hafiti cusioBbie JIMHHHM TOJfA, CO3/laBaeMOro CHJaMH, HMelo-
LIMMH NOTeKIHa

(cAaesaTb PHCYHOK).

Kontpoapnas paGora Ne 2

1. [IpouHTerpHpoBaTh ypaBHEHHe
y”=sin x2.
Haiitn peluenne, ynosierBopsiiolliee HauyaJbHBIM YCJOBHSM:
y=0, y'=0 npu x=0.
2. HafiTu pelueHHe ypaBHEHHs
Yy’ =12x2,
yAOBJ/IETBOPSIIOLIee KPAeBbIM YCJIOBHAM:
y=0 nmpn x=—1, y=0 npu x=1
(cmenaTb pyCHHOK).
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3. IIpounrerpupoBath ypaBHeHHe
: y"2—xy"+y =0
H HaHTH pellleHHe, YHAOBJETBOPSIOLlee HayaJbHbIM YCJIOBHSAM:
y=0, y’=0 nmpu x=0,
BbISICHHB INIPeJBapHTEJbHO BONPOC O CYLIECTBOBAHHH H €JHHCTBEH-

HOCTH ero (chesaTh PHCYHOK).
4. HajiTH HHTerpajbHYyI0 KPHBYIO ypaBHEHHs

yy"—y*—1=0,
Kacatoiylocsi npsiMoii y=1 B Touke (0, 1), mokasaB npexBapu-
TeJIbHO, YTO HCKOMasi KpHBas CYIIeCTBYeT H €JHHCTBEHHA. H ompe-
JleIUB HalpaBJieHHe BOTHYTOCTH HCKOMOH KpHBOH B Touke (0, 1)
(cmenaTb PHCYHOK).
5. IlpouHTerpupoBarh ypaBHEHHe
Yy —y*+yy tg x=0
M HafTH pelleHHe, YAOBJETBOpsIOLlee HauyalbHBIM YCJIOBHSIM:
y=1, y'=1 npu x=0,
HCCJIEIOBAaB NpeABapHTENbHO BONPOC O CYLIECTBOBAHHH H €IHHCT-
BEHHOCTH HCKOMOTO pellleHHs M ONpe/ie/IMB HanpaBjieHHe BOTHYTOCTH
HCKOMOH HMHTerpa/jbHOH KDHBOH B HauyaJbHOH Touyke (cHenaTtb pH-
CYHOK).
6. ITpounrerpupoBaTh ypaBHEHHe
Xy +y*y —y'=0.
7. Touka maccel m paBHKeTcqd no ocH Ox mop AeACTBHEM CHJIbI

F(x), HanpaBnenHo#t mo ocH Ox H 3aBHucsAlleHl TOJBKO OT IOJO-
eHHs1 ToukH. HalTH 3aBHCHMOCTb ¢ OT X, €CJIH H3BECTHO, 4TO

X=X, =0o=0 npu {=0.

dx
dt
8. INpouHTerpupoBaTh CHCTEMY
1
f—yz: 2 —=—22] —
y=yz; z 224 P

H HaWTH pemenue, ynomeTBopmomee HayaJ/JbHbBIM YCJ/IOBHAM:
y=1, z2=2 npu x=l1,

BHISICHHB NPeABAapUTEJbHO BONPOC O CYLIECTBOBAHHH H €IMHCTBEH-
HOCTH HCKoMoro pemeHus. HccremoBaTh noBefieHHe HafdeHHOro
petenus npu x—0.
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9. Haiitn oGuuil MHTErpaj CHCTEMbI
dx . dy . dz
=) | —ytd) 2@

10. Hokasate, moab3ysice TeopeMoit Ilukapa, cyumecTBoBaHHe H
e/IHHCTBEHHOCTb peIleHHs, yJOBJETBOPSIOLIEr0 IIOCTaBJIEHHbIM Ha-
YaJbHbIM YCJOBHSIM; OLEHHTb 00J1aCTh CYLIECTBOBAHHs pelIeHHS;
NIOCTPOUTb BTOpPOe NPHOJIHKEHHe K HCKOMOMY pellleHHI0 (M0 MeTOdy
INukapa): ’

, 1 )
a) ¥+ —9o y=0, y=1 npu x=1;
6) ¥ =x2—y2+2, }
z’=y+22_1 (I’C|<2, Iylglv |2|<]),

y=0, z2=0 npu x=0,
B) ¥'+xy=0, y=1, y'=0 npu x=0.

HKourtpoasnas paGora N 3

1. [IpounTerpupoBath ypasHeHHe
y'+y =2x—e—*4ex—2sin x,

Haiil YaCTHOe pelleHHe METOJAOM HeONpeleNeHHbIX KO3(pdHUIHeH-
TOB.
2. Ha#itn obulee pelueHHe ypaBHEHHS

Yy’ —y"+4y’—4y==_8 cos? x—4x.

3. MarepHajbHas TOYKa eIHHHYHOH MaccChl ABHXKeTcS Mo ocH Ox
noJ, BIHSIHHEM CHJIbl (—5X), MPHTATHBAWOILEH ee K Hayaly KOOPAH-

dx :
HaT, CHJIBl COMPOTHBJIEHHS Cpeibl (—2-{5) H BHEIIHeH CHJBI, Ha-

npasieHHoi no ocH Ox u paBHOH e~* cos 2/ B MOMEHT BpeMeHH f.
CocraBuTb AHb(epeHIBaNbHOEe YpaBHEHHE ABHXKEHHUS 3TOH TOUKH.
Hafitn pBuKeHHe, onpejessieMoe MOJYYeHHBIM YypaBHEHHEM H Ha-
YaJbHBIMH YCJIOBHAMH:!

dx
a =0 npu ¢{=0.

4. TlpouHTerpHpoBaTh ypaBHeHHe

y”_.y=2ex(_l_ —_— _1_.)

x3 X2

x=0,

METOAOM BapHalHH NPOH3BOJIbHBIX MOCTOSAHHBIX.
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5. [IpouHTErpHpOBaTh ypaBHeHHE
x2y” +-xy’ —y=—=8x3,
Haiitu peuwenusi, o6aanaionipe cBOHCTBOM
y—0, y—0 npu x—0.
6. IIpounrerpupoBaTb ypaBHEHHE
x"—x=2et+t,
Hal[s NpeABapHTe/NbHO ONEPAlHOHHBIM (ONEepaTOPHbBIM) METOAOM
YyacTHOe pellleHHe, YAOBJIETBOpsiOLlee HAYya/JbHBIM YCJIOBHSM:
x=0, ¥=0 npu ¢=0.
7. Hafitu o6uiee pelleHHe ypaBHEHHs
X3y’ — (R+x)y'+2y=0,

€CJIM H3BECTHO, YTO OHO HMeEeT YaCTHOe pelleHHe B BHJE NOJHHOMA.
HUccnenoBath noeefeHue peiieHu#i npu x—-0.
8. Haiith ¢yHIaMeHTANbHYIO CHCTEMY peIIeHHH ypaBHEHHS

y"—xy'+3y=0

B BHAe pAAOB IO CTeNeHSM X, HOPMHPOBaHHYIO B Touke x=0
(yxasaTh 06/acTb CXOAMMOCTH 3THX pPfJAOB) H IIOCTPOHTb 06llee
pellleHHe. .

9. Kakue HavasnbHble JaHHBle MOXKHO 3ajfaBaTb, 4TOObl 3ajaua
Komn uMena efHHCTBeHHOe pelleHHe; yTOOBl 3TO pelleHHe ObiIO
ronoMopdHO? OueHHTb 06/1aCTh CYIUECTBOBAHHS PEIIEHHS H PafHyC
CXOAHMOCTH CTENEHHOro psifia, NMPeACTaBJSIOLIETO pelieHHe:

1 ” x
a) Y'+7—;¥=0 06y +l—+x;y=0.

Konrpoasnaa paGora Nt 4

1. Haiitn obliee pelieHHe CHCTEMBI

dy
PP =2y—2z—3x+1,
dz
ix =4y—2z—6x—1

METOAOM HCKJYE€HHA. Boigenantb peuieHue, yAoBJeETBOpsOLiee
HaydaJbHbIM YCJ/IOBHSIM! ’

y=0, z=—1 npu x=0.
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2. TTpouHTerpHpOBaTH CHCTEMY

dx

2= *tyte

dy .
i =x—y+z2,

dz

o =*ty—z

MeTOZIOM MHTerpupyeMblx kKomMOuHaumuii 1 metofom Jinepa. Hcene-
JOBaTb YCTOHYHBOCTb HYJIEBOTO peuleHHs (NmpH f{—--oco) IO BHAY
XapaKTepHCTHYECKHX uyHcesn (6yneT HMeTb MeCTO YCTOHYHBOCTb,
HeyCTOHYHBOCTb, AaCHMITOTHYECKasi YCTOHUYMBOCTb HJIH YCJIOBHAs
}CTOHYHBOCTB?).

3. Hafitn ofluee peiieHHe CHCTEMBI

ax _

dt - yv
dy

Et' =X—2,
L
at Y

MeTofoM Jdisepa. HMccnenoBath ycTOHYMBOCTD HYJIEBOTO pelUEHHS
npu f—-o00 No BHAY XapaKTePHCTHYECKHX YHCeJ.
4. Haiitn oflllee pellieHHe CHCTEMbI

dx

2= —9p—t

dt —x+y 2e ’
dy .
4 — X tyte

MeTOIOM BapHalMH IPOH3BOJbHBIX MOCTOSIHHBIX. BhigesnTh pelre-
HHe, obJiafialoliee CBOHCTBOM:

x—0, y—0 npu f—-oo0.

5. Hafitu ofuiee peuieHHe CHCTEMBI

dy1 _

dx ’-25/1—9!/2,
d

_dyxz =y118y>

MAaTpHYHBIM METOAOM.
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6. HafiTu Toukn paBHOBeCHsI CHCTEMBI, yKa3aTb THH TOYKH PaBHO-
PecHd B cjyuyae, KOrZa OHa H30JHPOBaHHAs; HaHTH oflllee pelieHHe
cucrembl B popme Komn (nmonmaras fo=0), TpaeKTOpHH ABHKEHHH,
olpefieiTieMbIX 3TOH CHCTEMOH, YKa3aB Ha PHCyHKe CTPeJKaMH Ha-
npasJjieHHe [IBHXKEHHs NPH BO3PAacCTaHHH BPEMEHH f, U HCC/eNOoBaThb
YCTOHYHBOCTb HYJIEBOTO pellleHHa (NpH [—-o00):

dx dx dx

a =" a =0 at =0
— =—X—Y, — =X, _— =
dt ’ dt ’ di )

7. HaliTh oco6yi0 TOYKY ypaBHEHHs, ONpefe]HTb THI ee, MpH-
BRECTH ypaBHeHHe K npocTefiiieMy (KaHOHHYECKOMY) BHAY, MOCTPO-
HTb CXEMY PacnoJIOXKEeHHS HHTErpajbHbIX KPHBBIX B OKPECTHOCTH
0co60il TOYKH H HCCIeloBaTb YCTOHYHBOCTb HYJ/IEBOTO peIleHHs! CO-
OTBETCTBYIOLIEH 3TOMY ypaBHEHHIO aBTOHOMHOH CHCTeMBbI:

2) dy _ 2x+y. ) dy _ x+2y
dx x+2y’ dx 2x+y°
8. HpOHHTerpnboaaTb ypaBHeHHe
, O
ox
Hafitn pelense, yaoB/aeTBOpsOLIee HayaJbHOMY YCJIOBHIO
u=y*+2z npu x=1.

Ou ., Ou
Y5y T3 =0 (=0

9. IlpouHTerpupoBaTh ypaBHeHHe
0z

0z
2L 2 e —
ydx xay—l—y x2=0.

HaiiTu HHTerpasbHyI0 NOBEPXHOCTb, MPOXOAAILYIO Yepe3 KpPHBYIO
z2=x2, y=0.
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